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FOREWORD

Mathematics for the International Student: Mathematics HL has been written to embrace
the syllabus for the new two-year Mathematics HL Course, which is one of the courses of
study in the International Baccalaureate Diploma Programme. It is not our intention to define
the course. Teachers are encouraged to use other resources. We have developed the book inde-
pendently of the International Baccalaureate Organization (IBO) in consultation with many
experienced teachers of IB Mathematics. The text is not endorsed by the IBO.

This package is language rich and technology rich. The combination of textbook and interac-
tive Student CD will foster the mathematical development of students in a stimulating way.
Frequent use of the interactive features on the CD is certain to nurture a much deeper under-
standing and appreciation of mathematical concepts.

The book contains many problems from the basic to the advanced, to cater for a wide range
of student abilities and interests. While some of the exercises are simply designed to build
skills, every effort has been made to contextualise problems, so that students can see every-
day uses and practical applications of the mathematics they are studying, and appreciate the
universality of mathematics.

Emphasis is placed on the gradual development of concepts with appropriate worked exam-
ples, but we have also provided extension material for those who wish to go beyond the
scope of the syllabus. Some proofs have been included for completeness and interest al-
though they will not be examined.

For students who may not have a good understanding of the necessary background knowl-
edge for this course, we have provided printable pages of information, examples, exercises
and answers on the Student CD. To access these pages, simply click on the ‘Background
knowledge’ icon when running the CD.

It is not our intention that each chapter be worked through in full. Time constraints will not
allow for this. Teachers must select exercises carefully, according to the abilities and prior
knowledge of their students, to make the most efficient use of time and give as thorough cov-
erage of work as possible.

Investigations throughout the book will add to the discovery aspect of the course and en-
hance student understanding and learning. Many Investigations could be developed into
portfolio assignments. Teachers should follow the guidelines for portfolio assignments to
ensure they set acceptable portfolio pieces for their students that meet the requirement cri-
teria for the portfolios.

Review sets appear at the end of each chapter and a suggested order for teaching the two-year
course is given at the end of this Foreword.

The extensive use of graphics calculators and computer packages throughout the book en-
ables students to realise the importance, application and appropriate use of technology. No
single aspect of technology has been favoured. It is as important that students work with a
pen and paper as it is that they use their calculator or graphics calculator, or use a spreadsheet
or graphing package on computer.

The interactive features of the CD allow immediate access to our own specially designed
geometry packages, graphing packages and more. Teachers are provided with a quick and
easy way to demonstrate concepts, and students can discover for themselves and re-visit
when necessary.



Instructions appropriate to each graphic calculator problem are on the CD and can be printed
for students. These instructions are written for Texas Instruments and Casio calculators.

In this changing world of mathematics education, we believe that the contextual approach
shown in this book, with the associated use of technology, will enhance the students’ under-
standing, knowledge and appreciation of mathematics, and its universal application.

We welcome your feedback.

Email: info@haeseandharris.com.au
Web: www.haeseandharris.com.au PMU JTO DCM
RCH SHH MFB

Thank you

The authors and publishers would like to thank all those teachers who offered advice and
encouragement. Many of them read the page proofs and offered constructive comments and
suggestions. These teachers include: Marjut Mienpéd, Cameron Hall, Fran O’Connor, Glenn
Smith, Anne Walker, Malcolm Coad, Ian Hilditch, Phil Moore, Julie Wilson, Kerrie
Clements, Margie Karbassioun, Brian Johnson, Carolyn Farr, Rupert de Smidt, Terry Swain,
Marie-Therese Filippi, Nigel Wheeler, Sarah Locke, Rema George.

TEACHING THE TWO-YEAR COURSE - A SUGGESTED ORDER

Teachers are encouraged to carefully check the BACKGROUND KNOWLEDGE sections
supplied on the accompanying CD to ensure that basics have been mastered relatively
early in the two-year HL course. Some of these topics naturally occur at the beginning of a
specific chapter, as indicated in the table of contents. Click on the BACKGROUND
KNOWLEDGE active icon to access the printable pages on the CD.

For the first year, it is suggested that students work progressively from Chapter 1 through
to Chapter 21, but not necessarily including chapters 8, 16, 17. Chapter 10 ‘Mathematical
Induction’ could also be attempted later, perhaps early in Year 12. Traditionally, the topics
of Polynomials, Complex Numbers, 3-D Vector Geometry and Calculus are not covered
until the final year of school.

However, it is acknowledged that there is no single best way for all teachers to work
through the syllabus. Individual teachers have to consider particular needs of their students
and other requirements and preferences that they may have.

We invite teachers to email their preferred order or suggestions to us so that we can put
these suggestions on our website to be shared with other teachers.
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USING THE INTERACTIVE STUDENT CD

The CD is ideal for independent study. Frequent use will nurture a deeper understanding of
Mathematics. Students can revisit concepts taught in class and undertake their own revision
and practice. The CD also has the text of the book, allowing students to leave the textbook at
school and keep the CD at home.

The icon denotes an active link on the CD. Simply ‘click’ the icon to access a range of
interactive features:

¢ spreadsheets

o video clips CD LINK
o graphing and geometry software %>
e graphics calculator instructions

o computer demonstrations and simulations

o background knowledge

For those who want to make sure they have the prerequisite levels of understanding for this
new course, printable pages of background information, examples, exercises and answers are
provided on the CD. Click the ‘Background knowledge’ icon.

Graphics calculators: Instructions for using graphics calculators are also given m B
on the CD and can be printed. Instructions are given for Texas Instruments and Q
Casio calculators. Click on the relevant icon (TI or C) to access printable G
instructions.

Examples in the textbook are not always given for both types of calculator. Where that
occurs, click on the relevant icon to access the instructions for the other type of calculator.

NOTE ON ACCURACY

Students are reminded that in assessment tasks, including examination papers, unless other-
wise stated in the question, all numerical answers must be given exactly or to three significant
figures.

HL & SL COMBINED CLASSES

Refer to our website www.haeseandharris.com.au for guidance in using this textbook in HL
and SL combined classes.

HL OPTIONS

We intend to cover the HL Options either as a separate Options Book or as printable pages on
a separate Options CD. To register your interest, please email info@haeseandharris.com.au
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SYMBOLS AND NOTATION USED IN THIS BOOK

This notation is based on that indicated by the International Organisation for Standardisation.

N

VA
Z+
Q
Q+

R
gz+

C

arg z
Rez
Imz

{1, z2, ...}
n(A)

{z]... or {z: ...

O C T =m M

IS
[N
B

||

or >

%

the set of positive integers and zero,
{0,1,2,3, ... }

the set of integers,

the set of positive integers, {1, 2, 3, ...... }

the set of rational numbers

the set of positive rational numbers,
{z|zeQ, =>0}

the set of real numbers

the set of positive real numbers,
{z|z e R, z>0}

the set of complex numbers,
{a+bila, be R}

V=1

a complex number

the complex conjugate of z

the modulus of z

the argument of z

the real part of z

the imaginary part of z

the set with elements x1, z2, .....

the number of elements in the finite set A

the set of all  such that

is an element of

is not an element of

the empty (null) set

the universal set

union

intersection

the complement of the set A

a to the power of 1, nth root of a
(if a >0 then {/a > 0)

a to the power %, square root of a
(if a >0 then /a > 0)

the modulus or absolute value of x, that is
zforr >0 zeR
—zxforzr <0 z€eR

identity or is equivalent to
is approximately equal to
is greater than

is greater than or equal to

{0, £1, £2, 43, ...}

<
<

=]
=

<

[a, b]
Ja, b]

Un

frx—y
f(=z)

foyg
lim f(x)

T—a

dx
f'(z)

is less than

is less than or equal to
is not greater than
is not less than
the closed interval a < <b
the open interval a < x <b

the nth term of a sequence or series

the common difference of an arithmetic
sequence

the common ratio of a geometric sequence

the sum of the first n terms of a sequence,
ur +u2 + ... —+ Un

the sum to infinity of a sequence,
U + ug + .....

n!
rl(n —r)!

f is a function under which each element of
set A has an image in set B

f is a function under which x is mapped to y
the image of = under the function f

the inverse function of the function f

the composite function of f and g

the limit of f(x) as x tends to a
the derivative of y with respect to z
the derivative of f(z) with respect to =

the second derivative of y with respect to z

the second derivative of f(z) with respect to x

the nth derivative of y with respect to =

the nth deriviative of f(x) with respect to x

the indefinite integral of y with respect to x

the definite integral of y with respect to x
between the limits * =a and x =0b
exponential function of x

logarithm to the base a of x

the natural logarithm of z, log, x

continued next page



SYMBOLS AND NOTATION USED IN THIS BOOK continued from previous page

sin, cos, tan  the circular functions f(z) probability density function of the continuous
. random variable X
arcsin,
arccos, } the inverse circular functions E(X) the expected value of the random variable X
arctan Var (X) the variance of the random variable X
csc, sec, cot  the reciprocal circular functions .
I population mean
Az, y) the point A in the plane with Cartesian - population standard deviation
coordinates = and y
k
AB the line segment with end points A and B
[ } g p Z fz ( T — M)2
AB the length of [AB] 9 . . 2 =1
o population variance, 0° = ——,
(AB) the line containing points A and B k n
A the angle at A where n = Z fi
i=1

CAB or £CAB  the angle between [CA] and [AB]

AABC the triangle whose vertices are A, B and C r sample mean &
the vector v Z fi(zi —T)?
— . =1
AB the vector represented in magnitude and S sample variance, s, = 17,
direction by the directed line segment from k
AtoB where T'L:Zfi
.. — i=1
a the position vector OA
ij, k unit vectors in the directions of the Cartesian Sn standard deviation of the sample
coordinate axes ) )
. 8,2 unbiased estimate of the population variance,
|a| the magnitude of a k
— — A )2
| AB | the magnitude of AB n Z filwi —7)
2 _ 2 _ =1
vVew the scalar product of v and w Sn—1= S = n—1 >
V X W the vector product of v and w k
. . . where n = i
A~! the inverse of the non-simular matrix A Z Ji
i=1
detA A|  the determinant of th trix A . e .
¢ or |A| ¢ determinant of the square matrix B(n, p) binomial distribution with parameters n and p
I the identity matrix Po(m) Poisson distribution with mean m
P(A) probability of event A N(u, 02) normal distribution with mean z and variance o
! 14 13 k2
Pi(A) probability of the event “not A’ X ~ B(n, p) the random variable X has a binomial
P(A|B) probability of the event A given B distribution with parameters n and p
T1, T2, ... observations of a variable X ~ Po(m) the r.andf)m Vqriable X has a Poisson
) ) ) ) distribution with mean m
fi, fo, frequencies with which the observations ) )
T1, T2, T3y e occur X ~ N(u, 07) the random variable X has a normal
. o . distribution with mean g and variance o2
Da probability distribution function P(X = x)

of the discrete random variable X
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'BACKGROUND KNOWLEDGE

Before starting this course you can make sure that you have a  g,ckGrRouND
good understanding of the necessary background knowledge. = KNOWLEDGE
Click on the icon alongside to obtain a printable set of ?
exercises and answers on this background knowledge.

_ . _ NUMBER SETS
Click on the icon to access printable facts about number sets ?
e A circle is a set of points which are equidistant from circle
a fixed point, which is called its centre.
e The circumference is the distance around the entire
circle boundary.
e An arc of a circle is any continuous part of the circle.
chord arc

e A chord of a circle is a line segment joining any two
points of a circle.

e A semi-circle is a half of a circle. diameter
e A diameter of a circle is any chord passing
through its centre.
radius
e A radius of a circle is any line segment
joining its centre to any point on the circle. @
e A tangent to a circle is any line which fangent i

touches the circle in exactly one point.

point of contact

Click on the appropriate icon to revisit these well known theorems.

Name of theorem Statement Diagram
Angle in a The angle in a semi- If B then £ABC = 90°
semi-circle circle is a right angle.

GEOMETRY
PACKAGE

A o C ;
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a circle to a chord
bisects the chord.

Name of theorem Statement Diagram
Chords of a The perpendicular If then AM = BM.
circle from the centre of
A GEOMETRY

PACKAGE

?

Radius-tangent

The tangent to a cir-
cle is perpendicular
to the radius at the
point of contact.

If then AOAT = 90°
GEOMETRY
A PACKAGE

T z j

Tangents from
an external
point

Tangents from an ex-
ternal point are equal
in length.

A
If then AP = BP.
P GEOMETRY
PACKAGE

Angle at the
centre

The angle at the centre
of a circle is twice the
angle on the circle sub-
tended by the same arc.

i

C
If ‘ then LAOB = 24ACB.
GEOMETRY
. PACKAGE
N

Angles
subtended
by the
same arc

Angles subtended by an
arc on the circle are
equal in size.

If D c then LADB = £ACB.
GEOMETRY
PACKAGE

A B

i

Angle between
a tangent and
a chord

The angle between a tan-
gent and a chord at the
point of contact is equal
to the angle subtended
by the chord in the al-
ternate segment.

f C then £BAS = £BCA.

GEOMETRY
PACKAGE

?w’)

— —
>

os)
w2

'SUMMARY OF MEASUREMENT FACTS

PERIMETER FORMULAE

The distance around a closed figure is its perimeter.
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For some shapes we can derive a formula for perimeter. The formulae
for the most common shapes are given below:

] w
/ C
square rectangle triangle circle
P=4l P=2(l+w) P=a+b+c C=2nr
or C=md
The length of
anarcis a
fraction of the
circumference
AREA FORMULAE ofacircle.
Shape Figure Formula
Rectangle _ Area = length X width
width
Triangle Area = 1base X height
base
Parallelogram U Area = base X height
height
'
base
a
> b
Trapezium t Area = (i) X h
or h 2
Trapezoid ! e
Circle Area = 7rr?
Sector 0 2
Area = ([ — ) X
e (360) T
-
SURFACE AREA FORMULAE
RECTANGULAR PRISM

e A = 2(ab+bc+ac)




16 BACKGROUND KNOWLEDGE AND GEOMETRIC FACTS

CYLINDER
Object Outer surface area
Hollow cylinder A=2nrh
hollow (no ends)
& s n
h
v
= hollow
Open can A =2nrh+mr?
hollow (One end)

*

h

v

r solid

i

Solid cylinder

A =27rh + 27r?

CONE
Object Outer surface area
Open cone A=mrs
(no base)

A =7rs +mr?
(solid)

solid (two ends)
e A
h SPHERE
T sold ' A = 4mr?
VOLUME FORMULAE
Object Figure el
Solids of ] ‘
uniform height Volume of uniform solid
cross-section = area of end x length
end

<— height —»

end

Pyramids Volume of a pyramid
and or cone
cones = Z(area of base X height)
base
& Volume of a sphere
Spheres ‘ ' — %71'1"3
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"N\ RELATIONS AND FUNCTIONS

The charges for parking a car in a short-term car park at an Car park charges
Airport are given in the table shown alongside.
Period (h) Charge
There is an obvious relationship between time spent and the 0 - 1 hours $5.00
cost. The cost is dependent on the length of time the car is 1- 2 hours $9.00
parked. 2 - 3 hours | $11.00
Looking at this table we might ask: How much would be 3 - 6 hours $13.00
charged for exactly one hour? Would it be $5 or $9? 6 - 9 hours | $18.00
o ) ) 9 - 12 hours | $22.00
To make the situation clear, and to avoid confusion, we 12 - 24 hours | $28.00

could adjust the table and draw a graph. We need to indicate
that 2-3 hours really means for time over 2 hours up to and
including 3 hours ie., 2<t<3.

So, we Car park charges %:Wf%
now have
Period Charge
0 <t <1 hours $5.00
1 <t <2 hours $9.00
2 < t < 3 hours $11.00
3<t<6hours | $13.00
6 <t<9hours | $18.00
9 <t <12 hours | $22.00
12 <t < 24 hours | $28.00

In matherpatical terms, becquse we have a 30 charge (S) Py °
relationship between two variables, time and
cost, the schedule of charges is an example 20 —e

of a relation o exclusion

o—e ® inclusion
A relation may consist of a finite number of 10| o-e
ordered pairs, such as {(1, 5), (-2, 3),

(4, 3), (1, 6)} or an infinite number of or- time (1)
dered pairs. 7 3 6 9 12 15 18 21 24

The parking charges example is clearly the latter as any real value of time (¢ hours) in the
interval 0 <t <24 is represented.

The set of possible values of the variable on the horizontal axis is called the domain of the
relation.

For example: o {t: 0 <t <24} isthe domain for the car park relation
e {—2,1,4} isthe domain of {(1,5), (-2, 3), (4, 3), (1, 6)}.
The set which describes the possible y-values is called the range of the relation.
For example: e the range of the car park relation is {5, 9, 11, 13, 18, 22, 28}
e the range of {(1, 5), (-2, 3), (4, 3), (1, 6)} is {3, 5, 6}.

We will now look at relations and functions more formally.



FUNCTIONS (Chapter 1) 19

RELATIONS

A relation is any set of points on the Cartesian plane.

A relation is often expressed in the form of an equation connecting the variables = and y.
For example y =2z +3 and x =y? are the equations of two relations.

These equations generate sets of ordered pairs.

Their graphs are: iy iy
Ex+3
y=x / 2/
3
- d X
4
< -3 Py X
/ x=y
Y Y

However, a relation may not be able to be defined by an equation. Below are two examples
which show this:

n y All points in the ?2) Vi
first quadrant of o These 13 points
are a relation. ° ° form a relation.
x>0, y> 0 ° °
- 57 > - H—=2 >
X ° ° o X
° °
¥ A
FUNCTIONS

A function, sometimes called a mapping, is a relation in which no
two different ordered pairs have the same z-coordinate (first member).

We can see from the above definition that a function is a special type of relation.
TESTING FOR FUNCTIONS
Algebraic Test:

If a relation is given as an equation, and the substitution of any value
for z results in one and only one value of y, we have a function.

For example: e y = 3z — 1 is a function, as for any value of x there is only one value of y
e x =52 is not a function since if x =4, say, then y = £2.

Geometric Test (“Vertical Line Test”):

If we draw all possible vertical lines on the graph of a relation, the relation: DEMO
e is a function if each line cuts the graph no more than once
e is not a function if one line cuts the graph more than once.
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Which of the following relations are functions?
a b C
2 Ay Ay
/ * ) ) ;
= X
A Y Y
a b C
ky A y y A )/
= ¥ " X
HERERE
A Y Y
a function a function not a function

GRAPHICAL NOTE

e If a graph contains a small open circle end point such as —o , the end point is
not included.

e If a graph contains a small filled-in circle end point such as ——e , the end point
is included.

e If a graph contains an arrow head at an end such as —— then the graph continues
indefinitely in that general direction, or the shape may repeat as it has done previously.

EXERCISE 1A

1 Which of the following sets of ordered pairs are functions? Give reasons.

a (1,3), (2, 4),(3,5), 4,6) b (1,3),@3,2),1,7, (1,4
¢ (2,-1),(2,0), (2, 3), (2, 11) d (7,6), (5, 6), (3, 6), (—4, 6)
e (0,0, (1, 0),(3,0), (5, 0) f (0,0), (0, —=2),(0,2),(0,4)

2 Use the vertical line test to determine which of the following relations are functions:
b
y y

X X

‘ C
ANEVAR f'

B

A
N

A %)
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3 Will the graph of a straight line always be a function? Give evidence.

4 Give algebraic evidence to show that the relation 2 +y? =9

is not a function.

"/ INTERVAL NOTATION, DOMAIN AND RANGE

DOMAIN AND RANGE

The domain of a relation is the set of permissible values that z may have.

The range of a relation is the set of permissible values that y may have.

For example:

y All values of = > —1 are permissible.

{z: x>-1} or ze€[-1, o0l

All values of y > —3 are permissible.

{y: y= -3} or ye[-3, o0

x can take any value.

{z: zisinR} or z€ R

{y: y<1} or ye]—o0,1].

x can take all values except z = 2.
{z: = #2}.
{y: y#1}.

So, the domain is

Likewise, the range is

ey
/ So, the domain is
-t X
(_1’_3)
So, the range is
(2) Y
(2,1)
So, the domain is
- L
/‘ \ y cannot be > 1
range is
3) Y
y=1 \‘
-
™

A

x=2

The domain and range of a relation are best described where appropriate using interval

notation.
For example:

y
range l /
2O 3,2
- x;
< ; >
* '3 domain
For this profit function:
e the domain is {z: = >0}
or z € [0, oo
e the range is {y: y <100}

or y € |- o0, 100].

The domain consists of all real z such
that x > 3 and we write this as
{z: ©>3} or x€]l3, 0l
——

'
|

the set of all = such that
Likewise the range would be

{y: y=2} or ye[2 o0l

profit ($)

100

range

items made (x)
\ " domain
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Intervals have corresponding graphs. For example:

{z: x >3} or x €[3, 0] is read “the set of all = such that z is greater than
or equal to 3” and has S S
number line graph 3 *
{z: x <2} or xz €00, 2] has number line graph ) 2¢ .
{z: =2 <2 <1} or x €]-2,1] has number line graph e
-2 1
{z: x <0 or z >4} has number line graph ;—8 i—z .

ie, z€]—o00,0] or |4, 00]

Note: 4—%» for numbers between a and b we write a <x <b or z €]a, b|.

% for numbers ‘outside’ a and b we write x <a or x > b
ie, £ €]—o0,al or |b ool

Example 2

For each of the following graphs state the domain and range:
a by b Ay

(4,3) \ /
S N

v y (2’_1)
a Domain is {z: © < 8} b Domainis  {x: x is in R}
or x€]|— 00, 8] or R
Range is {y: y > -2} Rangeis  {y: y > —1}
or ye€[-2, 00 or ye€[—-1, 00

EXERCISE 1B

1 For each of the following graphs find the domain and range:

a b C
Ay Ly Ay

53 0,2
(-1, i)// ) ©.2

= o Nl AN
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y Ay t
(=1,2)
> X

X
-t X
N4 _ (\\
(1, -1) T

(_41_3) \ \

=
Il
S}

Y

2 Use a graphics calculator to help sketch carefully the graphs of the following functions
and find the domain and range of each:

1
a flz)=Va b fla)=— ¢ fla)=vi-=z
1
d y=2>-Tz+10 e y=>5r— 3> f y=a+ -
4 3z —9
g y:x+ h y=2>-322-92+10 i y:x—
T —2 2 —x—2
1
i y=a2+272 k y=x3+5 | y=a*+42% - 162+ 3

o0 FUNCTION NOTATION

Function machines are sometimes used to illustrate how functions behave.

For example: ) Y

-/ §V So, if 4 is fed into the machine,

I double the 2(4) +3 =11 comes out.

input and S
then add 3
!» 2x+3

The above ‘machine’ has been programmed to perform a particular function.
If f is used to represent that particular function we can write:

f 1is the function that will convert x into 2z + 3.
So, f would convert 2 into  2(2)+3 =7 and
—4 into 2(—4)+3 = —5.

This function can be written as:
f: x— 2¢x+3

—_—

/ \ such*m

Two other equivalent forms we use are:  f(z) =2x+3 or y=2z+3

function f x is converted into 2x + 3

So, f(z) is the value of y for a given value of z, ie., y= f(z).
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Notice that for f(z) =22x+3, f(2)=2(2)+3=7and f(—4)=2(-4)+3=

Consequently, f(2) =7 indicates that the point (2, 7) .

lies on the graph of the function.
O =2x+3
3

Likewise f(—4) = —5 indicates that the point
(—4, —5) also lies on the graph.

—5.

2.7

Note: e f(x)isread as “f of 2 and is the value of
the function (or y) at any value of x. (=4.-3)

e If (x, y) is any point on the graph then y = f(z), I
x belongs to the domain and y belongs to the range.

e f is the function which converts z into f(z), ie., f: xr— f(x).

e y = f(x) is sometimes called the image of x.

If f: o} 22%—3z, findthevalueof: a f(5) b f(-4)

f(z) =22? — 3z

a f(5) =2(5)2-3(5) {replacing = by (5)}
=2x25—-15
=35

b f(—4) =2(-4)2-3(-4) {replacing = by (—4)}
= 2(16) + 12
=44

EXERCISE 1C
1 If f: z+ 3x+2, find the value of:

a  f(0) b f(2) ¢ f(=1) d f(-5) e

2 If f: 2+ 3z—2?+2, find the value of:

a  f(0) b f3) ¢ f(=3) d f(=7) e

If f(z)=5—x—22 findinsimplestform: a f(-z) b f(z+2)

a f(—z)=5—(—z) — (—x)2 {replacing = by (—x)}
=5+ 1z — 22
b f(z+2)=5-(z+2)— (z+2)? {replacing = by (z + 2)}

=5—x—2— [2% + 4z +4]
=3-—z—z2—4zx—4

=-—2? -5z -1
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10

If f(x)=7-—3z, find in simplest form:
a f(a) b f(—a) ¢ f(a+3) d f(b—-1) e f(z+2)

If F(z)=2z%+3x—1, find in simplest form:
a Fx+4) b F2-2z) ¢ F(-x) d F(2?) e F(2?2-1)

2z +3,

If Gz)= 7 @ evaluate i G(2) i G(0) i G(—3)
Tz —
b find a value of  where G(z) does not exist
¢ find G(x+2) in simplest form
d find z if G(z)=—3.
f represents a function. What is the difference in meaning between f and f(z)?

If the value of a photocopier ¢ years after purchase is
given by V() = 9650 — 860t Yen:
a find V(4) and state what V(4) means

b find ¢t when V(¢) = 5780 and explain what this
represents

¢ find the original purchase price of the photocopier.

On the same set of axes draw the graphs of three different functions f(x) such that
f(2) =1 and f(5) = 3.

Find f(z) =ax+b, a linear function, in which f(2)=1 and f(-3)=11.

Given T'(z) = az? + bz + ¢, find a, b and ¢ if T(0) = —4, T(1) = —2 and T'(2) = 6.

INVESTIGATION FLUID FILLING FUNCTIONS

“Z7 When water is added at a constant rate to a cylindrical container the depth
- of water in the container is a function of time.

~N

|

(;_
@

This is because the volume of water added is directly proportional to the
time taken to add it. If water was not added at a constant rate the direct pro-
portionality would not exist.

water DEMO
The depth-time graph for the 4 depth ?ﬁ)
case of a cylinder would be as
shown alongside: - >
The question arises: ‘What dzlfh
changes in appearance of the et

graph occur for different shaped
containers?’ Consider a vase of
conical shape.

4 depth

-
-

DEMO
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What to do:

1 For each of the following containers, draw a ‘depth v time’ graph as water is added:

a b
¢
2 Use the water filling demonstration to check your answers to question 1.

3 Write a brief report on the connection between the shape of a vessel and the correspond-
ing shape of its depth-time graph. You may wish to discuss this in parts. For example,
first examine cylindrical containers, then conical, then other shapes. Gradients of curves
must be included in your report.

& Draw possible containers as in question 1 which have the following ‘depth v time’ graphs:
a Adepth b #4depth ¢ 4 depth d 4 depth

time_ time_ time_ time

[»J[ COMPOSITE FUNCTIONS, fog

Given f: zt— f(z) and g: z}— g(z), then the composite function of f and
g will convert x into f(g(x)).

fog is used to represent the composite function of f and g.
fog means f following g and (fog)(z)= f(9(z)) ie, fog: xr— [f(g(x)).
Consider f: z+— z* and g¢: z}— 2z+3.

fog means that g converts x to 2z + 3 and then DEMO

f converts (2z + 3) to (2z + 3)% ? Q

This is illustrated by the two function machines below.

X
l [ g-function machine -—/T
I double ox + 3
and then
add 3 l Jf-function machine

the power 4

%l Iraise a
number to ] l

(2x+3)*
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Algebraically, if f(z)=2* and g(z)=2x+3, then

(feg)(z) = flg(x)) and (go f)(z) = g(f(z))
= f(2x+3) {g operates on x first} = g(z%)
= (2z +3)* {f operates on g(z) next} =2(z%) +3
=22 +3

So, in general, f(g(z)) # g(f()).

The ability to break down functions into composite functions is useful in differential calculus.

_Example 5_|

Given f: z}— 2z+1 and ¢g: = |— 3 — 4z find in simplest form:

a (fog)(z) b (g0 f)(z)

flz)=2zx+1 and g(x)=3-4z

a o (fog)@) = flg(z)) b (gof)(z)=9g(f(z))
= f(3 —4x) =g2z+1)
=2(3—4z)+1 =3-4(2z+1)
=6—-8x+1 =3—8x—4
=7—8x =—-8x—1

Note: If f(x)=2zx+1 then f(A) = 2(A)+1,

= 2 +1,
fBx—4)= 2Bx—4)+1

EXERCISE 1D
1 Given f: z}— 2x+3 and g¢g: x}— 11—z, find in simplest form:
a (fog)(x) b (g0f)(z) ¢ (fog)(=3)

2 Given f: z}— 2?2 and g: zf— 2—z find (fog)(z) and (go f)(z).
Find also the domain and range of fog and go f.

3 Given f: x> 22+1 and g: z}+— 3—2z, find in simplest form:
a (fog)(x) b (gof)(@) ¢ wzif (gof)(z) = f(z)

L a If ar+b=cx+d forall values of z, show that a=c¢ and b=d.
(Hint: If it is true for all z, it is true for =0 and =z =1.)

b Given f(z)=2x+3 and g¢(x)=azr+0b andthat (fog)(z) =2 forall

values of z, deduce that a = % and b= —%.

¢ Is the result in b true if (go f)(z) =z for all 2?
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131 ITHE RECIPROCAL FUNCTION - .

1 . 1 . . .
x }— —, le, f(x)=— is defined as the reciprocal function.
x T

It has graph: Notice that:

- 1. .
yETEL e f(x)=— is meaningless when z =0
- x

1
e The graph of f(z) = — exists in the first
x

and third quadrants only.

1
o f(z)= - is symmetric about y = x and

1
o f(x)= . is asymptotic e as x— o0, f(x)— 0 (fromabove)
as x — —o0, f(x)— 0 (from below)

to the z-axis and to the y-axis. \
as x — 0 (fromright), y — oo

[The graph gets closer to the axes as

it gets further from the origin.] as z — 0 (fromleft), y — —oo

— reads approaches or tends to
EXERCISE 1E
1 2

4
1 Sketch the graph of f(x) = = g(x) = ~ h(z) = — on the same set of axes.

Comment on any similarities and differences.

1 2 4
2 Sketch the graphs of f(xz) = ——, g(x) = —=, h(x) = —— on the same set of axes.
x x T

Comment on any similarities and differences.

UZ 0 INVERSE FUNCTIONS

The operations of + and —, x and +, squaring and finding the square root are inverse
operations as one undoes what the other does.

For example, z+3—-3=2z, zx3+3=z and V8 =38.
A function y = f(z) may or may not have an inverse function.

If y = f(x) has an inverse function, this new function
e must indeed be a function, i.e., satisfy the vertical line test
e must be the reflection of y = f(z) in the line y ==z
e must satisfy the condition that f~': f(x) —x (i.e, the inverse).
The function y = z, definedas e:zt+— xz, ie, e(x) ==z Iistheidentity function.

This means that, for any function f that has an inverse function f=!, fof~! and f~lof

must always equal the identity function e, i.e., (fo fﬁl)(:c) = (f*1 of)(z) ==,
i.e., the inverse function undoes the effect of the function on x.
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The inverse function of y = f(z) is denoted by y = f~1(z).

If (z, y) lies on f, then (y, x) lies on f~!. So reflecting the function in y = = has the
algebraic effect of interchanging = and y,

eg, f:y=>5r+2 becomes f~l:x=>5y+2.

For example, i y=f(x)f - y = f~Y(z) is the inverse of
! /y'= f_l(x) e it is also a function
- 1 X e it is the reflection of y = f(x)
: in the oblique line y = .
This is the reflection of y = f(x)

in y = x, but it is not the inverse
function of y = f(z) as it fails the
vertical line test.

We say that the function y = f(x)

y=£fx), x>0 does not have an inverse.

y=x \ Note: y = f(z) subjectto = >0
y=f"'®),»>0 does have an inverse function, drawn
alongside. Also, although not drawn
here, y = f(x) subjectto z <0
does have an inverse function.

Example 6

Consider f: z}— 2x+ 3.
a On the same axes, graph f and its inverse function f~1.
b Find f~!(z) using i coordinate geometry and the slope of f~!(z) from a
il variable interchange.
¢ Check that (fo f~1)(z) = (ftof)(z) ==
a f(z) =2z +3 passes through (0, 3) and (2, 7). tro A=l i
f~Y(x) passes through (3, 0) and (7, 2). @7 f
2-0 1 R
b i This line has sl = - 0,3) Y= X
i is line has slope =—= =3
. .. y—0 1 (7 23
So, its equation is ——3- 3 G.0) >
ie =3
L, Y=—
. 1 -3
ie., fl(z)= 5
i fis y=2r+3, so f7lis z=2y+3
r—3 =2y
z—3 _q -3
9 =Y Lc., f (x) — 9
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< (fofH)(=) and (f~to (=)
= f(f(@)) = f~1(f(2))
— <x 3) f~1(2z +3) Note
2 _ (2 +3)-3 If f includes point (a, b)
z—3 2 then f~! includes point
=2 ( 5 ) +3 2z (b, @), i.e., the point ob-
2 tained by interchanging
. the coordinates.

EXERCISE 1F

1 For each of the following functions f

i on the same axes graph y =z, f and f~! a f:zh 3z+1
ii find f~!(x) using coordinate geometry and i

iii  find f~!(z) using variable interchange: b f:ux $1—2-
2 For each of the following functions f
i find f~'(z) i sketch y= f(z), y= f"'(x) and y = = on the same axes
iii showthat f~'of=fof !=e, the identity function:
a f:xpb—> 2¢+5 b f:zH~ 3;237 ¢ f:zh— x+3

3 Copy the graphs of the following functions and in each case include the graphs of
y=ux and y = f~1(z).
a Ay b y C by d Ay

5} | - 1

X -3 X — X

N 4 - - - et

5 T

x
Y ) l ] v Y
4 a Sketch the graph of f: x— 22 —4 and reflect it in the line y = .
b Does f have an inverse function?
¢ Does f where = >0 have an inverse function?

5 Sketch the graph of f: z — ® and its inverse function f~!(z).

<l FUNCTIONS WHICH HAVE INVERSES

It is important to understand the distinction between one-to-one and many-to-one functions.

A one-to-one function is any function where e for each z there is only one value of y and
e for each y there is only one value of x.

Functions that are one-to-one satisfy both the ‘vertical line test’ and the ‘horizontal line
test’. This means that: e no vertical line can meet the graph more than once and
e 1o horizontal line can meet the graph more than once.
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Functions that are not one-to-one are called many-to-one and whilst these functions must
satisfy the ‘vertical line test’ they do not satisfy the ‘horizontal line test’, i.c., at least
one y-value has more than one corresponding z-value.

Note:

Consider f: x}— x°.

e Ifthe function y = f(x) is one-to-one, it will have an inverse function
=f7H(x).
e Ifafunction y= f(z) is many-to-one, it will not have an inverse
function.

e Many-to-one functions can have inverse functions for a restricted part of
the domain (see Example 7).

2

a Explain why the function defined above does not have an inverse function.
b Does f: xz}— 22 where x>0 have an inverse function?
¢ Find f~(z) for f: z+— 2%, z>0.
d Sketch y = f(z), y=2 and y= f~(x) for finband f~*
a f: x> 2% hasdomain z € R b If we restrict the domainto = > 0
and is many-to-one. or = € [0, o], orin fact any
It does not pass the ‘horizontal line domain which makes f one-to-one,
test’. it satisfies the ‘horizontal line test’
y . .
\ / and so has an inverse function.
/ f@=x% x>0
X
o - . X
y v
c f is defined by y =22, >0 d » y=x%x0
flisdefinedby z =192 y=>0 s
y=vx
Sooy=+yz, y=0
ie, y=+7 < A
{as —/x is < 0}
SO, f—].(x) = \/E y=x A 4

Note:

: 1 o
The function f(x) = —, x # 0, called the reciprocal function, is said to be a
x

self-inverse function as f = f~ L.

. 1. . .
This is because the graph of y = — is symmetrical about the line y = x.
x

Any function with a graph which is symmetrical about the line y = x must be a
self-inverse function.
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EXERCISE 1G

Note:

If the domain of a function is the set of all real numbers, then the statement x € R

will be omitted.

1 a

b

2 Show that f: z}—

1
Show that f: x}+— — has an inverse function for all = # 0.
x
Find f~! algebraically and show that f is a self-inverse function.
3z —8
_ 3
reference to its graph b using algebra.

x # 3 is a self-inverse function by:

3 The ‘horizontal line test’ says that:
for a function to have an inverse function, no horizontal line can cut it more than once.

a
b

C

Explain why this is a valid test for the existence of an inverse function.
Which of the following functions have an inverse function?

i y ] Ay 1]

A /.

(17— 1)

For the functions in b which do not have an inverse, specify domains as wide as
possible where each function does have an inverse.

4 Consider f: z}— 22 where = <0.
a Find f~(2).
b Sketch y = f(z), y == and y= f~1(x) on the same set of axes.
5 a Explainwhy f: x}— 2?—4x+3 isa function but does not have an inverse
function.
b Explain why f for x > 2 has an inverse function.
¢ Show that the inverse function of the function in bis f~!(z) =2+ 1+ .
d If the domain of f is restricted to x > 2, state the domain and range of
i f i fL
e Showthat fof~'=f"lof=e, theidentity function.
6 Given f: zt— (z+1)*>+3 where z > —1,
a find the defining equation of f~!
b sketch, using technology, the graphs of y = f(x), y =z and y = f~1(z)
¢ state the domain and range of i f i ofL
. . 8 —
7 Consider the functions f: x}— 2x+5 and g¢g: z}— 5 *
a Find g~ 1(-1). b  Solve for z the equation (fog~1)(z)=09.

Given f: z}— 5% and g: x|— /7,

find 1 f(2) i g¢g14) b solve the equation (g~ ' o f)(x) = 25.
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9 Given f: v} 2x and g: = — 4x—3 showthat (f~tog=1)(x) = (gof) ().

10 Which of these functions is a self inverse function, that is f~1(z) = f(z)?

2 f@=2 b )=z ¢ f@)=-z d f@)=> e flr)=—2
11 Show that (fo fYH(z)=(f"tof)(z)=xz for:

a2 f(@)=3w+1 b fl)=21° ¢ f@)=vE

a B is the image of A under a reflection in the
line y = x.
If Ais (x, f(x)), what are the coordinates of
B under the reflection?

12

* b Substitute your result from a into y = f~'(z).
What result do you obtain?

y=71) ¢ Explain how to establish that f(f~1(z)) =2
also.

REVIEW SET 1A

1 If f(z) =2z —22 find: a f(2) b f(=3) ¢ f(=3)

2 For the following graphs determine:

i the range and domain ii the x and y-intercepts iii whether it is a function
iv if they have an inverse function
a Ly b I 9%

‘ __;>\,/5 B -3

Sy Ne-s) '

3 For each of the following graphs find the domain and range:
a Y b 1 6.2

3
— 11!—0 (3, 1)
21, | - ~x

-1
> ‘_I
4 If h(x)=7-3x:

a find in simplest form h(2z—1) b findzif h(2z—-1)= -2
5 Finda,bandcif f(0)=5, f(-2)=21 and f(3)=—4 and f(z) = az’+bz+c.

1 . .
6 Consider f(z)= —;. a For what value of z is f(z) meaningless?
b Sketch the graph of this function using technology.
¢ State the domain and range of the function.
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7 If f(x)=2x-3 and g(x)=2>+2, find: a f(g(z)) b g(f(x))

8 If f(x)=1-2z and g¢g(x)=/z:
a find in simplest form i (fog)(x) i (gof)(x)
b What is the domain and range of fog and go f?

9 Find an f and a g function given that:

a flg) =vI=F b g(f(:r))=<x_2>2

r+1

REVIEW SET 1B
1 If g(x)=22— 3z, find in simplest form a glx+1) b g@*>-2)

2 For each of the following functions f(x) find f~!(z):

342
a fla)=T-4z b f(z)= 2‘”
3 For each of the following graphs, find the domain and range.
a Ay b Ay

\ y=(—1)(x=5)

(1.-1)
!

\ x=2
L Copy the following graphs and draw the graph of each inverse function:
a 4y b y
-2
2
< i > - > X
‘ !

3 —bx

5 Find f~!(z) giventhat f(z) is: a 4z+2 b

6 Consider z}— 2z —7.
a On the same set of axes graph y =, f and f~ 1.
b Find f~!(z) using variable interchange.
¢ Showthat fof~!= f~1lof=e, theidentity function.

Sketch the graph of ¢: z}— 22+ 6x+7.
Explain why g for 2 € | — co, —3] has an inverse function g~ 1.
Find algebraically, the equation of g=%.  d Sketch the graph of g~ 1.

Find the range of g and hence the domain and range of g~ !.

0O n T o

8 Given h: x}— (x—4)2+3, x€[4, oo
a find the defining equation of h~1. b Showthat hoh ™! =h"loh =12

9 Given f: x+— 3z+6 and h: z }— %’ show that (f~toh™1)(z) = (hof) 1(x).
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SEQUENCES AND SERIES (Chapter 2)

-_ NUMBER PATTERNS

An important skill in mathematics is to be ableto e recognise patterns in sets of numbers,
e describe the patterns in words, and
e continue the patterns.

A list of numbers where there is a pattern is called a number sequence.
The members (numbers) of a sequence are said to be its terms.

For example, 3,7, 11, 15, ..... form a number sequence.
The first term is 3, the second term is 7, the third term is 11, etc.
We describe this pattern in words:
“The sequence starts at 3 and each term is 4 more than the previous one.”

Thus, the fifth term is 19, and the sixth term is 23, etc.

Describe the sequence: 14, 17, 20, 23, ..... and write down the next two terms.

The sequence starts at 14 and each term is 3 more than the previous term.
The next two terms are 26 and 29.

EXERCISE 2A

1 Write down the first four terms of the sequence if you start with:
a 4 and add 9 each time b 45 and subtract 6 each time
¢ 2 and multiply by 3 each time d 96 and divide by 2 each time.

2 For each of the following write a description of the sequence and find the next 2 terms:
a 8,16, 24, 32, ... b 2,58 11, .. ¢ 36, 31, 26, 21, ....
d 96, 89, 82, 75, .... e 1,4,16, 64, .. f 2,6,18, 54, ..
g 480, 240, 120, 60, ... h 243,81,27,9,... 1 50000, 10000, 2000, 400, ....

3 Describe the following number patterns and write down the next 3 terms:
a 1,4,9,16, .. b 1,8, 27,64, ... ¢ 2,6,12, 20, ...
[Hint: Inc 2=1x2 and 6=2x3.]

:lll SEQUENCES OF NUMBERS

Plrow — & Consider the illustrated tower of
2“drow — | bricks. The top row, or first row, has
30w | I I I I I

| | | | | | | three bricks. The second row has four
| ] I ] I | bricks. The third row has five, etc.

If u,, represents the number of bricks in row n (from the top)
then w; =3, us =4, w3 =05, ug =6, ....
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The number pattern: 3, 4, 5, 6, ...... is called a sequence of numbers.

This sequence can be specified by:

e Using words The top row has three bricks and each successive
row under it has one more brick.

e Using an explicit formula Up =n + 2 is the general term (or nth term)
formula for n=1, 2, 3, 4,5, ...... etc.
Check: w1 =14+2=3V wy=2+2=4 V
uz=34+2=5 v etc.
Early members of a sequence can be Uy

graphed. Each term is represented by a
dot.

The dots must not be joined. Why?

— N W B W
°

OPENING PROBLEM

A circular stadium consists of sections as illustrated, with aisles in between. The

E diagram shows the tiers of concrete steps for the final section, Section K. Seats

are to be placed along every step, with each seat being 0.45 m wide. AB, the arc

at the front of the first row is 14.4 m long, while CD, the arc at the back of the
back rowis 20.25 m long.

20.25 m

Foryou to consider:
1 How wide is each concrete step?

2 What is the length of the arc of the back of
Row 1,Row 2, Row 3, etc?

3 How many seats are there in Row 1, Row 2,
Row 3, ...... Row 13?

& How many sections are there in the stadium?

5 Whatis the total seating capacity of the stadium? / tof cgntrtle
. . . i/ of circular
6 Whatistheradius ofthe ‘playing surface’? stadium

To solve problems like the Opening Problem and many others, a detailed study of sequences
and their sums (called series) is required.

NUMBER SEQUENCES

A number sequence is a set of numbers defined by a rule for positive integers.

A number sequence can be thought as a function whose domain is the positive integers.
Sequences may be defined in one of the following ways:

e by using a formula which represents the general term (called the nth term)
e by giving a description in words

e Dy listing the first few terms and assuming that the pattern represented continues
indefinitely.
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THE GENERAL TERM

Up, Tn, tn, Ap, etc. can all be used to represent the general term (or nth term) of a
sequence and are defined for n =1, 2, 3, 4, 5, 6, ....

{un} represents the sequence that can be generated by using u,, as the nth term.
{u,} is a function, i.e., nt—u,, n€ Z*
For example, {2n + 1} generates the sequence 3,5, 7,9, 11, ....

EXERCISE 2B
1 List the first five terms of the sequence:
a {2n} b {2n+2} ¢ {2n—-1} d {2n-3}
e {2n+3} f {2n+11} g {3n+1} h {4n-3}

2 List the first five terms of the sequence:
a {2} b {3x2"} ¢ {6x(3)"} d {(-2"}
3 List the first five terms of the sequence {15 — (—2)"}.

"o ARITHMETIC SEQUENCES

An arithmetic sequence is a sequence in which each term differs from the
previous one by the same fixed number.

For example: 2, 5, 8, 11, 14, .... is arithmeticas 5—-2=8—-5=11-8 =14 — 11, etc.
Likewise, 31, 27, 23, 19, .... is arithmetic as 27 — 31 = 23 — 27 = 19 — 23, etc.
ALGEBRAIC DEFINITION

{u,} is arithmetic < wu, 411 —u, =d for all positive integers n where d is
a constant (the common difference).

Note: e <« isread as ‘if and only if’
o If {u,} is arithmetic then u,41 —u, is a constant and

if upy1 —u, is a constant then {w,} is arithmetic.

THE 'ARITHMETIC’ NAME

If a, b and ¢ are any consecutive terms of an arithmetic sequence then

b—a=c—b {equating common differences}
2b=a+c
a+c
b —
2

i.e., middle term = arithmetic mean (average) of terms on each side of it.
Hence the name arithmetic sequence.
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THE GENERAL TERM FORMULA

Suppose the first term of an arithmetic sequence is u; and the common difference is d.
Then wus =wuj +d c.ouz=wu1 +2d S ug =wuy +3d et
then, wu, = w +(n—1)d

-

f

The coefficient of d is one less than the subscript.
\

So, for an arithmetic sequence with first term u; and common difference d

the general term (or nth term) is u, =u1 + (n —1)d.

Consider the sequence 2, 9, 16, 23, 30, .....

a Show that the sequence is arithmetic.

b Find the formula for the general term w,,.
¢ Find the 100th term of the sequence.
d

Is 1 828 ii 2341 a member of the sequence?
a 9-2=7 So, assuming that the pattern continues,
16—-—9=7 consecutive terms differ by 7
23-16="7 .. the sequence is arithmetic with w3 =2, d=7.
30—-23=7
b u,=u;+(n—-1)d Sooup,=24+7n-1) ie, u,=M™Mm-5

¢ If n=100, wuo = 7(100)—5 = 695.

d i Let u,=2828 i Let wu, = 2341
™ —5 = 828 S, Tn—5=2341
T = 833 S Tno= 2346
n =119 o n=335+
828 is a term of the sequence. which is not possible as n is an
In fact it is the 119th term. integer. .. 2341 cannot be a term.
EXERCISE 2C

1 Consider the sequence 6, 17, 28, 39, 50, .....
a Show that the sequence is arithmetic. Find the formula for its general term.
¢ Find its 50th term. d s 325 a member?
e Is 761 a member?

(-3

2 Consider the sequence 87, 83, 79, 75, .....
a Show that the sequence is arithmetic. Find the formula for the general term.
¢ Find the 40th term. d Is —143 a member?

o
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3 A sequence is defined by wu,, = 3n — 2.
a Prove that the sequence is arithmetic. (Hint: Find w,11 — uy.)
b Find u; and d. ¢ Find the 57th term.
d What is the least term of the sequence which is greater than 450?

. -7
4 A sequence is defined by wu,, = 5 "

a Prove that the sequence is arithmetic. b Findwu; andd. ¢ Find wurs.

d For what values of n are the terms of the sequence less than —200?

Find k given that 3k + 1, k£ and —3 are consecutive terms of an arithmetic

sequence.
Since the terms are consecutive, k — (3k + 1) = —3 — k {equating differences}
=dg=1==8=Is
—2k—1=-3-k
—1+43=—k+2k
k=2

5 Find k given the consecutive arithmetic terms:

a 32,k,3 b k+1,2k+1,13 ¢ 5,k k*-38
Example 4
Find the general term u,, for an arithmetic sequence with uz =8 and ug = —17.
uz = 8 Sooup+2d=8 (1) {unp, =us + (n — 1)d}
ug = —17 c.oup +T7d=-17 (2)
We now solve (1) and (2) simultaneously
—uy —2d = —8
Uy + 7d = —17
5d = —25 {adding the equations}
d=-5
So in (1) ur +2(-5)=8 Check:
u; —10 =38 uz = 23 — 5(3)
. oup =18 =23-15
Now u, =u; +(n—1)d =8 v
‘. u, =18—5(n—1) us = 23 — 5(8)
Up = 18 =5n + 5 =23 —40

Uy = 23 — dn =17 Vv
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6 Find the general term wu,, for an arithmetic sequence given that:
a wuy=41 and u1g =77 b Uy = —2 and uip = —12%

¢ the seventh term is 1 and the fifteenth term is —39

d the eleventh and eighth terms are —16 and —11% respectively.

Insert four numbers between 3 and 12 so that all six numbers are
in arithmetic sequence.

If the numbers are 3, 3+ d, 3 + 2d, 3 + 3d, 3 + 4d, 12
then 34 5d =12
5d =9

d=%=18

So we have 3, 4.8, 6.6, 8.4, 10.2, 12.

7 a Insert three numbers between 5 and 10 so that all five numbers are in arithmetic

sequence.
b Insert six numbers between —1 and 32 so that all eight numbers are in arithmetic
sequence.
8 Consider the finite arithmetic sequence 36, 35%, 34%, ey —30.
a Find u; and d. b How many terms does the sequence have?
9 An arithmetic sequence starts 23, 36, 49, 62, ..... What is the first term of the sequence

to exceed 100 000?

"7 GEOMETRIC SEQUENCES

A sequence is geometric if each term can be obtained from the previous one by
multiplying by the same non-zero constant.

For example: 2, 10, 50, 250, .... is a geometric sequence as
2x5=10 and 10x5=50 and 50 x 5= 250.
Notice that % = % = % =5, i.e., eachterm divided by the previous one is constant.

Algebraic definition:

Un+1 o
"t forall positive integers n

{un} is geometric <
Unp

where r is a constant (the common ratio).

Notice: e 2,10, 50, 250, .... is geometric with r = 5.
e 2, -—10, 50, —250, .... is geometric with r = —b5.
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THE ‘GEOMETRIC’ NAME

If a, b and c are any consecutive terms of a geometric sequence then

b ¢ . .
=3 {equating common ratios}
a

b> =ac andso b= +\/ac where \/ac is the geometric mean of a and c.

THE GENERAL TERM

Suppose the first term of a geometric sequence is u; and the common ratio is r.
Then wus =wuir Soug=upr? S oug=wrd  etc.

then w, = u; %2

The power of r is one less than the subscript.

So, for a geometric sequence with first term u; and common ratio r,
the general term (or nth term) is w,, = u;r" 1.

Example 6

For the sequence 8, 4,2, 1, 2

5 Gy weeeee
a Show that the sequence is geometric. b Find the general term w,,.

¢ Hence, find the 12th term as a fraction.

8 2 4 2 D) 2

So, assuming the pattern continues, consecutive terms have a common ratio of %

— |N)|»—A
=

1

the sequence is geometric with u; =8 and r = 3.

b wu, =ur"! Soou, =38 (%)n*1 or u,=23x (271
=23 x 27ntl
— 93+(—n+1)
¢ up =8x (3" _ 94-n
=
~ 256 (See Chapter 3 for exponent simplification)
EXERCISE 2D
1 For the geometric sequence with first two terms given, find b and c:
a 2,6,b,c, ... b 10,5,0b, ¢, ..... ¢ 12, -6,0, ¢, .....
2 a Show that the sequence 5, 10, 20, 40, ..... is geometric.
Find wu,, and hence find the 15th term.
3 a Show that the sequence 12, —6, 3, —1.5, ..... is geometric.

Find w, and hence find the 13th term (as a fraction).



SEQUENCES AND SERIES (Chapter 2) 43

4 Show that the sequence 8, —6, 4.5, —3.375, .... is geometric and hence find the 10th
term as a decimal.

5 Show that the sequence 8, 42,4, 22, ... s geometric and hence find, in simplest
form, the general term w,,.

k—1, 2k and 21 — k are consecutive terms of a geometric sequence. Find k.

. . 2k 21 -k .
Since the terms are geometric, — = — {equating r’s}
k-1 2k
4k? = (21 — k)(k — 1)
4k* =21k — 21 — k* + k
5k? — 22k +21=0
(5k—T)(k—3)=0 andso k= or 3
Check: If k=% termsare: 2,4 2 v {r=7}
If k=3 termsare: 2,6,18. Vv {r =3}

6 Find k given that the following are consecutive terms of a geometric sequence:

a 7,k 28 b k£, 3k 20—k ¢ k, k+38,9
Example 8
A geometric sequence has up, = —6 and wus = 162. Find its general term.
ug =ur = —6 ... (1)
and wus =uirt =162 ... (2)
4
uULr 162
= — 2) (1
So, U= {9+ (1)
rd =27
r=v=27 Note:
r=-—3 (_3)n—1 7& _3n—1

as we do not know the value of n.
If n is odd, then (—3)"~!=3n"!
If n is even, then (—3)"~1 = —3n~1

and so in (1) u1(—3) = —6

U1:2

Thus wu, =2 x (=3)"" L.

7 Find the general term w,, of the geometric sequence which has:
a wuy =24 and u7 = 192 b uz =8 and ug = —1

¢ wur=24 and w5 =384 d u3=5 and ur=2
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Example 9

Find the first term of the geometric sequence 6, 612, 12, 12v/2, ...
which exceeds 1400.

First we find u,: Now wu; =6 and r=+?2

soas wu, =u;r" ' then w, =6 x (v/2)"L

Next we need to find n such that w,, > 1400.

Using a graphics calculator with  Y; = 6 x (v/2)"(n — 1), we view a
table of values:

So, the first term to exceed

“L l::a 1400 is w17 where

| e iy = 1536,

iB Hrez

%E ?.Ef.f'.s Note: Later we can solve

1 problems like this one
#=13 using logarithms.

8 a Find the first term of the sequence 2, 6, 18, 54, .... which exceeds 10 000.
b Find the first term of the sequence 4, 44/3, 12, 12¢/3, .... which exceeds 4800.
¢ Find the first term of the sequence 12, 6, 3, 1.5, .... which is less than 0.0001 .

COMPOUND INTEREST

Consider the following: You invest $1000 in the bank. You leave the money in the bank
for 3 years. You are paid an interest rate of 10% p.a.
The interest is added to your investment each year.

An interest rate of 10% p.a. is paid, increasing the value of your investment yearly.

Your percentage increase each year is 10%, i.e., 100% + 10% = 110% of the value at
the start of the year, which corresponds to a multiplier of 1.1.

After one year your investment is worth $1000 x 1.1 = $1100

After two years it is worth After three years it is worth
$1100 x 1.1 $1210 x 1.1

= $1000 x 1.1 x 1.1 = $1000 x (1.1)? x 1.1

= $1000 x (1.1)? = $1210 = $1000 x (1.1)3

This suggests that if the money is left in your account for n years it would amount to
$1000 x (1.1)™.

Note: u; = $1000 = initial investment
uy = ugp X 1.1 = amount after 1 year
ug = u1 X (1.1)? = amount after 2 years

ug = up x (1.1)> = amount after 3 years

Unt1 = U1 X (1.1)™ = amount after n years
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In general, w41 =up xr™ isused for compound growth, w1 = initial investment

Example 10

r = growth multiplier
n = number of years
un4+1 = amount after n years

$5000 is invested for 4 years at 7% p.a. compound interest, compounded anually.
What will it amount to at the end of this period?

4

Us = Uy X T is the amount after 4 years

= 5000 x (1.07)* {for a 7% increase 100% becomes 107%}

= 6553.98 {5000 [X]1.07 [A] 4[] }

So, it amounts to $6553.98.

10

1

12

13

14

a What will an investment of $3000 at 10% p.a. compound interest amount to after
3 years?

b What part of this is interest?

How much compound interest is earned by investing 20000 Euro at 12% p.a. if the
investment is over a 4 year period?

a What will an investment of 30000 Yen at 10% p.a. compound interest amount to
after 4 years?
b What part of this is interest?

How much compound interest is earned by investing $80 000 at 9% p.a., if the investment
is over a 3 year period?

What will an investment of 100000 Yen amount to after 5 years if it earns 8% p.a.
compounded semi-annually?

What will an investment of £45000 amount to after 21 months if it earns 7.5% p.a.
compounded quarterly?

Example 11

How much should T invest now if T want the maturing value to be $10 000
in 4 years’ time, if I am able to invest at 8.5% p.a. compounded annually?

up = ?, us =10000, r =1.085

us = ug X r {using up41 =uy xr"}
10000 = u; x (1.085)*
wy = 10000
(1.085)4

uy = 7215.74 {10000 [=] 1.085 [~] 4 [=] }
So, you should invest $7215.74 now.
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15

16

17

18

Example 12

How much money must be invested now if you require $20 000 for a holiday in 4 years’
time and the money can be invested at a fixed rate of 7.5% p.a. compounded annually?

What initial investment is required to produce a maturing amount of £15000 in 60
months’ time given that a fixed rate of 5.5% p.a. compounded annually is guaranteed?

How much should I invest now if I want a maturing amount of 25000 Euro in 3 years’
time and the money can be invested at a fixed rate of 8% p.a. compounded quarterly?

What initial investment is required to produce a maturing amount of 40000 Yen in 8
years’ time if your money can be invested at 9% p.a., compounded monthly?

The initial population of rabbits on a farm was 50. ]
The population increased by 7% each week. 2:%)
a How many rabbits were present after: f*g'f/

i 15 weeks il 30 weeks? ( E(%

b How long would it take for the population to reach 500?

We notice that w; =50 and r = 1.07
uz = 50 x 1.07 = the population after 1 week

a i Upt1 = U X 1" ii and
u1g = 50 x (1.07)*° u3; = 50 x (1.07)%°
= 137.95.... = 380.61....
i.e., 138 rabbits i.e., 381 rabbits

b upi1 =wuy X (1.07)" after n weeks
So, we need to find when 50 x (1.07)™ = 500.
Trial and error on your calculator gives n = 34 weeks

or using the Equation Solver gives n = 34.03
or by finding the point of intersection

T
of Y1 =50x1.07"X and Yy =500 [ /
on a graphics calculator, the solution is
= 34.03 weeks.
InksFsgckion x
H=3W03E3EN . y=500 . .

19 A nest of ants initially consists of 500 ants.
The population is increasing by 12% each week.

a How many ants will there be after
i 10 weeks il 20 weeks?

b Use technology to find how many weeks it
will take for the ant population to reach 2000.
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20 The animal Eraticus is endangered. Since 1985 there has only been one colony remaining
and in 1985 the population of the colony was 555. Since then the population has been
steadily decreasing at 4.5% per year. Find:

a the population in the year 2000

b the year in which we would expect the population to have declined to 50.

A series is the addition of the terms of a sequence,
ie., uj; +us+uz+....+u, Iis a series.

The sum of a series is the result when all terms of the series are added.

Notation: S, =uy +us +us +.... + u, is the sum of the first n terms.

For the sequence 1, 4, 9, 16, 25, ....
a Write down an expression for S,,. b Find S, for n=1, 2, 3, 4 and 5.

a S5, =124+224324+424+ ... +n2 b S =1
{all terms are perfect squares} So=1+4=5
S3=1+4+9=14
S4=1+4+9+16=30
Ss=1+4+94+16+25=55

EXERCISE 2E.1
1 For the following sequences:
i write down an expression for S, ii find S;s.
a 3,11, 19,27, ... b 42,37, 32, 27, .... ¢ 12,6, 3, 1%,
d 23,441,632, .. e 1,3, 1,35 .. f 1,827 64, ..

ARITHMETIC SERIES

An arithmetic series is the addition of successive terms of an arithmetic sequence.

For example: 21, 23, 25, 27, ....., 49 is an arithmetic sequence.

So, 21423425427+ ..... 449 is an arithmetic series.

SUM OF AN ARITHMETIC SERIES

Recall that if the first term is u; and the common difference is d, then the terms are:
w1, w1 +d, ur + 2d, uq + 3d, etc.

Suppose that u,, is the last or final term of an arithmetic series.
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Then, S, = w1 + (w1 +d) + (w1 +2d) + ... + (up, — 2d) + (uy, — d) + uy,
but, S, = up + (up —d) + (un —2d) +.... + (u1 + 2d) + (u1 +d) + w1 {reversing them}

Adding these two expressions vertically we get

25, = (up +up) + (ug + up) + (U1 + up) + oo + (U1 + up) + (w1 +upn) + (ug + uy)

n of these
2S5, = n(uy + uy)

ie, S, = g(ul +u,) where wu, =u;+(n—1)d

0 Sp=Z@itun) or  Su=2(2ur+(n—1)d)

Find the sum of 4+ 7+ 10+ 13 +.... to 50 terms.

The series is arithmetic with uw; =4, d =3 and n = 50.

So, Sso=120(2x4+49x3) {Using S, = g(ml + (n—1)d)}
= 3875

EXERCISE 2E.2

1 Find the sum of:

a 3+7+11+15+.... to 20 terms b I+3+55+8+...t050 terms
¢ 1004+93+86+79+... to40terms d 50+485-+47+451+.... to 80 terms

Find the sum of —6+4+ 1+ 8+ 15+ .... 4+ 141.

The series is arithmetic with w; = —6, d=7 and wu, = 141.

First we need to find n.
Now wu, =u; + (n—1)d = 141

64+ 7(n—1) = 141 Using S = 5 (u1 + un)
7(n—1) = 147 o Sap = Z(—6+141)
n—1=21 =11 x 135
n = 22 = 1485

2 Find the sum of:
a 5+8+11+14+...+101 b 50 +491 + 49+ 483 + ... + (—20)
¢ 8+ 105 +13+155 +.... + 83
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3 An arithmetic series has seven terms. The first term is 5 and the last term is 53. Find
the sum of the series.

L An arithmetic series has eleven terms. The first term is 6 and the last term is —27. Find
the sum of the series.

5 ’—I;I—‘ A bricklayer builds a triangular wall with layers
| [ [ | of bricks as shown. If the bricklayer uses 171

[ | bricks, how many layers are placed?

6 Each section of a soccer stadium has 44 rows with 22 seats in the first row, 23 in the
second row, 24 in the third row, and so on. How many seats are there

a inrow 44 b in a section ¢ at a stadium which has 25 sections?

7 Find the sum of:
a the first 50 multiples of 11 b the multiples of 7 between 0 and 1000
¢ the integers between 1 and 100 which are not divisible by 3.

o . nn+1
8 Prove that the sum of the first n positive integers is %

9 Consider the series of odd numbers 1+3+5+7+ ....
a What is the nth odd number, that is, w,,?
b Prove that “the sum of the first n odd numbers is n?”.
¢ Check your answer to b by finding Si, Ss, S3 and S;.

10 Find the first two terms of an arithmetic sequence where the sixth term is 21 and the
sum of the first seventeen terms is 0.

11 Three consecutive terms of an arithmetic sequence have a sum of 12 and a product of
—80.  Find the terms. (Hint: Let the terms be = —d, = and x +d.)

12 Five consecutive terms of an arithmetic sequence have a sum of 40. The product of the
middle and the two end terms is 224. Find the terms of the sequence.

GEOMETRIC SERIES
A geometric series is the addition of successive terms of a geometric sequence.

For example, 1, 2,4, 8, 16, ...., 1024 is a geometric sequence.
So, 1+2+4+8+16+....+1024 is a geometric series.

SUM OF A GEOMETRIC SERIES

Recall that if the first term is u; and the common ratio is r, then the terms are:

w1, T, ULT, ugrs, ... ete.

So, S, = ur 4+ wr + wr: + wrd + . 4+ wur™ 2 4+ oyt

T T T T T

U2 us Uy Un—1 Un
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up(r"™ — 1 uy (1 —r"
and for » ;é 1, ST=— ¥ or ST=— g
r—1 1—7r
Proof: If S, =u+ur +ur? +urd + .o +ur™ 2 4 ugrtt L (1)

then 7S, = (urr +urr? +urrd +urrt + o+ urr™ ) fugr®
SooorS, = (Sp —uy) Fugr™ {from (1)}

rS, — S, = ur™ —uq

Sp(r—1) =uy(r™ — 1)

ur(r™ —1) or ur(l—r™)

S, =
r—1 1—17r

Example 16

Find the sum of 2+ 6+ 18 +54 +.... to 12 terms.

pv. r#1.

The series is geometric with w3 =2, r =3 and n =12.

2 12_1 n_ 1
SO, Slgz% {Usmg S, Z%}

531440

EXERCISE 2E.3

1 Find the sum of the following series:
a 12+6+34+15+4+.... to 10 terms
b VT+T74+7V7T4+49+.... to 12 terms
c 6—3+1%—%+.... to 15 terms

Note:
This answer cannot
be simplified as we
do not know if n is

Find a formula for S, for 9—3+4+1—3+... ton terms.

d 1—%—#%—%4—.... to 20 terms

The series is geometric with uy =9, 7= —z
w(l=r") _ 91— (=1)")
1—r

Sn=%01~-(-3)")

So, S, =

(e,

2 Find a formula for S,, for:

a vV3+3+3V3+9+.... tonterms b 12+6+3+1%+.... to n terms
¢ 0.9+0.09+0.009 4+ 0.0009 + .... ton terms
d 20-104+5—24+.... ton terms
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3 Each year a sales-person is paid a bonus of $2000 which is banked into the same account
which earns a fixed rate of interest of 6% p.a. with interest being paid annually. The
amount at the end of each year in the account is calculated as follows:

Ap = 2000
A = Ap x 1.06 + 2000
Ay = A x 1.06 + 2000 etc.
a Show that Ay = 2000 + 2000 x 1.06 + 2000 x (1.06)2.
b Show that Az = 2000[1 + 1.06 + (1.06)2 + (1.06)3].
¢ Hence find the total bank balance after 10 years. (Assume no fees and charges.)

4 Consider Sn:%+%+%+%+....+2in.
a Find 54, S», S3, 54 and S5 in fractional form.
b From a guess the formula for S,,.

up(l—r™)

1—r

N

¢ Find S,, using S, =

(SIS

d Comment on S,, as n gets very large. 16
e What is the relationship between the given
diagram and d? = E

0|~

5 Q A ball takes 1 second to hit the ground when dropped.
It then takes 90% of this time to rebound to its new
height and this continues until the ball comes to rest.

w a Show that the total time of motion is given
by 1+2(0.9) +2(0.9)2 +2(0.9)% + .....
b Find S, for the series in a.

L ground ¢ How long does it take for the ball to come to rest?

Note: This diagram is inaccurate as the motion is really up and down on the same
spot. It has been separated out to help us visualise what is happening.

SUM TO INFINITY OF GEOMETRIC SERIES

. .. . up(l—7r"
Sometimes it is necessary to consider S, = ¥ when n gets very large.
—-r
What happens to S, in this situation?

If —-1<r<1, ie, |r|<1, thenr™ approaches 0 for very large n.

This means that S,, will get closer and closer to

Ui

We say that the series converges and has a sum to infinity of

. Ui
We write Soo = T for |r| < 1.
—r

The sum to infinity is sometimes called the limiting sum.
This result can be used to find the value of recurring decimals.
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Example 18

Write 0.7 as a 0.7:1—70%—1%0—}—%4-10—%00—}—....

rational number. S . . e
Y which is a geometric series with infinitely many terms

7
(51 10

o . . . . 7
Sew = T, -1 % which simplifies to g
so, 0.7=1
6 Consider 0.3 =3 + 1% + 135 + .-~ which is an infinite geometric series.
a What are i and i r?

b Using a, show that 0.3 = 1.

7 Write as a rational number: a 04 b 0.16 ¢ 0.312

Ui

8 Use S. = 1 to check your answers to 4d and 5c.

U2 SIGMA NOTATION

u1 + ug +us + ug + .... +u, can be written more compactly using sigma notation.

>, which is called sigma, is the equivalent of capital S in the Greek alphabet.
n
We write  uj +ug +uz +ug + ... +up, as > up.
r=1

n
So, > u, reads “the sum of all numbers of the form u, where r =1, 2, 3, ..., up to n”.
=1

Example 19

7 5 1
Expand and find the sum of: a > (r+1) b > o
r=1 =1l
7 5 1
a S(r+1) b =
=il r=Il 27
_ 1,1, 1 1 1
=24+34+4+5+6+7+8 §+Z+§+E+§
which has a sum of 35 which has a sum of %
EXERCISE 2F

1 Expand and find the sum of:

4 5 7 5
a > (3r—5) b Y (11-2r) c Y r(r+1) d > 10x 21
r=1 r=1 =1

r=1

2 For wu,=3n-—1, list wu; +uo+u3z+...4+ugy and find its sum.
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Find the sum of these arithmetic series:
10 5

a S (2r+5) b 3 (r—50) ¢ %(“f’)

r=1 r=1 r=1

Hint: List the first 3 terms and the last term.

Find the sum of these geometric series:
10 12 25
a Y 3x2rt b > (3)? ¢ > 6x(=2)r
r=1 r=1 r=1

Hint: List the first 3 terms and the last term.

5 12
Find the sum of: a Y k(k+1)(k+2) b > 100x (1.2)*3
k=1 k=6
Find n given that: a Y (2r+3)=1517 b > 2x3"!=177146

r=1 r=1

<l MISCELLANEOUS PROBLEMS

EXERCISE 2G

1

Henk starts a new job selling TV sets. He hopes to sell 11 sets in the first week, 14 in
the next, 17 in the next, etc., in arithmetic sequence. In what week will Henk hope to
sell his 2000th TV set?

A computer is bought for $2795 and depreciates at a rate of 2% per month. After how
many months will its value reduce to $500?

A geometric series has a second term of 6 and the sum of its first three terms is —14.
Find its fourth term.

When a ball falls vertically off a table it rebounds 75% of its height after each bounce.
If it travels a total distance of 490 cm, how high was the table top above the floor?

An arithmetic and a geometric sequence both have a first term of 1 and their second
terms are equal. The 14th term of the arithmetic sequence is three times the third term
of the geometric sequence. Find the twentieth term of each sequence.

oo r—1
Find z if ; (%‘) = 4.
n(3n+11)

The sum of the first n terms of an arithmetic sequence is -

a Find its first two terms. b Find the twentieth term of the sequence.

Mortgage repayments:

$8000 is borrowed over a 2-year period at a rate of 12% p.a. Quarterly repayments are
made and the interest is adjusted each quarter, which means that the amount repaid in
the period is deducted and the interest is charged on the new amount owed.

There are 2 x4 =8 repayments and the interest per quarter is %% = 3%.

At the end of the first quarter the amount owed, Ay, is given by $8000 x 1.03 — R,
where R is the amount of each repayment.
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At the end of the second quarter the Ay =A; x1.03— R
amount owed, Ay, is given by = ($8000 x 1.03 — R) x 1.03 — R
= $8000 x (1.03)> — 1.03R — R

a Find a similar expression for the amount owed at the end of the third quarter, As.
b  Write down an expression for the amount owed at the end of the 8th quarter, Asg,
and hence deduce the value of R. [Hint: What value do we want Ag to have?]

¢ If the amount borrowed is $ P at adjusted interest conditions, the interest rate is %
per repayment interval and there are m repayments, show that the amount of each
repayment is . P(L+ )™ x 2
(14 155)™ — 1

INVESTIGATION YON KOCH’S SNOWFLAKE CURVE

R
2a {/5 >:< ;;:é*

To draw Von Koch’s Snowflake curve we

(Fj)=
3

e start with an equilateral triangle, C;
e then divide each side into 3 equal parts
e then on each middle part draw an equilateral triangle _A_
e then delete the side of the smaller triangle which lies on C4. _/\_
The resulting curve is Cs, and C3, Cy, Cs, .... are found by ‘pushing out’ equilateral

triangles on each edge of the previous curve as we did with C; to get Cb.

We get a sequence of special curves C7, Cs, Cs, Cy,.... and Von Koch’s curve is the
limiting case, i.e., when n is infinitely large for this sequence.

Your task is to investigate the perimeter and area of Von Koch’s curve.

What to do:
1 Suppose C; has a perimeter of 3 units. Find the perimeter of Cs, C5, C4 and Cs.

becomes _/\_ i.e., 3 parts become 4 parts.)

Remembering that Von Koch’s curve is C,,, where n is infinitely large, find the perime-
ter of Von Koch’s curve.

(Hint:

2 Suppose the area of C; is 1 unit?. Explain why the areas of C,, Cs, C; and Cjy are
Ay =1+ 1 units? Az =1+ 1[1+ 3] units?
Ag=1+1[1+3+(5)% units? As =1+ 31+ 3+ (5)*+(5)°] units®.

Use your calculator to find A,, where n =1, 2, 3, 4, 5, 6, 7, etc., giving answers
which are as accurate as your calculator permits.

What do you think will be the area within Von Koch’s snowflake curve?
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3 Similarly, investigate the sequence of curves obtained by pushing out squares on succes-
sive curves from the middle third of each side,

i.e., the curves C;, Cs, C3, C4, etc.

@) G

Region contains 8 holes.

REVIEW SET 2A

1 List the first four members of the following sequences defined by:

2
a wu,=3"2 b un:3n+
n+3

¢ u,=2"—(=3)"

2 A sequence is defined by u,, = 68 — 5n.
a Prove that the sequence is arithmetic. ® Find vy and d. ¢ Find the 37th term.
d What is the first term of the sequence less than —200?

3 a Show that the sequence 3, 12, 48, 192, .... is geometric.
b Find wu, and hence find wuyg.

4 Find k if 3k, k—2 and k+ 7 are consecutive terms of an arithmetic sequence.

5 Find the general term of an arithmetic sequence given that w7 =31 and w5 = —17.
Hence, find the value of wus34.

6 A sequence is defined by u, =6(3)""".

a Prove that the sequence is geometric. b Find u; and 7.
¢ Find the 16th term to 3 significant figures.

7 Show that 28, 23, 18, 13, .... is arithmetic and hence find u,, and the sum S,, of the
first n terms in simplest form.

8 Find k given that 4, k and k? — 1 are consecutive geometric terms.
9 Determine the general term of a geometric sequence given that its sixth term is & and

3
its tenth term is %.

REVIEW SET 2B

1 a Determine the number of terms in the sequence 24, 23%, 22%, ey —36.
b Find the value of ugs for the sequence in a.
¢ Find the sum of the terms of the sequence in a.

2 Insert six numbers between 23 and 9 so that all eight numbers are in arithmetic sequence.

3 Find the formula for u,, the general term of:
a 86, 83,80, 77, .. b 2,1, L2 .. ¢ 100, 90, 81, 72.9, ...
[Note: One of these sequences is neither arithmetic nor geometric. ]
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<
w

+
r+2

8
4 Write down the expansion of: a > 7?2 b >
r=1

n

5 Write in the form " (.....):
r=1
a 4411+18+25+... fornterms b %+%+1—16+3—12+.... for n terms.

6 Find the sum of:
a 3+9+15+21+... to 23 terms b 24+12+6+3+.... to 12 terms.

5. /31 -3¢ >
7 Find the sum of a Z < 5 ) b z:’f)O(O.S)T’1
r=1 r=1

8 Find the first term of the sequence 5, 10, 20, 40, .... which exceeds 10 000.

9 What will an investment of 6000 Euro at 7% p.a. compound interest amount to after 5
years if the interest is compounded:

a annually b quarterly ¢ monthly?

REVIEW SET 2C

1 A geometric sequence has ug = 24 and w;; = 768. Determine the general term of
the sequence and hence find:
a uy b the sum of the first 15 terms.

2 How many terms of the series 114 16 + 21 4+ 26 + .... are needed to exceed a sum
of 450?

3 Find the first term of the sequence 24, 8, %, %, ... which is less than 0.001 .

L a Determine the number of terms in the sequence 128, 64, 32, 16, ...., ﬁ
b Find the sum of these terms.

5 $12500 is invested in an account which pays 8.25% p.a. compounded. Find the value
of the investment after 5 years if the interest is compounded:

a half-yearly b  monthly.

6 How much should be invested at a fixed rate of 9% p.a. compounded interest if you
wish it to amount to $20 000 after 4 years with interest paid monthly?

7 In 1998 there were 3000 koalas on Koala Island. Since then, the population of koalas
on the island has increased by 5% each year.
a How many koalas were on the island in 2001?
b In what year will the population first exceed 50007

8 A ball bounces from a height of 2 metres and returns to 80% of its previous height on
each bounce. Find the total distance travelled by the ball until it stops bouncing.

9 a Under what conditions will the series Z 50(2z — 1)"~! converge? Explain!

00 r=1

b Find » 502z —1)"! if z=0.3.

r=1



Exponents

Contents: Index notation
Negative bases

Index laws

A

B

C

D Rational indices
E Algebraic expansion

F  Exponential equations

G Graphs of exponential functions
Investigation: Exponential graphs
Growth

Decay

Review set 3A
Review set 3B
Review set 3C




58 EXPONENTS (Chapter 3)

We often deal with numbers that are repeatedly multiplied together. Mathematicians use
indices or exponents to easily represent such expressions. For example, 5 x 5 x 5 = 53,

Indices have many applications in areas such as finance, engineering, physics, biology, elec-
tronics and computer science.

Problems encountered in these areas may involve situations where quantities increase or de-
crease over time. Such problems are often examples of exponential growth or decay.

OPENING PROBLEM

In 1995, a research establishment started testing the rabbit calicivirus on an
island in an attempt to eradicate rabbits. The island was relatively isolated
and overrun by rabbits and it thus provided an excellent test site.

The disease was found to be highly contagious and the introduction of the virus had a
dramatic impact on the island’s rabbit population.

Scientists monitored rabbit numbers over a series of weeks and found that the number
of rabbits R, could be predicted by the formula

R = 8000 x (0.837)" where ¢ is the number of weeks after the calicivirus was released.
Consider the following questions:
1 If welet t =0 weeks, how many rabbits were on the island?

2 Ifwelet t =31 weeks, we get R = 8000 x (0.837)35.
Discuss ‘to the power of 3.5°.

3 How long would it take to reduce the rabbit numbers to 80?
& Will all rabbits ever be eradicated?
What would the graph of rabbit numbers plotted against the time after the release

of the virus look like?

After studying the concepts of this chapter, you should be able to investigate the questions
above.

Al B INDEX NOTATION

Rather than write 2 x 2 x 2 x 2 x 2, we write such a product as 2°. power,
< index or

2% reads “two to the power of five” or “two with index five”. exponent

Thus 5> =5x5x 5 and 3 =3 x3x3x3x3x3. <« base

If n is a positive integer, then o™ is the product of n factors of a

ie, a" = aXaXaXaX..Xa

n factors
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EXERCISE 3A
1 Copy and complete the values of these common powers.
a 2l=.., 22=.., 282=.., 2¢=.., 2= 26=_..
b 3l=.., 32=.., F=.., 3=..
¢ 5l=.., 52=.. 5 =.. 5i=...
d '=.., T=.. T=..

HISTORICAL NOTE

6 Nicomachus discovered an interesting 1l = 1°
l@ number pattern involving cubes and sums 3+5=8=23
=" of odd numbers. T+94+11=27=3% etc.

Nicomachus was born in Roman Syria (now Jerash, Jordan), around 100 AD. He wrote in
Greek and was a Pythagorean.

CHET NEGATIVE BASES

So far we have only considered positive bases raised to a power.
We will now briefly look at negative bases. Consider the statements below:

(-1t =—1 (=2)' = -2

(-1)2=-1x-1=1 (-2)2=-2x-2=4

(-1 =-1x-1x-1=-1 (23 = -2x —2x —2=—8
(1) =—-1x-1x-1x-1=1 (-2)=-2x -2x-2x-2=16

In the pattern above it can be seen that:

A negative base raised to an odd power is negative; whereas
a negative base raised to an even power is positive.

Example 1

Notice the

effect of the
Evaluate: brackets in
) these examples.
a (—2)* b —2¢ ¢ (-2)° d —(-2)°
a (-2)* b —24 < (=2 d —(-2)°
=16 =—1x2 =32 =—1x(-2)°
=32
=
EXERCISE 3B
1 Simplify: (check on a calculator)
a (—-1)? b (-1)* ¢ (=12 d (—1)7
e (—1)¢ f 16 g —(-1)° h (-2)3
i -2 i —(-2)p° k —(-5) I —(=5)®
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CALCULATOR USE

Although different calculators vary in the appearance of keys, they '
all perform operations of raising to powers in a similar manner.

Power keys squares the number in the display.
3 raises the number in the display to the power 3.
5 raises the number in the display to the power 5.

4 raises the number in the display to the power —4.

Example 2

Find, using your calculator: a 65 b (-5)?* ¢ -7
Answer
a Press: 6 [~ 5 ENTER 7776

b Press: (] O] 5 D] [2] 4 [ENTER] 625
¢ Press: 7 4 —2401

Note: You will need to check if your calculator uses the same key sequence as in the
examples. If not, work out the sequence which gives you the correct answers.

2 Use your calculator to find the value of the following, recording the entire display:

a 2° b (-5)5 ¢ 35 d 7° e 8
f(—9)* g -9 h 1.16% i —0981 j  (-1.14)%3
. . s 1
Find using your calculator, and comment on: a b b 5
Answer

a Press: 5 2 0.04
b Press: 1 E 5 2 0.04

The answers indicate that 52 = =

3 Use your calculator to find the values of the following:

a 771 b % ¢ 372 d 3%
1
e 473 f B g 139 h 1729

What do you notice?
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4 By considering 3!, 32, 33, 3%, 35 .... and looking for a pattern, find the last digit of 333.
5 What is the last digit of 7777

Cl . INDEX LAWS

Recall the following index laws where the bases a and b are both positive and the indices m
and n are integers.

a™ x a" = a™m*t" To multiply numbers with the same base, keep the base
and add the indices.
am
— = am—" To divide numbers with the same base, keep the base
a and subtract the indices.
(a™)™ = am*" When raising a power to a power, keep the base and
multiply the indices.
(ab)™ = a™b" The power of a product is the product of the powers.
a\" a"
- =— The power of a quotient is the quotient of the powers.
b bn
a°=1, a#0 Any non-zero number raised to the power of zero is 1.

1 1
a”"=—, a#0 and =a" a #0 andinparticular a-1 =

a™ a " a

Example 4
Simplify using a™ x a" = a™"":
a 11°x113 b a*xa® ¢ ztxz®
a 115 x 113 b a* x a® ] zt x z°
= 11513 — g4to — ghta
=118 =a (= zo14)
EXERCISE 3C
1 Simplify using a™ x a = a™*"™" :
a TxT7 b 5*x53 ¢ a’ xa? d a*xa
e b¥xbd f a3 xa® g b xbm h m*xm?xm?
a™ 78 b8
Simplify usi — =am " a — b —
implify using — =a = i
a % b—m _ 73
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m

2 Simplify using 4 _gmn.
a’n

59 1113

7 .74 a
a ? b B C 7 7 d ;
plo P ye
f = -~ h % +b
e b7 pm S y5
Example 6
Simplify using (a™)"™ = a™*™:
a (24)3 b ($3)5 (b’?)m
a (24)3 b (.’E3)5 (b7)7n
— 924x3 — p3%5 — pTxm
—_ 212 — £E15 — b7m
3 Simplify using (a™)" = a™*"™ :
a (32)4 b (53)5 ¢ (24)7 d (a5)2
e (p')° £ g (a¥)° h o (a®)°
Example 7
Express in simplest form with a prime number base:
a 9 b 4x2° ¢ d 257!
9y
4 37 r—1
a 9 b 4 x 2P c — d 25
9y
_ (32)4 — 22 X 2P = — (52)1:—1
=] 2x4 = 2+p = - = 2(1_1)
3 2 @) 5
= 38 — 52:::—2
32y
— 3m—2y
Lk Express in simplest form with a prime number base:
a 8 b 25 ¢ 27 d 43
e 92 f 3¢%x9 g 5'+5 h 3"x9"
) 16 . 3Tl Ae—1 z 2—z
5 i 31 e (5%) I 22 x2
2y 4y RERE 2t x 4t
"o s ° 3= P
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Example 8 Remember that
3¢ 4 eagh factor
Remove the brackets of: a (2z) b (—) within the
b brackets has to
3 4 =23 x 23 be raised to the
a (2z)3 b (TC) — 823 3* x ¢t power outside
= T 31 them.
bt -
81c*
5 Remove the brackets of:
a (ab)? b (ac)? ¢ (be)® d (abe)?
e (2a)* f  (5b)? g (3n)? h (2bc)?

B B (O R C M 4

6 Express the following in simplest form, without brackets:

a  (264)° b <x%y>2 ¢ (5ath)? d (%)4
(36—) O emnP g (4b—) ho (5%
i (=202 i (—6h)? kK (~2a)° | (—3m2n2)?

ooy () o () (22

Example 9
Simplify using the index laws:
20a° b® x b’
2 5
a e ¢ e W C W
20a? b x b’
2 5
a o™ % by b F C W
=3x5xxz2xz® % o
— 15 x 25 =T xa _ v
— 1527 = 5a° -
— b10—8
= b2

7 Simplify the following expressions using one or more of the index laws:

3 5,4
a = b 4 x 2b3 ¢« —

a m=n

14a” 124203 18m7a?

- e f -
2a2 3ab Amia3



64  EXPONENTS (Chapter 3)

g 10hk® x 4h? h

Example 10

Simplify, giving answers in simplest rational form:
a 7 b 32 ¢ 30-371 d (3)°

(G)=G)

8 Simplify, giving answers in simplest rational form:

50 b 37! ¢ 671 d 8
e 22 f 272 g 23 h 273
i 5° j 572 k 10° I 1072

9 Simplify, giving answers in simplest rational form:

43 0

a (2 b ¢ 3y d (3y)°
52 210
e 2 X 30 f 60 g ? h 2T5
i3 i@ k(3 L)
m (%)-2 n 50571 o 7147 p 204214271

_Example 11 | In 52" the

index —1 refers
Write the following a (z)! b 5z7! ¢ to the z only.
without brackets or 1 5
negative indices: =52 = =
a (5x)7!
b 5z ! =
¢ (3p?)2

10 Write the following without brackets or negative indices:

a (2a)71! b 2a7! ¢ 3! d (3p)~1
. (%)—2 f(26)2 g (3n)? h o (3n-2)-1

i ab? i (ab)7?! k ab—? I (ab)~2
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b 2
m (2ab)~! n 2(ab)7! o 2ab7! [ (Z_)l
11 Write the following as powers of 2, 3 and/or 5:

1 1 1 1

- b = - d -
° 3 2 ‘5 1
e L ¢ L €

27 %5 T

1 9

i = I k 25x57*
i 314 i 3 59X b
m 2+273 n 1 o 673

12 The water lily Growerosa Veryfasterosa doubles its size every
day. From the time it was planted until it completely covered
the pond took 26 days.

How many days did it take to cover half the pond?

13 Read about Nicomachus’ pattern on page 59 and find the sequence of odd numbers for:
a 5° b 7 ¢ 123

14 Find the smaller of 217% and 57° without a calculator.

'»J0 RATIONAL INDICES

Since a” xa® =a’ *=al =aq, {for index laws to be obeyed}

and +/a X /a=a also, then

-

-
=
[N

x

az =./a {by direct comparison}

—

1 1 1
Likewise a° xa® xa® =a! =aq,

compared with  /a x /a x Ja =a
1

suggests a® = ¥a

i
Thus in general, a" = {/a {{/a reads “the nth root of a”}

ho

2 2 2
Notice also that a® x a° x a’*= a?

243
ie., <a3) =a? {if (a™)™ =a™ is to be used}

In general, a™ = ¥/a™ or (3/a)"
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1
Write as a single a 2 b — c /4
power of 2: i V2 1
L =2 1 =(2%)°
a V2 b — _ L
V2 ot _ o<t
c 4 )
= 2_5 = 2%
EXERCISE 3D
1 Write as a single power of 2:
1 1
a V2 b — ¢ 22 d 42 e —
V2 7% V2 V2 7%
fo2xYZ g = h  (vV2)3 i L P
V2 V16 V8
2 Write as a single power of 3:
1 1
a 3 b — c V3 d 3v3 e —
V3 9V3
3 Write the following in the form a® where a is a prime number and z is rational:
a 7 b /27 ¢ /16 d V32 e 49
1 1 1 1 1
f — g h —
VT V27 /16 /32 V49
Example 13
z _3
Use your calculator to evaluate to 3 decimal places a 2° b 9 *
z —  —— — =
a 2° =2639 2 [A] [ 7 =] 5 D] [ENTER
_3 _— = = .
b 9 T =0192 9 (A [ & 3[=] 4D] [ENTER
4 Use your calculator to evaluate to 3 decimal places:
3 z 1 _3
a 3° b 2° c 2° d 4°
Use your calculator to evaluate to 3 decimal places: a /4 b !
' Vi1
a V4=45=1.320 4[] [d1 =] 5 D] [ENTER
1 R S — _— ——
b —— =11"3=0671 11[4] 1 [=] 6 )] [ENTER

V11
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5 Use your calculator to find to 3 decimal places:

1
a V9 b V8 ¢ V27 d —
V7
4 _2
Without using a calculator, a 8° b 27 @
write in simplest rational _ (23)% (3)
form: s d o2
e ort -2 =5
a 8 _ o _ g2
— _ 1
=16 =3
6 Without using a calculator, write in simplest rational form:
3 g 3 3 2
a 4° b 8° ¢ 16" d 25° e 32°
_1 _3 _4 _4 _2
f4° g 9° h 8° i 27 ° j 125 °

HHF ALGEBRAIC EXPANSION

Recall the
expansion

(a+b)(a—0b) =a®—b?
laws:

(a+b)? = a® + 2ab + b?
(a —b)? = a® — 2ab+ b?

(a+b)(c+d) =ac+ad+bc+bd {sometimes called ‘FOIL’}

{difference of squares}
{perfect squares}

Example 16

Expand and simplify: = *(z° +2z° —3z )
_1 _1
7 2(:1: —|—2:v -3z %)
1 1 1 1 _
. +2 2 x227 —2 * x3z ° {eachtermis x by 277}
=z +220 — 327! {adding indices}
3
=r+2——
T
EXERCISE 3E
1 Expand and simplify:
a 324222 +1) b 27(2% +1) c 5(x +z 5)
1 _1
d e*(e* +2) e 3°(2-377) f 2(:1? 4202 —|—3x )
g 277(2*45) h  577(5%% + 5%) i (2 +rata’ )
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Expand and simplify: a (22 +3)(2*+1) b (e +e )2

a (2* +3)(2* +1) b (e"+e®)?
=27 X 2%+ 2% 4+3x 2% +3 = (e%)? +2e% x e % + (e7 )2
=22 1 4x2° 43 =e? 4+ 2e0 + e~
=47 +2%+7 43 = L

2 Expand and simplify:

a (27 +1)(2° +3) b (3" 42)(3° +5) ¢ (57 —2)(5° — 4)

d (2% +3)2 e (32 —1)2 f(4%+7)2

g (23 +2)(zt —2) h o (27 +3)(2° — 3) i @ e )t o ?
i (m+gﬁ K (e% — eo)? I (5—2-2)

"7 EXPONENTIAL EQUATIONS

An exponential equation is an equation in which the unknown occurs as part of the index
or exponent. For example: 2¥ =8 and 30 x 3® =7 are both exponential equations.

If 22 =8, then 2% =23 Thus =3, and this is the only solution.

Hence: If o =daF, then z=k,

i.e., if the base numbers are the same, we can equate indices.

same base we then
equate the indices.

Once we have the
Solve for z: a 2*=16 b 3zt2 -1

( |

a 2° =16 b 3o+2 = & =
2T — 24 . 3x+2 _ 3—3

z=4 TSN

2Q
EXERCISE 3F
1 Solve for z:
a 2*=2 b 2*=4 ¢ 3 =27 d 27=1
e 2°=1 f 37=3 g 2°=3% h 2ol =38
i 9v—2 _% i 3o+t 2_17 k 25+l — 64 | 9l-2 :%
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Example 19 Remember to
- 9 ] use the index
Solve for x: E = b 9 =3 laws correctly!
a 47 —3 (22)30 — 923 (32)m—2 =31
b g2l = LR Z g
3 2p = & c. 2 —4=-1
B = % 20 =3
v=3
2 Solve for z:
a 47=32 b 8 =3 ¢ 9°=3 d 49°=1
rz 1 rz 1 T _ —x 1
i 423:—1 — % i 99:—3 =3 k (%)m—i—l =9 | (%)m—&-Z =9
m 4*=87° n (3)'*=38 o (3)*=49 p (3T =32
3 Solve for z:
a 429&—}-1 _ 81—90 b 92—1: _ (%)230—&-1 ¢ 2T 81—1: — i
L Solve for z:
a 3x27=24 b 7x2%=56 ¢ 3Ix27tl =24
d 12x37"=3 e 4x(3)"=36 f 5x(3)"=20

< GRAPHS OF EXPONENTIAL FUNCTIONS

The general exponential function has form y = a” ry
where a >0, a # 1. 8
For example, y = 2" is an exponential function. 6
Table of values: z] 3] 2111011213 4 T2
1 1 1
8| 1] 3 2 2
10 M ! d
We notice that for x = —10, say, y =2 = (.001 13 | I b 3
Also when z = —-50, y=27°0=28.88x 10716 3

So, it appears that as x becomes large and negative, the graph of y = 2% approaches the
x-axis from above it.

We say that y = 27 is ‘asymptotic to the x-axis’, or ‘y = 0 is a horizontal asymptote’.
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INVESTIGATION EXPONENTIAL GRAPHS

2L We will investigate families m
L

o . I~ GRAPHING

of exponential functions. / PACKAGE

S 8 T
%

b What to do:

1 a On the same set of axes, use a graphing package or graphics calculator to
graph the following functions: y =2%, y=3% y=10", y=(1.3)".
b The functions in a are all members of the family y = b®.
i What effect does changing b values have on the shape of the graph?
ii What is the y-intercept of each graph?
iiil What is the horizontal asymptote of each graph?
2 a On the same set of axes, use a graphing package or graphics calculator to
graph the following functions: y =27, y=2*+4+1, y=2"—2.
b The functions in a are all members of the family y = 2* + d, d is a constant.
i What effect does changing d values have on the position of the graph?
ii What effect does changing d values have on the shape of the graph?
iiil What is the horizontal asymptote of each graph?
iv.  What is the horizontal asymptote of y = 2% + d?
¢ To graph y=2%+d from y = 2" what transformation is used?
3 a On the same set of axes, use a graphing package or graphics calculator to
graph the following functions: y = 2%, y =271 ¢ =272 4 =223
b The functions in @ are all members of the family y = 2*~¢.
i What effect does changing ¢ values have on the position of the graph?
ii What effect does changing ¢ values have on the shape of the graph?
iiil What is the horizontal asymptote of each graph?
¢ Tograph y =2"° from y = 2%, what transformation is used?
4 a On the same set of axes, use a graphing package or graphics calculator to
graph the functions y = 2% and y =277

b i What is the y-intercept of each graph?
ii What is the horizontal asymptote of each graph?
iiil What transformation moves y = 2% to y=27%?

5 a On the same set of axes, use a graphing package or graphics calculator to
graph the following functions:
i y=2% y=3x2" y=2x2" i y=-2%,y=-3x2% y=—1x2°
b The functions in a are all members of the family y = a x 2* where a is a
constant. Comment on the effect on the graph when i a >0 Hi a <0.
¢ What is the horizontal asymptote of each graph?

From your investigation you should have discovered that:

For the general exponential function y =a x b*~°+d
» b controls how steeply the graph increases or decreases
» ¢ controls horizontal translation
» d controls vertical translation and y = d is the equation of the horizontal asymptote.
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» e if a>0, b>1 e if a>0, 0<b<1
i.e., increasing i.e., decreasing

e if a<0, b>1 e If a<0, 0<b<1
i.e., decreasing i.e., increasing

EXERCISE 3G

1 Given the graph of y =2 we can find
approximate values of 27 for various z
values.

For example:
» 218=35 (see point A)
» 223 =5 (see point B)
Use the graph to determine approximate

values of:

a 2% (le,v2) b 208
C 21.5 d 2—1.6

2 Draw freehand sketches of the following pairs of graphs based on your observations from
the previous investigation.

y =

a y=2* and y=2"-2 b y=2* and y=27°
¢ y=2% and y=2"7? d y=2% and y=2x2% RAPHING
. PACKAGE

3 Check your answers to 2 using technology. ﬁj}
4 Draw freehand sketches of the following pairs of graphs:

a y=3" and y=37" b y=3" and y=3"+1

¢ y=3% and y= -3 d y=3® and y=3*"1

HORIZONTAL ASYMPTOTES

From the previous investigation we noted that for the general exponential function
y=axb*"“4+d, y=d isthe horizontal asymptote.

We can actually obtain reasonably accurate sketch graphs
of exponential functions using

e the horizontal asymptote

All exponential
graphs are similar
in shape and have
a horizontal
asymptote.

e the y-intercept

e two other points, say when =z =2, z =—2
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Example 20

Sketch the graph of y =27% — 3.

For y=27"-3 /

y
the horizontal asymptote is y = —3
when =0, y =2°—-3
=1-3
X
= —2 - 2 >
the y-intercept is —2
when z=2, y =272-3 —2 y=27"-3
_ 1
=1- e
=23 \

when z=-2, y =22-3=1

5 Sketch the graphs of:
a y=2"+1 b y=2-2° ¢ y=27"+3 d y=3-2°

Hl . GROWTH

In this exercise we will examine situations where quantities are increasing exponentially (i.e.,
growth).

Populations of animals, people, bacteria, etc usually grow in an exponential way whereas
radioactive substances and items that depreciate usually decay exponentially.

BIOLOGICAL GROWTH

Consider a population of 100 mice which under favourable y

.. .. . . P
conditions is increasing by 20% each week. To increase a "
quantity by 20%, we multiply it by 120% or 1.2. 4p0
So, if P,, is the population after n weeks, then 300
Py =100 {the original population} 266
Pr=Fx12=100 x 1.2
Py =P; x 1.2 =100 x (1.2)? 100
P3; =P, x 1.2 =100 x (1.2)3, etc - n (weeks)
and from this pattern we see that P, = 100 x (1.2)™. ‘ P23 439
Alternatively:

This is an example of a geometric sequence and we could have found the rule to generate it.
Clearly r =1.2 andsoas P, = Pyr", then P, =100 x (1.2)" for n=0, 1, 2, 3,
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Example 21

An entomologist, monitoring a grasshopper plague, notices that the area affected
by the grasshoppers is given by A4,, = 1000 x 292"  hectares, where n is the
number of weeks after the initial observation.
a Find the original affected area.
b Find the affected area after i 5 weeks il 10 weeks.
¢ Find the affected area after 12 weeks.
d Draw the graph of A, against n.
a Ay =1000 x 2°

= 1000 x 1

= 1000 .. original area was 1000 ha.
b i A; =1000 x 2! ii A = 1000 x 22

= 2000 = 4000
i.e.,, areais 2000 ha. i.e., area is 4000 ha.
¢ Ao = 1000 x 20-2x12
= 1000 x 224 {Press: 1000 [x] 2[~] 2.4[5] }
= 5278
after 12 weeks, area affected d 1 4 (ha) /
is about 5300 ha. 6000 c
4000
2000
= n (Weeksl
2 4 6 8 10 12 14
EXERCISE 3H

1 The weight W, grams, of bacteria in a culture ¢ hours after establishment is given by
W, =100 x 2°-1 grams. Find:

b
<
d

the initial weight
the weight after i 4 hours ii 10 hours iii 24 hours.

Sketch the graph of W; against ¢ using only a and b results.

0.1X

Use technology to graph Y; = 100 x 2 and check your

answers to a, b and c.

2 A breeding program to ensure the survival of pygmy possums was established with an
initial population of 50 (25 pairs). From a previous program the expected population P,

inn

b
C
d

years time is given by P, = Py x 203",

What is the value of Py?

What is the expected population after: i 2 years il 5 years iii 10 years?
Sketch the graph of P, against n using only a and b.

Use technology to graph Y; = 50 x 293X and use it to check your answers in b.
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3 The speed V; of a chemical reaction is given by V; = Vj x 20:05  where ¢ is the

temperature in °C.  Find:
a the speed at 0°C b the speed at 20°C
¢ the percentage increase in speed at 20°C compared with the speed at 0°C.

Vso — Vao

d Find
( Vao

> x 100%. What does this calculation represent?

A species of bear is introduced to a large island off Alaska where previously there were
no bears. 6 pairs of bears were introduced in 1998. It is expected that the population
will increase according to B; = By x 2°'18¢ where ¢ is the time since the introduction.

a Find By. b Find the expected bear population in 2018.

¢ Find the percentage increase from year 2008 to 2018.

Now consider a radioactive substance of original
weight 20 grams which decays (reduces) by 5%
each year. The multiplier is now 95% or 0.95.

So, if W, is the weight after n years, then:
Wo = 20 grams
Wi =Wy x0.95 =20 x 0.95 grams
Wo = Wy x 0.95 = 20 x (0.95)? grams
W3 = Wy x 0.95 = 20 x (0.95)3 grams

: etc.
Wao = 20 x (0.95)%0 = 7.2 grams

Wigo = 20 x (0.95)100 = 0.1 grams
and from this we see that W, = 20 x (0.95)™

and so W, = Wp x (0.95)" if the original weight TV is unknown.

Alternatively:

251

20

15

10

W, (grams)

DECAY

n (years)

10

20

Once again we have an example of a geometric sequence with Wy =20 and r = 0.95,
and consequently W, =20 x (0.95)" for n=0,1,2,3, ..

Example 22

a Find I(t) when t=0, 1, 2 and 3.

Q n o

to reach 4 amps.

When a CD player is switched off, the current dies away according to the formula
I(t) =24 x (0.25)" amps, where ¢ is the time in seconds.

What current flowed in the CD player at the instant when it was switched oft?
Plot the graph of I(¢) against ¢ (¢ > 0) using the information above.
Use your graph and/or technology to find how long it takes for the current
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a I(t) =24 x (0.25)" amps
1(0) I(1) 1(2) 1(3)
=24 x (0.25)° =24 x (0.25)* =24 x (0.25)2 =24 x (0.25)3
= 24 amps = 6 amps = 1.5 amps = 0.375 amps
b When t=0, I(0)=24 . 24 amps of current flowed.
C 1 (amps)
25
20
15
10
3 p t (seconds)
0 1 2 3 "4
d From the graph above, the approximate time to reach 4 amps is 1.3 seconds.
(This solution can be refined by trial and or
error. ) . \
By finding the point of intersection of
Y: =24 x (0.25)"X and Y, =14
on a graphics calculator. Inberseckion
The solution is = 1.29 seconds. L e
EXERCISE 31

1 The weight of a radioactive substance ¢ years after being set aside is given by
W (t) = 250 x (0.998) grams.
a How much radioactive substance was put aside?
b Determine the weight of the substance after:
i 400 years ii 800 years iii 1200 years.
¢ Sketch the graph of W against ¢ for ¢ > 0, using the above information.

Use your graph or graphics calculator to find how long it takes for the substance
to decay to 125 grams.

2 Revisit the Opening Problem on page 58 and answer the questions posed.

Example 23

The weight of radioactive material remaining after ¢ years is given by
Wy = 11.7 x 2700067 oramg,

a Find the original weight.

b Find the weight after i 10 years ii 100 years iii 1000 years.
¢ Graph W; against ¢ using a and b only.

W, = 11.7 x 2700067
a When t=0, Wy=11.7x2°=11.7 grams
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b i WlO C
— 11.7 x 2—0.067 1 W, (grams)

~112¢ 11.7-7% (10, 11.2)

i Wioo . 8 | % (100,735)
=11.7x27" 6
=17.35 g 4
il Wio000 2 (1000, 0.11)

— 11.7 x 2767 g

200 400 600 800 1000 1200
=011g t (years)

3 The temperature 7;(°C) of a liquid which has been placed in a refrigerator is given by
T, = 100 x 27992t \here ¢ is the time in minutes. Find:
a the initial temperature
b the temperature after:
i 15 minutes il 20 minutes iii 78 minutes.

¢ Sketch the graph of T} against ¢ using a and b only.

4 The weight W, grams of radioactive substance remaining after ¢ years is given by
W, = 1000 x 279-93¢ grams. Find:
a the initial weight
b the weight after:
i 10 years il 100 years iii 1000 years.
¢ Graph W, against ¢ using a and b only.

Example 24

The weight of radioactive material remaining after ¢ years is given by
Wy = Wy x 270-001% grams,

a Find the original weight.

b Find the percentage remaining after 200 years.

a When t=0, W0=W0X20:W0
W is the original weight.
b When t =200, Wsy = Wy X oy UAUILRALY
=Wy x 2902
= Wy x 0.8706
= 87.06% of Wy . 87.1% remains.

5 The weight W, of radioactive uranium remaining after ¢ years is given by the formula
Wy = Wy x 27000028 gramg ¢ > 0. Find:
a the original weight b the percentage weight loss after 1000 years.
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6 The current I; amps, flowing in a transistor radio, ¢ seconds after it is switched off is
given by I; = Iy x 27992¢ amps. Find:
a the initial current b the current after 1 second
¢ the percentage change in current after 1 second
d I5q and I199 and hence sketch the graph of I; against .

REVIEW SET 3A

1 Simplify: a —(-1)1° b —(=3)3 ¢ 30—371

2 Simplify using the index laws:

5(z%y)?
415 |, 1252 5 . 0n2,5
a a*b’> xa%b b 6xy® + 9z°y W
3 Write the following as a power of 2:
a 2x27* b 16+273 c 8t
4  Write without brackets or negative indices:
a b3 b (ab)~! ¢ ab!
5 Find the value of z, without using your calculator: a 2*73% =2 b 97 =27272¢

2 2
3 3

6 Evaluate without using a calculator: a 8 b 27

7 Evaluate, correct to 3 significant figures, using your calculator:
3 1
a 3* b 27 ° ¢ /100
8 If f(x)=3x2% find the value of: a f(0) b f(3) ¢ f(-2)

9 On the same set of axes draw the graphs of a y =27 b y=2%—4, stating
the y-intercept and the equation of the horizontal asymptote.

10 The temperature of a liquid ¢ minutes after it was heated is given by

T =80 x (0.913)" °C. Find:
the initial temperature of the liquid
the temperature after i ¢t=12 ii t=24 ii ¢ = 36 minutes.
Draw the graph of 7" against ¢, ¢ > 0, using the above or technology.
Hence, find the time taken for the temperature to reach 25°C.

O n T o

REVIEW SET 3B

1 Simplify: a —(-2)3 b 5150

2 Simplify using the index laws:
8ab®
2a4b4

3 Write as powers of 2:  a 1—16 b 2*x4 ¢ 47 +8

a (a7)? b pg® x pPqt
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L Write without brackets or negative indices:

a x2xz73 b 2(ab)~2 ¢ 2ab 2
5 Solve for x without using a calculator: a 27F1 =32 b 47l = (1)°
6 Write as powers of 3: a 81 b 1 < 2—17 d ﬁ
. . 27 oy
7 Write as a single power of 3:  a o b (V3)I7® x9l-%
8 For y=3"—-5:
a find y when x =0, £1, £2 b discuss y as x — oo and as r — —o©

¢ sketch the graph of y=3*—5 d state the equation of any asymptote.

9 Without using a calculator, solve for x: a 27 =3 b 9l-==o7v+2
10 Solve simultaneously for x and y: 4% x 2% =16 and 8% =2%.

REVIEW SET 3C

1 a Write 4x2" asapower of 2. b Evaluate 77! - 7Y

¢ Write (2)™% in simplest fractional form.
—1\ 2
d Simplify (b—2) . Do not have negative indices or brackets in your answer.
41
2 a Write 288 as a product of prime numbers in index form. b  Simplify i

3 Write as powers of 5 in simplest form:
1

a 1 b 5V5 < d 2593
V5
& Simplify:
a —(-2)2 b (—ia3)? ¢ (=3p71)3

5 Expand and simplify:

a e"(e " 4e7) b (27 +5)2 (22 —7)(z2 +7)

(o]

6 Expand and simplify:
a (3-29)2 b (Vz+2)(vVT—-2) ¢ 277(2% 4 27)

7 Solveforz: a 6x2°=192 b 4x(3)" =324

8 The weight of a radioactive substance after ¢ years is given by W = 1500 x (0.993)?
grams.

a Find the original amount of radioactive material.
b Find the amount of radioactive material remaining after:
i 400 years il 800 years.
¢ Sketch the graph of W against £, ¢t > 0, using the above or technology.
d Hence, find the time taken for the weight to reduce to 100 grams.
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Al INTRODUCTION

Consider the function f: = |— 107%.

f(x)=10"or y =10"

The defining equation of f is f(xz) = 10
or y=10%.

Now consider the graph of f and its inverse
function f~1.
The question arises:

How can we write f~! in functional form,
i.e., what is the defining function of f~—1?

As f is defined by y = 10%,
f~!is defined by =z = 10v.
{interchanging x and y}

A\
So, y is the exponent to which 10 (the base) is raised in order to get x,

and we write this as  y = logp =

and say that “y is the logarithm of « in base 10.”

So, o if f(z)=10% then f~!(z)=1lognz

o if f(x)=2%  then f~!(z)=log,x

o if f(x)=0b%  then f~l(z)=log,x
LOGARITHMS IN BASE b
In general, if A=0" b#1,b>0 we say that n is the logarithm of A, in base b

and that A =0" & n=1log, A, A>0.
A=b" < n=Ilog, A isa short way of writing
if A=0b" then n=Ilog, A, andif n=Ilog, A then A =5".

We say that A =5b" and n =log, A are equivalent or interchangeable.

Forexample: e If 8=23 we can immediately say that 3 =log,8 and vice versa.
e If log;25=2 we can deduce that 5% =25 or 25=52

a  Write an equivalent exponential statement for log;, 1000 = 3.

Write an equivalent logarithmic statement for 3% = 81.

a From log;,1000 =3 we deduce that 103 = 1000.
b From 3%=81 we deduce that logs81 =4.




LOGARITHMS (Chapter 4)

81

EXERCISE 4A
1 Write an equivalent exponential statement for:
a logyy10000 = 4 b log(0.1) = -1 log;, V10 = 4
d log,8=3 e logy(3)=-2 log; V27 = 1.5
2 Write an equivalent logarithmic statement for:
a 22=4 b 273=1 1072 =0.01
d 7=49 e 20=64 378 =&
Find: a log;,100 b log, 32 ¢ logs(0.2)
a To find log;,100 we ask “What power must 10 be raised to, to get 100?”
As 102 =100, then log;,100 = 2.
b As 2°=32, then log,32=75.
¢ As 5'=1=02 then logs(0.2) =—1.

3 Find:
a log;,100000 b log;(0.01) ¢ log; V3 d log,8
e log, 64 f log,128 g logs 25 h logs 125
i log,(0.125) i logy3 ke log, 16 I logss 6
m logs; 243 n log, V2 o log,a” p logg2
q log, (%) r logs6v6 s logy1l t  logy9
4 Use your calculator to find:
a log;,152 b log;y25 ¢ log,y74 d log;(0.8
5 Solve for z:
a log,z=3 b log,x= % ¢ log,81=4 d logy(x—6)=3

In question 30 of this exercise we observed that log, a™ = n. Discuss.

Use this result to find:

log,16 b log;, v100 ¢ log, (%)

a  log,16 b logy, /100 ¢ log, (%)
= log, 24 =lo 102)s _
{as 16 = 24) Bl 2) = log, 2"

_2 -2

5




82  LOGARITHMS (Chapter 4)

6 Use log,a™ =n to find:

a log,4 b logs(3) ¢ logs(25v/5) d logs (%)
[CHE LOGARITHMS IN BASE 10
Many positive numbers can be For example, 10000 = 10*
easily written in the form 10, 1000 = 103

100 = 10?

10 = 10!

1=10°
0.1 =101
0.01 =102

0.001 =103 etc.

1
Also, numbers like +/10, 104/10 and \5/—1_0 can be written in the form 10%.

1 1 1
V10 =107 = 10%° 104/10 = 10! x 1095 = 10! 70 =10"5 = 10702

In fact, all positive numbers can be written in the form 10* by introducing the concept of
logarithms.

Definition: The logarithm of a positive number, in base 10, is its power of 10.

For example:
e Since 1000 =103, we write log;,1000=3 or log1000= 3.
e Since 0.01=10"2, we write log;((0.01)=—2 or log(0.01) = —2.

In algebraic form, a =10"8% foranya >0. Whyisa>0? )
If no base is

indicated we

Notice also that log 1000 = log10®> =3 and log0.01 =log10~2 = —2 | assume thatitis

base 10.
give us the useful alternative log10® =«
a  Without using a calculator, find: i log100 i log(v/10).
b  Check your answers using technology.
a i logl00 =log102 i log(¥/10) = log(10%)
=2 =1 {log 10® =z}
b i press 100 m ENTER Answer: 2

il press 10 0.25 E Answer: 0.25
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EXERCISE 4B
1 Without using a calculator, find:
a log10000 b log0.001 ¢ logl0 d logl
e log /10 f  log(/10) g log (ﬁ) h  log 10v/10
i log /00 i log (%%%) k log(10 x ¥/T0) | log1000v/10
10 10¢
log 10™ log(10® x 1 1 — 1 —
m log10 n log(10® x 100) o log (10’”) p log <10b)
2 Find using a calculator:
a log10000 b log0.001 ¢ logv10 d logv/10
e log /100 f  log10v/10 g log (ﬁ) h log (ﬁ)
Use your calculator to write the following in the form 10® where z is correct
to 4 decimal places: a 8 b 800 ¢ 0.08
a 8 b 800 5 0.08
— 10los8 — 1(0log 800 — 10log0.08
=2 100,9031 = 102.9031 = 10—1.0969

3 Use your calculator to write these in the form 10 where x is correct to 4 decimal places:

a 6 b 60 c 6000 d 06 e 0.006
f 15 g 1500 h 15 i 015 j 0.00015
Example 6

a Use your calculator to find: i log2 ii log20

b  Explain why log20 =log2 + 1.

a i log2=0.3010 b log20 =log(2 x 10)

i log20 = 1.3010 == log (10391 x 10%)
{calculator} = log1013%10  fadding indices}
= 1.3010
=log2+1
4 a Use your calculator to find: i log3 i log300

Explain why log 300 = log 3 + 2.

5 a Use your calculator to find: i logh i log0.05
Explain why log 0.05 = log 5 — 2.
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Find z if: a As z=10"¢e" b As z =108
a logz=3 ooz =10° s m= TR
b logz = —0.271 . x=1000 oo o =10.536
6 Find z if:
a logx=2 b logz=1 ¢ logz=0 d logz=-1
e logz=13% f logz=-1 g logz=0.8351 h logz = —3.1997
INVESTIGATION THE LAWS OF LOGARITHMS

JE‘/Q/{? What to do:
f"\n%‘ 1 Use your calculator to find
R a log2+log3 b log3+log7 ¢ log4+log20
d log6 e log2l f log80
From your answers, suggest a possible simplification for loga + logb.

/3

2 Use your calculator to find
a logb6—log2 b logl2—1log3 ¢ log3—logh

d log3 e log4 f log(0.6)
From your answers, suggest a possible simplification for loga — logb.

3 Use your calculator to find
a 3log2 b 2logh ¢ —4log3
d log(2%) e log(5?) f log(3™)
From your answers, suggest a possible simplification for nloga.

o0 LAWSOF LOGARITHMS

There are 3 important log A + log B = log(AB)
laws of logarithms. A
log A — log B = log (E)’ B #0
nlog A = log (A™)

These laws are easily established using index laws; they correspond to the first 3 index laws.
Since A =10"¢4 and B =10"s5

A 1gle4
° AB = 1010gA % 1010gB — 1010gA+10g B‘ E — T — 1010gA—10gB'
og
But, AB = 10°s(45) A
log A + log B = log(AB). But, B 10'8(%)
n o n n lo, A
o A" = (10084 = 10nls 4, o, log A —log B =log (—)
But, A" = 10"°8(4") B

nlog A = log(A™).
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Example 8
Use the laws of logarithms to write the following as a single logarithm:
a logbh+log3 b log24 —log8 ¢ logh—1
a log 5 + log 3 b log 24 — log 8 c logh — 1
= log(5 x 3) =log (%) = log5 — log 10*
=log 15 =log3 = log (%)
= log (3)
EXERCISE 4C
1 Write as a single logarithm:
a log8-+log2 b log8 —log2 ¢ log40 — logh
d log4+logh e logh+log(0.4) f log2+log3+log4
g 1+log3 h logd—1 i logh+log4d —log2
] 2+4log2 k' logd40—2 I log6—log2 —log3
m logh0—4 n 3—logh0 o log (§)+log3—|—log7
Example 9
Write as a single
logarithm, i.c., in a 2log 7 — 3log2 b 2log3 —1
the form loga, a € Q. = log(7?) — log(2?) = log(3?) — log 10"
a 2log7— 3log?2 :log4i)9— log 8 =log9 — log 10
b 2log3—1 = log () = log(0.9)
2 Write as a single logarithm or integer:
a blog2+1log3 b 2log3+ 3log2 ¢ 3log4 —log8
d 2logh5— 3log2 e 1logd+log3 f 1log(z)
g 3—log2—2logh h 1-3log2+log20 i 2—1log4—1logh

Example 10

log8 log2® 3log2
Simplify, without using a 080 _ 082 _ 0082 _ %
log 8 logd log22 2log2

log 4

calculator:

3 Simplify without using a calculator:

log4 b log 27 . log 8 d log 3 . log 25 log 8
log 2 log9 log 2 log9 log(0.2) log(0.25)

Check your answers using a calculator.
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Example 11

Show that:
a log (%) = —2log3
b logh00 =3 —log?2

a log ()
=1log(37?)
= —2log3

b logh00 = log (—)

1000
2
= log 1000 — log 2
=1log 10% —log 2
=3 —log2

4  Show that:
a log9=2log3
d log (%) = —logh

b logv2=1log2
e logh=1-log2

¢ log (%) = —3log?2
f log5000 =4 — log2

Write the following as logarithmic equations (in base 10):
o _a 20
a y=a b b Yy = b_3 ¢ P= %
a
a y = a’b b V=10

logy = log(a®b)
logy = loga® + logb
logy = 2loga + logb

20
log P = log (

1

nz

a
logy = log (b_3>

- logy =loga — logb®
) . logy =loga — 3logb

) and so log P = log20 — %logn

5 Write the following as logarithmic equations (in base 10):

a y=2" b

e R=0b/I f

y = 200° ¢ M =ad* d T=5Vd
a 20
Q= s y=ab 7n
a a™
N=,/- k S=2 2t | =
\/; 5 =200 % V=

Write the following
equations without
logarithms:

a log A =logb+2loge
b logM =3loga —1

a logA=1logb+2logc b

. log A =logh + log c?

*. log A = log(bc?)
A=0bc?

logM = 3loga — 1

-, logM =loga® — log 10*

a3
o ogM og <10>
3

Cue®
10
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6 Write the following equations without logarithms:

a logD =loge+log2 b logF =logh—logt
c longéloga: d logM =2logb+logc
e logB =3logm—2logn f logN:—%logp
g logP =3logx+1 h log@Q=2-logx
7 If p=log,2, ¢qg=1log,3 and r =1log,5, writethe followingin terms of p and/or
q and/or r:
a log,6 b log, 108 ¢ log, 45
d log, (5425) e log, (35) f  log,(0.2)

8 If log, P =2, loga,@ =y and log, R = z, write the following in terms of x
and/or y and/or z:

PR
a logy,(PR) b log,(RQ?) ¢ log, (?)
Q° R*\/Q
d log,(P%/Q) e log, (ﬁ f log,y —55
9 If log, M =129 and log, N>=1.72 find: )
N
a log, N b log,(MN) ¢ log, (\/_M>
10 Solve for z:
a logg27 +logg(3) = logs @ b logyz =logs 8 —logs(6 — )
¢ log; 125 — logs v/5 = logs = d logyyx =1+ logy, 10
e logx +log(z + 1) =1log30 f  log(z+2)—log(z —2) =logh

NENTIAL EQUATIONS
USING LOGARITHMS)

In earlier exercises we found solutions to simple exponental equations by equating indices
after creating equal bases. However, when the bases cannot easily be made the same we find
solutions using logarithms.

Example 14

Solve for z: 2% =30, giving your answer to 3 significant figures.

27 =30
log 2* = log 30 {find the logarithm of each side}
zlog2 = log 30 {loga™ = nloga}
_ log30
~ log2

=491 (3s.f)
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EXERCISE 4D
1 Solve for z, giving your answer correct to 3 significant figures:
a 2*=10 b 3*=20 ¢ 4* =100
d (1.2)* = 1000 e 27 =0.08 f 3 =0.00025
g (%)”” = 0.005 h (%)ac =104 i (0.99)* =0.00001

Example 15

Solve for t (to 3 s.f) given that 200 x 2994 =6,

200 x 2004 — g

20-04t — G {dividing both sides by 200}
2004t — 0,03
log 2°:94 = 10g 0.03 {find the logarithm of each side}
0.04t x log2 = log 0.03
log0.03 .
= O()TlogZ =—126 (3s.f)

{using a calculator }

2 Find, correct to 4 s.f., the solution to:
a 200 x 2925t = 600 b 20 x 2096t — 450 ¢ 30x3702t—=3
d 12x27005% =12 e 50x 57002 =1 f 300 x 29:005t — 1000

3 GROWTH AND DECAY REVISITED

Earlier we considered growth and decay problems in which we were required to find the value
of the dependent variable for a given value of the independent variable.
For example:

The grasshopper problem where the area of infestation } 4, (hectares)
was given by A, = 1000 x 292"  hectares (n is the
number of weeks after initial observation).

We found A when n = 0, 5, 10 and 12 and drew a graph
of the growth in area.

In this section we will consider the reverse problem of
finding n (the independent variable) given values of A,

(the dependent variable). 0 5 10 12 15
n (weeks)

We can do this by:
e reading from an accurate graph to get approximate solutions
e using logarithms to solve the appropriate equation
e using technology in the form of a graphics calculator or computer graphing package.



LOGARITHMS (Chapter 4) 89

Example 16

An entomologist, monitoring a grasshopper plague, notices that the area affected
by the grasshoppers is given by A, = 1000 x 2°-7" hectares, where n is the number
of weeks after the initial observation.

a Draw an accurate graph of A,, against n and use your graph to estimate the time
taken for the infested area to reach 5000 ha.

b Find the answer to a using logarithms.
¢ Check your answer to b using suitable technology.

a b When A, = 5000,
1000 x 2™ = 5000
20.7n =5
6000 log 2™ = log 5
2000 0.7nlog2 = logh
4000
_ log b

2000 SPESE (0.7 x log 2)

/ n (weeks) Sooon=3.32
0 1 D) 3 4 1.e., it takes about 3 weeks and

2 more days.

¢ Go to the graphing package or graphics calculator icon to find the intersection
of y=1000x2%7 and y=>5000. (n=3.32)

As graphing by hand is rather tedious we will use logarithms m B Fackace
and/or technology to solve problems of this kind. G ﬁ»—?)
EXERCISE 4E

1 The weight W, grams, of bacteria in a culture ¢ hours after establishment is given by

Wy = 20 x 20-15 " Find the time for the weight of the culture to reach:
a 30 grams b 100 grams.

The temperature T'(°C), of a liquid which has been placed in a refrigerator is given by
T = 100 x 27903t \here ¢ is the time in minutes. Find the time required for the
temperature to reach: a 25°C b 1°C.

The weight W, grams, of radioactive substance remaining after ¢ years is given by
Wy = 1000 x 27994 grams. Find the time taken for the weight to:

a halve b reach 20 grams ¢ reach 1% of its original value.

The weight W grams, of radioactive uranium remaining after ¢ years is given by the
formula W = Wy x 2790992t grams, ¢ > 0. Find the time taken for the original
weight to fall to:

a 25% of its original value b 0.1% of its original value.

The speed V, of a chemical reaction is given by V = V; x 2%1* where ¢ is the
temperature in °C. Find the temperature at which the speed is three times as fast as it
was at 0°C.
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6 The current I amps, flowing in a transistor radio, ¢ seconds after it is switched off is
given by I = Iy x 27992t amps.  Find the time taken for the current to drop to 10%
of its original value.

7 A man jumps from the basket of a stationary balloon and his speed of descent is given
by V =50(1-2792") m/s where t is the time in seconds. Find the time taken for his
speed to reach 40 m/s.

"7 COMPOUND INTEREST REVISITED

Recall that  w,41 =wu; x ™ is used to find the eventual value of an investment of u; at
a rate of 7% each compounding period for n periods. In order to find n, the period of the
investment, we need to use logarithms.

Iryna has $5000 to invest in an account that pays 5.2% p.a. interest compounded
annually. How long will it take for the value of her investment to reach $20000?

Up+1 = 20000 after n years Now upt1 =ug X r”
u1 = 5000 . 20000 = 5000 x (1.052)™
r = 105.2% = 1.052 s (1.052) =

log(1.052)™ = log4
n x log1.052 = log 4
log 4

. o = —F =273
ie., it will take at least 28 years. " log 1.052 Y

EXERCISE 4F

1 A house is expected to increase in value at an average rate of 7.5% p.a. How long will
it take for a $160 000 house to be worth $250 000?

2 Thabo has $10000 to invest in an account that pays 4.8% p.a. compounded annually.
How long will it take for his investment to grow to $15000?

3 Dien invests $15000 at 8.4% p.a. compounded monthly. He will withdraw his money
when it reaches $25 000, at which time he plans to travel. The formula wu,, 1 = u; X r™
can be used to calculate the time needed. wu,+; = 25000 after n months.

a Explain why r = 1.007. b After how many months can he withdraw the money?

E_ CHANGE OF BASE RULE

Let log, A==z, then »* =
log, b* = logC A {taking logarithms in base c}
zlog. b =log. A {power law of logarithms}

log,. A
= —=c_ log, A
1 A= c
log.b So, ogy, Tog, b
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Example 18
Find log,9 by: a letting log,9==x log A
b using the rule log, A = I(Z)ggcc 5 with ¢ = 10.
a Let logy,9 == log,, 9
1 =
S 9=2% ° logy9 logy 2
log 2* = log 9 =317
zlog2 =log9
log9
=— =31
T Tog2 - 3.17
EXERCISE 4G
log;q A .
1 Use the rule log, A = log—b to find correct to 3 significant figures:
10
a logy12 b logy 1250 ¢ log4(0.067) d log, 4(0.006984)

1 A
2 Use the rule log, A = O810

to solve, correct to 3 significant figures:
log,g 0

a 27 =0.051 b 4 =213.8 ¢ 3%+l =4.069
Hint: In a 2% =0.051 implies that z =log,(0.051).

Example 19
Solve for z: 8% —5 x 4% =0
8% —5 x4 =0
23 — 5 x 222 =
222(2% —5) =0
22 =5  {as 22 >0 forall z}
x = logy 5
logh . .
x = —— = 2.32 {check this using technology}
log 2
3 Solve for z:
a 25" —-3x5"=0 b 8x9"-3"=0
4 Solve for x:
a log, 2% +log,/z =8 b logqz° = logg, 125 — log, /T

5 Find the exact value of x for which 4% x Hiz+3 = 102=+3
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.|| GRAPHS OF LOGARITHMIC FUNCTIONS

Consider the general exponential function f: z|— a*, a>0, a# 1.
The defining equation of f is f(x) =a® (or y = a®). The graph of y =a” is:
for 0<a<l1 or for a>1

y Ay

(=1, %) (-1 l) /
Pt e

X
3 3

X

These functions have a horizontal asymptote y = 0 (the x-axis) and have
domain R (all real numbers) and range, {y: y >0} or y € ]0, oo .

Obviously the function 3 = a® is one-to-one and has an inverse function f~*.

Nowas fis y=a% then f~lis z=a¥ ie, y=log,x
So, if f(x)=a® then f~l(z)=1log,=
Note: e The domainof f~!' is {z: >0} or z €]0, oo .

The range of f~1 is y e R.

e The domain of f = the range of f~1.
The range of f = the domain of f~1.

LOGARITHMIC GRAPHS
The graphs of y =log, x are:
for O0<a<l1 or for a>1
Y g 4

A
i y=log, x

_.
L
e
[N

Ao y=log,x

y =x v y=x

Note: e both graphs are reflections of y = a” in the line y =«
e both functions have domain {z: x> 0} or z € ]0, oof
e we can only find logarithms of positive numbers
e both graphs have a vertical asymptote of x =0 (the y-axis)
o for 0<a<l1, as x —» 00, y— —o0 and as x — 0 (from right), y — oo
for a > 1, as r—o00, y— oo andas x — 0 (fromright), y — —o0
e to find the domain of log, g(z), find the solutions of g(x) > 0.
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Example 20

Consider the function f: z |— logy(z —1)+ 1.

a Find the domain and range of f.

b Find any asymptotes and axis intercepts.

¢ Sketch the graph of f showing all important features.
d Find f~! and explain how to verify your answer.

a z—1>0 .. z>1 So, the domainis x € |1, oof
the range is yeR

Note: as z — 00, ¥y — 00

b As z— 1 (fromright), y — —co. So, x =1 is the vertical asymptote.

ie, flx)=2""14+1 whichhasaHA.of y=1 v
Its domain is z € R, rangeis y € |1, oco].

When z =0, vy isundefined .. no y-intercept
When y =0, logy(z—1)=-1 soz—1=2"1 . z=11
So, the z-intercept is 1%
¢ To graph using your calculator Vi
we need to change the base. 6
y=logy(x—1)+1
1 —1
So, we graph y:%—l—l 4
8 2 (5.3)
d f.1sdeﬁnedby y=logy(z—1)+1 ~ B ST REEE
. f7lisdefined by z=logy(y—1)+1 Py
z—1=logy(y —1) v ix=1
y—1=2%"1
y=2""1+4+1

Graphics calculator tip:

When graphing f, f~! and y = on the same axes it is best to view y == as
making 45° with both axes. Why?

EXERCISE 4H

1 For the following functions f:
i Find the domain and range.
ii  Find any asymptotes and axis intercepts.
ili  Sketch the graph of y = f(z) showing all important features.

iv Solve algebraically, f(x) =—1 and check the solution on your graph.

v Find f~! and explain how to verify your answer.
a f: x— logg(xz+1) b f:z}— 1-—logs(z+1)
¢ f: x> logg(x—2)—2 d f: 2z 1-logs(zx—2)
e f: x> 1—log,a? ff: o logy(a?—3z—4)



94

LOGARITHMS (Chapter 4)

REVIEW SET 4A

Find the following without using a calculator. Show all working.
a log,64 b log, 256 ¢ logy(0.25) d logys 5 e loggl
f logs6 g logg; 3 h logg(0.1) i logy,3 i log,Vk
Without using a calculator, find: a logv/10 b log L ¢ log10% x 10°*1
V10
Findz if: a logyxz= -3 b logsx =2.743 ¢ loggz = —3.145

3
Write as logarithmic equations: a P =3 x b* b m=—
p

3

Write the following equations without logarithms:
a logyk=1.699+zx b log,Q =3log,P+log, R ¢ logA=5logB—2.602

Solve for x, giving your answer correct to 4 significant figures:
a 5°=7 b 20 x 22+ =500

t
The weight of radioactive substance after ¢ years is ~ W; = 2500 x 3~ 3000 grams.
a Find the initial weight.
b Find the time taken for the weight to reduce to 30% of its original value.
¢ Find the percentage weight loss after 1500 years.
d Sketch the graph of W, against t.

8 Solve forz: 16" —5x 8 =0
REVIEW SET 4B
1 Without using a calculator, find 10 10®
the base 10 logarithms of: a V1000 b - ¢ b
10 10

2 Solve for z: "

a logz=3 b logs(x+2)=1732 ¢ Ing(E) =—0.671
3 Write as a single logarithm:

a logl6+2log3 b log, 16 —2log, 3 ¢ 24log, 5
L Write the following equations without logarithms:

a logT =2logx —logy b logzK:logzn—i-%loth
5 Solve for z: a 3" =300 b 30x5'7%=0.15 ¢ 3Jrt2=2l-w
6 If A=log,2 and B =log,3, write the following in terms of A and B:

a log,36 b log, 54 ¢ logy,(8v3) d 10g,(20.25) e logy(0.8)

For the function ¢: z}— logg(z+2)—2:
a Find the domain and range.
b Find any asymptotes and axes intercepts for the graph of the function.
¢ Sketch the graph of y = g(z).
d Find ¢g~!'. Explain how to verify your answer for g~!.
e Sketch the graphs of g, g~ and y = = on the same axes.

Solve exactly for a, the equation log, a® + log, at = logg 625.
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-_ INTRODUCTION

The simplest exponential functions are of the form f(x) = a® where a is any positive
number, a # 1.

Below are some examples of the graphs y=(02)"  y=5"
of simple exponential functions. !

Note: All members of the family f(z) = a”
(a >0, a # 1) have graphs which
e pass through the point (0, 1)

e are above the z-axis for all values
of x

e are asymptotic to the x-axis.

X

3
This means that as = gets large (positively or negatively) the graph gets closer and closer to
the x-axis.

We can see from the graphs that a”® is positive for all z.

So, there are a vast number of possible choices for the base number.

However, in all branches of science, engineering, sociology, etc. where exponential data is
being examined, the base e where e =2.7183 is commonly used.

We will examine the function f(x) =e® where e =2.7183 in detail.
The inverse function of f(z) =e® is f~(z) =log,z also written In z.

“Where does e come from?” is a reasonable question to ask.

INVESTIGATION 1 € OCCURS NATURALLY

J;f{{? Suppose $u; is invested at a fixed rate of 10% p.a. for 10 years.

T  If one interest payment is made each year, then using wu,+1 = uir™ where

N r is the rate per period and n is the number of periods, the investment will be
worth $uy; after 10 years and w17 = ug(1.1)10 = u; x 2.593742 {we are
multiplying by 1.1 which equals 110%}

If 10 interest payments are made each year, then w17 = u;(1.01)1%0 = u; x 2.704814

What to do:
1 Calculate u1; for @ 100 interest payments per year {r = 1.001}
b 1000 interest payments per year
¢ 10000 interest payments per year
d 100000 interest payments per year
e 1000000 interest payments per year

2 If 1000000 interest payments are made each year, how frequently does this occur?
3 Comment on your results to 1 above

A more difficult but worthwhile investigation on ‘where e comes from’ follows:
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INVESTIGATION 2 ONTINUOUS COMPOUND INTEREST

J,;,‘%,\ A formula for calculating the amount to which an investment grows is given by

> Un = uo(1+14)" where
“&\4 U, 1s the final amount ug 1s the initial amount
S

i 1s the interest rate per compounding period
n 1s the number of periods (i.e., the number of times the interest is compounded).

We are to investigate the final value of an investment for various values of n, and allow n
to get extremely large.

What to do:

1 Suppose $1000 is invested for 4 years at a fixed rate of 6% p.a. Use your calcula-
tor to find the final amount (sometimes called the maturing value) if the interest is paid:

a annually (once ayearandso n =4, i=6% = 0.06)
b quarterly (four times a yearandso n=4x4=16 and = GT% = 0.015)
¢ monthly d daily e by the second f by the millisecond.
2 Comment on your answers obtained in 1.
If r is the percentage rate per year, ¢ is the number of years,

. q . r
N is the number of interest payments per year, then ¢ = ~ and n = Nt.

Nt
This means that the growth formula becomes u,, = ug (1 4F L)

N
% Xrt
1
a Show that wu, =ug | 1+ N
T aqrt
N 1
b Nowlet — =a. Showthat w, =ug ||1+ — .
r a
4 For continuous compound growth, the number of interest 1\ ¢
payments per year, N, gets very large. a (1 + E)
a Explain why a gets very large as N gets very large. 10
b Copy and complete the table: 100
Give answers as accurately as technology permits. 1000
5 You should have discovered that for very large a values, 10000
1 a
<1 4F E) = 2.718281 828 235...... 100000
6 Now use the key of your calculator to find the value of e',
ie., press 1 E or 1 E What do you notice?
7 For continuous growth, Uy = upe™t where wuy is the initial amount
we have shown that: r is the annual percentage rate

t is the number of years
Use this formula to find the amount which an investment of $1000 for 4 years at a fixed
rate of 6% p.a., will reach if the interest is calculated continuously (instantaneously).
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From Investigation 2 we observed that:

“If interest is paid continuously (instantaneously) then the formula for calculating a com-
pounding amount wu, = ug(l +4)" can be replaced by wu, = uge"’, where r is the
percentage rate p.a. and ¢ is the number of years.”

'RESEARCH RESEARCHING e

What to do:

/4¢> y
Z 1 The ‘bell curve’ which models statistical
~ \/ distributions is shown alongside. Research
the equation of this curve.
2 ¢™4+1=0 iscalled Euler’s equation where i = /—1. *
Research the significance of this equation.
3 The series f(z) = 1+ &+ 32% + 50523 + goasg 2t + ... has infinitely many
terms.

It has been shown that f(x) = e®.
Check this statement by finding an approximation for f(1) using its first 20 terms.

EXERCISE 5A

1 Use the key of your calculator to find the approximate value of e to as many digits
as are possible.

GRAPHING

PACKAGE

2 Sketch, on the same set of axes, the graphs of y = 2%, y =¢" ??
and y =3". Comment on any observations.

3 Sketch, on the same set of axes, the graphs of y =€ and y=-e"".
What is the geometric connection between these two graphs?

4 For the general exponential function 3 = ae®®, what is the y-intercept?

5 Consider y = 2¢e”.
a Explain why y can never be < 0. b Findyif: i z=-20 ii x=20.

6 Find to 3 significant figures, the value of:
a ¢ b & ¢ 7 d e e el

7 Write the following as powers of e: ) )

a \/E b 6\/5 C % d ?

8 Simplify, but retain base e:
a (60.36)§ b (60.064)% c (6—0.04)§ d (6—0.836)§

9 Find, to five significant figures, the values of:

a e2.31 b 672'31 c 64.829

e 506_0‘1764 f 806_0'6342

674'829

1000¢12642  h 0.25¢36742
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10 On the same set of axes, sketch and clearly label the graphs of:
f:xp— €%, g: T €72 h: x— e*+3
State the domain and range of each function.
11 On the same set of axes, sketch and clearly label the graphs of:
fix— €% g: xhb— —e*, h: xF— 10—¢e"
State the domain and range of each function.
12 The weight of bacteria in a culture is given by W (t) = 2e* grams where ¢ is the
time in hours after the culture was set to grow.
a What is the weight of the culture at:
i t=0 ii  t=30min iii t=1% hours v t=6 hours?
b Use a to sketch the graph of W (t) = %?.
13 The current flowing in an electrical circuit ¢ seconds after it is switched off is given by
I(t) = 75015 amps.
a What current is still flowing in the circuit after: 1 ¢=1sec ii ¢= 10 sec?

b Use your graphics calculator to sketch 1(t) = 75¢ " and I=1.
¢ Find how long it would take for the current to fall to 1 amp.

14 Given f: z}— €°
a find the defining equation of f~!.
b Sketch the graphs of y =¢*, y=x and y = f~(x) on the same set of axes.

550 NATURAL LOGARITHMS

If f is the exponential function x |— e (i.e.,, f(xz)=¢e" or y=e") thenitsinverse
function, f~! is x =e¥ or y = log, x.

So, y = log, x 1is the reflection of y = e” in the mirror line y = z.
Notation: Inx is used to represent log,x. Inx is called the natural logarithm of x.

Note: Inl=0 {as 1=¢€"}
Ine=1 {as e=¢'}

Ine2 =2lne=2

myE—} s VE—ef)
In <1> =1 fas =e)

e

In general, Ine” = x.

EXERCISE 5B

1 Without using a calculator find:

a Iné? b Inl ¢ Inde d ln(—)
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2 Check your answers to question 1 using a calculator.

3 Explain why In(—2) and In0 cannot be found. Conclusion?

& Simplify:
a Ine® b In(exe’) ¢ In(e*xe’) d In(e”)’ e In (e_b>
(&
Example 1
Use your calculator to write the following in the form e* where & is correct
to 4 decimal places: a 50 b 0.005
a 50 b 0.005
—_ eln 50 {using a = 6ln a} _ eln 0.005
= £3.9120 ~ —5.2983

5 Use your calculator to write these in the form e® where x is correct to 4 dec. places:

a 6 b 60 ¢ 6000 d 06 e 0.006
f 15 g 1500 h 15 i 0.15 j 0.00015

IflInx =a
@nx =9
Find z if: a Inx = 2.17 b Inz=-0.384
a Inx =217 oz =217 x = e 0-384 A
b Inz——0.384 sz =8.76 sz =0681 %
6 Find z if: ala
a lnzx=3 b Inz=1 ¢ lnz=0 d Inz=-1
e Ilnx=-5 f Inxz=0.835 g Inx=2.145 h Inx=-3.2971

INVESTIGATION 3 S OF NATURAL LOGARITHMS

-
72 What to do:

>

N 1 Use your calculator to find:
&

T

a In2+1In3 b In3+In7 ¢ Ind4d+1n20

d In6 e In2l f In80

From your answers, suggest a possible simplification for Ina + Inb.

2 Use your calculator to find:
a In6—1In2 b In12—-1In3 ¢ In3—-Inb
d In3 e In4 f In(0.6)
From your answers, suggest a possible simplification for Ina — Inb.
3 Use your calculator to find:
a 3ln2 b 2In5 ¢ —4In3
d In(2%) e In(5%) f In(37%)
From your answers, suggest a possible simplification for nIna.
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"o LAWS OF NATURAL LOGARITHMS

There are 3 important laws of logarithms for any base including base e.

A
These are: o InA +1InB =1In(AB) ¢ InA—InB=1In (E)
o nlnA =1In(A")

These laws are easily established using index laws:
Since A=e"4 and B=e"B

° ABZGIHAXQIHBZQIHA_HHB.

But, AB = (4B o, InA+1InB=1In(AB).
. A_ e — (nA-InB
B eln B :
A A
Bui, &= (%) 5. lmA-InB=In <§).
o A" =(elhA)n =erinA But, A" =AY oo nlnA=In(A").
Use the laws of logarithms to write the following as a single logarithm:
a Inb5+1In3 b In24 —In8 ¢ In5-1
a In5+1n3 b In24 —In8 4 In5—1
=1In(5 x 3) =In (%) =In5—1In ¢!
—In15 =3 = (2)
EXERCISE 5C
1 Write as a single logarithm:
a In8+1In2 b In8—1In2 ¢ In40—1Inb
d In4+1Inb e In5+1In(0.4) f In2+In3+1In4
g 1+In3 h In4-1 i Inb+In4d—1In2
j 2+1In2 lk In40—2 I In6—-In2—1In3
Write as a single a 2In7—3In2 b 2In3 —1
logarithm: = In(7?) — In(23) =1In(3?%) —Ine
a 2In7-3In2 —1n49 — In8 —1n9—1Ine
b 2In3-1 9
(%) =m(3)




102  NATURAL LOGARITHMS (Chapter 5)

2 Write in the form Ina, a€Q:

a 5ln2+1In3 b 2In3+3In2 ¢ 3ln4d—1In8
d 2In5—3In2 e %ln4—|—ln3 f %ln(%)
g —1In2 h —ln(%) i —2ln(i)
Show that: a In (3) b In500 =1In (@)
a In(5)=—2mn3 =m(37%) ~ 101000 — In 2
b In500 = 6.9078 — In 2 = —2In3 = 6.9078 — In 2
3 Show that:
a In9=2In3 b lnﬁz%ln? C ln(%):—3ln2
d In(l)=—Mm5 e In(d5)=—-%m2 fon(z)=1-I5
g ln%:%lnS h ln(3—12):f51n2 i ln<5%/§):féln2
Example 6
Write the following equations without logarithms:
a InA=2lnc+3 b InM=3Ilna—2
a InA=2Inc+3 b InM=3Ina—2
InA—2lnc=3 S, InM —3Ina= -2
s.lnA—-Inc® =3 s InM —Ina® = -2
A M
A 3 M —2
2= ¢ 3¢
a3
A=¢é3c? M=e2? or M=—
e
& Write the following equations without logarithms:
a InD=hzx+1 b InF=—-lnp+2 c lnP:%hqm
d InM=2Iny+3 e InB=3Int—-1 f lnN:—%lng

g InQ=3Inxz+2.159 h InD=04lnn— 0.6582

| »]|[EXPONENTIAL EQUATIONS INVOLVING ¢

To solve exponential equations of the form

e” =a we simply use the property: If e*=a then z=Ina.
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This rule is clearly true as if e’ =a

then Ine” =Ina {finding In of both sides}

and z=Ina {lne® =z}

Example 7

Find z to 4 sig. figs. ift a e* =30 b €3 =21.879 ¢ 20e** = 0.0382

;]

a e® = 30 b e3 = 21.879
z =1n 30 .
x = 3.401 3 = In21.879
T = 9.257

4 20e?* = 0.0382

e =0.00191

4z =1n0.00191

4x = —6.2607....
x = —1.565

EXERCISE 5D

1 Solve for x, giving answers correct to 4 significant figures:

a e*=10 b e =1000 ¢ e =0.00862
d e?2=5 e e3 =1578 f e =0.01682
g 20 x €%z = 8312 h 50 x e 9932 = (.816 i 41.83e%652¢ — 1000

3 GROWTH AND DECAY REVISITED

Earlier, in Chapter 3, we considered growth and decay problems in which we were required
to find the value of the dependent variable for a given value of the independent variable.

For example:

Consider a locust plague for which the area of
infestation is given by A, = 1000 x 2"
hectares (n is the number of weeks after initial
observation).

If we find A when n = 0, 5, 10 and 12 we
can draw a graph of the growth in area of the -

b 4, (hect:
. (hectares) A, = 1000 x o02n

infestation.

2 456 8 10 12 14 n(weeks)

v

In this section we will consider the reverse problem of finding n (the independent variable)
given values of A,, (the dependent variable). We can do this by:

e reading from an accurate graph to get approximate solutions

e using logarithms to solve the appropriate equation

e using technology (graphics calculator or computer graphing package).
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Example 8

A Dbiologist, monitoring a fire ant infestation, notices that the area affected by
the ants is given by A, = 1000 x ¢*™ hectares, where n is the number
of weeks after the initial observation.

a Draw an accurate graph of A,, against n and use your graph to estimate the
time taken for the infested area to reach 5000 ha.

b Find the answer to a using logarithms.

¢ Check your answer to b using suitable technology.

a 4, b When A, = 5000,

£000 1000 x %™ = 5000

0.7n _

6000 € =5

5000 . 0.7n=1nb

4000 e

n
= — =230
2000 n 0.7
= [ 2233 4 n(weeks) ie., it takes about 2 weeks
v

and 2 more days.

¢ Go to the graphing package or graphics calculator icon to find the intersection
of y=1000x e>™ and y=5000. (z=2.30)

m GRAPHING
As graphing by hand is rather tedious we will use logarithms ' PACKAGE
and/or technology to solve problems of this kind. ?

EXERCISE 5E

1 The mass M; grams, of bacteria in a culture ¢ hours after establishment is given by

M, =20 x €915t Find the time for the mass of the culture to reach:

a 25 grams b 100 grams.

2 The mass M, grams, of radioactive substance remaining after ¢ years is given by
M; = 1000 x =994 grams. Find the time taken for the mass to:

a halve b reach 25 grams ¢ reach 1% of its original value.

3 A man jumps from an aeroplane and his speed
of descent is given by V = 50(1 — e=02%)
m/s where ¢ is the time in seconds. Find the
time taken for his speed to reach 40 m/s.

4 Hot cooking oil is placed in a refrigerator
and its temperature after m minutes is given
by T;, = (225 x €017 — 6) °C. Find the
time taken for the temperature to fall to 0°C.
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"7 INVERSE FUNCTIONS REVISITED

Recall that e inverse functions are formed by interchanging z and y

o y=f"1(x) is the reflection of y = f(z) in the line y = .

Example 9
Given f: = }— e*73
a find the defining equation of f~1
b sketch the graphs of f and f~! on the same set of axes
¢ state the domain and range of f and f~!.
a f(x) =e*3 b
ie, y=e*3
flisz=ev3
ie, y—3=Inz
or y=3+Inz
¢ I
f I
domain | z € R | >0
range | y>0 |yeR
Note: y = e?~3 is the translation of y = e® under [g} (See Chapter 6)
EXERCISE 5F

1 For the following functions
i find the defining equation of f~1!
i sketch the graphs of f and f~! on the same set of axes
iii  state the domain and range of f and f~1.
a f:xh— € +5 b f:axpoetl -3
¢ f: 2zt Inz—4 where >0 d f: 2z} In(x—1)+2 where z>1

2 Given f: x> € and ¢g: z}— 2z —1, find the defining equations of:
a (flog)(a) b (gof)(z)

3 Consider the graphs A and B. One of them is the 4
graph of y = Inz and the other is the graph

A

of y=In(z—2).
a Identify which is which. Give evidence for %
your answer. .

b Redraw the graphs on a new set of axes and ! 3 *
add to them the graph of y = In(z + 2).

¢ Name the vertical asymptotes for each graph.
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4 Kelly said that in order to graph y = In(x?), +y
first graph y = Inz and double the distances
away from the x-axis. Connecting these points
will give the graph of y = Inz?

Is she correct? Give evidence.

REVIEW SET 5A

1 Find, to 3 significant figures, the value of:

a et b 3¢ c !

6e
2 a On the same set of axes sketch and clearly label graphs of
f:x— €, g: rh— e * and h: 22— —e %
b What is the geometric connection between: i f and g ii  gandh?

E
/e

3 Sketch on the same set of axes the graphs of y =¢e® and y = 3e”.

4 A particle moves in a straight line such that its displacement from the origin O is given
_1
by s(t) =120t — 40e ° metres, where ¢ is the time in seconds, ¢ > 0.
a Find the position of the particleat i ¢t=0 1 t=5 iii ¢t=20.

b Hence sketch the graph of s(t) = 120t — 40e 5 for ¢ > 0.
5 Without using a calculator, find:
1
a In(e’) b In(\/e) ¢ In (—)
e
6 Simplify:
a In(e*) b In(e?e?) ¢ In (i)
eél)
7 Solve for z, giving your answers to 3 significant figures:
a lnz=5 b 3lnz+2=0
8 Write as a single logarithm:
a In6+In4 b In60—1n20
¢ Ind+Inl d In200—-In8+1Inb5

9 Write in the form alnk where a and k are positive whole numbers and k is prime:
a In32 b In125 ¢ In729

10 Solve for x, giving answers correct to 3 significant figures:
a e =400 b et =11 ¢ 252 =750 d e? =7e* 12

REVIEW SET 5B REVIEW SET 5B
Click on the icon to obtain printable review sets ¢ ?
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"N FAMILIES OF FUNCTIONS

In this section we will consider these functions:

Name General form

Linear (x) =ax+b, a#0 fixr—ax+b a#0
Quadratic f(x)=ax®> +br+c, a#0 fizr—az?+br+ec, a#0
Cubic f(x)=ar® +bx®> +cx+d,a#0|f:xt—ard+bx?+cx+d, a0
Absolute value | f(z) = |z| frxb— x|

Exponential | f(z) =a%, a>0, a#1 fixr—a®, a>0, a#l
Logarithmic | f(x) = logex or f(z)=Inz |f:zr- Inz

Reciprocal flz) = x#0 fix— g, x#0

Although the above functions have different graphs, they do have some similar features.

The main features we are interested in are:

INVESTIGATION

the axis intercepts (where the graph cuts the x and y-axes)
slopes

turning points
values of = where the function does not exist

(lines or curves that the graph approaches).

(maxima and minima)

the presence of asymptotes

FUNCTION FAMILIES

GRAPHING

In this investigation you are encouraged to use the graphing St

package supplied. Click on the icon to access this package.

J/J%f/‘

Da

o

What to do:

From the menu, graph on the same set of axes:

y=22+1, y=22+3, y=2z-1

Comment on all lines of the form y = 2x + b.

From the menu, graph on the same set of axes:

y=x+2, y=2x+2, y=4z+2, y=-—-x+2, y:—%m+2
Comment on all lines of the form y = az + 2.

On the same set of axes graph:

y=12, y=222, y=12% y=-2% y=-32% y=-1a?
Comment on all functions of the form y = az?, a # 0.

On the same set of axes graph:

y=22, y=(z-1)%+2, y=(@+1)?2-3, y=(x-2)2-1
and other functions of the form y = (x — h)? +k of your choice.
Comment on the functions of this form.
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5 On the same set of axes, graph these absolute value functions:
a y=lz, y=2[z|, y=|2q
b y=lz|, y=lz|+2 y=Iz|-3
¢ y=lz, y=lz-2, y=lz+3|, y=|z-1+2

Write a brief report on your discoveries.

6 On the same set of axes, graph these functions:

1 3 10 —1 -2 -5
a Yy=— Yy=—, Yy=— b Yy=— Yy=— Y=—
i xXr T xXr
1 1 1 1 1
C = -, — , — d = -, = — 2, = _2
Y - Y 2 Yy z+3 Y - Y l‘+ Y -
2 2 2
e y=2-, y= 2, y= —1
4 e g a:—1+ g 7 4= 2

Write a brief report on your discoveries.

Example 1

If f(z)=2? find in simplest form:

a f(2z) b f(%) ¢ 2f(z)+1 d fz+3)—4

a f2z) b f(%) ¢ 2f(@)+1 d  fz+3)—4
= (22)? 2 =222 +1 =(z+3)2-4
= 4?2 :(§> =22 +6x+9—4
22 =22 +6x+5
)
EXERCISE 6A
1 If f(x)=w=, Cfind in simplest form:
a f(2x) b f(x)+2 < 1f(z) d 2f(z)+3
2 If f(z) =23 find in simplest form:
a  f(4x) b 1/f(22) ¢ flz+1) d 2f(z+1)-3
[Note: (x+1)% =2+ 322 + 32+ 1. See the binomial theorem, Chapter 9]
3 If f(x)=2" find in simplest form:
a  f(22) b f(-z)+1 ¢ fz—2)+3 d 2f(x)+3
4 If f(z) = 1, find in simplest form:
x
a f(—xz) b f(32) c 2f(x)+3 d 3f(zx—1)+2
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51| KEY FEATURES OF FUNCTIONS

In this exercise you should use your graphics calculator to graph and find the key features.

EXERCISE 6B I~}
1 Consider f:zp— 2x+3 or y=2z+3.
a Graph this function using a graphics calculator.
b Find algebraically, the: 1 z-axis intercept 1i  y-axis intercept il  slope.

¢ Use your graphics calculator to check that:
i the z-axis intercept is —13 il the y-axis intercept is 3.

2 Consider f:zp— (z—2)%>-09.
a Graph the function using a graphics calculator.
b Find algebraically the x and y-axis intercepts.
¢ Use your graphics calculator to check that:
i the z-axis intercepts are —1 and 5
iii  the vertex is (2, —9).

i the y-intercept is —5

3 Consider f:xp— 2% —922+ 12z —5.
a Graph the function using your graphics calculator.
b Sketch the graph of the function.
¢ Check that: i the z-intercepts are 1 and 2% il the y-intercept is —5

iii  the minimum turning point is at (2, —1)
iv  the maximum turning point is at (1, 0).
4 Use your graphics calculator to sketch the graph of y = |z|.
Note: |z|=2z ifx>0 and |z|=-2 if x<0.
5 Consider f:x — 2%. After graphing on a calculator, check these key features:
a as x — o0, 2% — o0 (— reads ‘approaches’)

b as z — —oo, 2° — 0 (from above) i.e., the xz-axis, y = 0, is a horiz. asymptote
¢ the y-intercept is 1 d 2% is >0 forall .

6 Consider f:z|— log, x.
Graph on a graphics calculator and then check that:
a as r—oo, lnz—o00 b as z— 0 (from the right), Inz — —oc0

¢ Inz onlyexistsif x >0 d the z-interceptis 1 e the y-axis is an asymptote.

"o | TRANSFORMATIONS OF GRAPHS

In the next exercise you should discover the graphical connection between y = f(z) and
the functions of the form:
y= f(z)+0b, bisa constant e y=f(r—a), aisa constant
y=pf(xz), pisa constant e y= f(kx), kisa constant

o y=—f(x) o y=f(-x)
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Types y = f(x)+b and y= f(x— a)
EXERCISE 6C.1

1 a Sketch the graph of f(z) = 2%
b On the same set of axes sketch the graphs of:

i y=f(z)+2, ie, y=22+2 i y=f(x)-3, ie, y=22-3
¢ What is the connection between the graphs of y = f(z) and y = f(z) +b if:
i b>0 it b<0?

2 For each of the following functions f, sketch on the same set of axes y = f(z),
y=f(z)+1 and y= f(z)—2. .
a  flz)=|z| b flz)=2" ¢ flx)=2° d fl@)=—

Summarise your observations by describing the graphical transformation of y = f(x)
as it becomes y = f(z) + b.

3 a On the same set of axes, graphs: f(z) = 2%, y= f(r—3) and y= f(z+2).

b What is the connection between the graphs of y = f(z) and y = f(z —a) if:
i a>0 i a<0?
4 For each of the following functions f, sketch on the same set of axes the graphs of
y=f(z), y=f(@—1) and y= f(z+2). .
a f@=ll b f@=+ ¢ f@=hz d f@)=-

Summarise your observations by describing the geometrical transformationof y = f(x)
as it becomes y = f(z — a).

5 For each of the following functions sketch:
y=f(z), y=fx—2)+3 and y= f(r+1)—4 on the same set of axes.

2 f@) =2 b @)= ¢ f@=1

6 Copy these functions and then draw the graph of y = f(x —2) — 3.
a y b Vi

N
- . ) N

A Y

=Y

Types y=pf(x), p>0 and y= f(kx), >0

EXERCISE 6C.2
1 Sketch on the same set of axes, the graphs of y = f(x), y =2 f(z) and y = 3 f(x) for
each of:
a  f(z) =2 b flz) = |zl ¢ fla)=2°

d f(z)=e" e f(zx)=Inzx f f(q;):i
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2 Sketch on the same set of axes, the graphs of y = f(x), y = %f(m) and y = %f(a:) for
each of:

a f(z)=2a? b f(zr)=23 ¢ f(z)=¢€"

3 Using 1 and 2, summarise your observations by describing the graphical transformation
of y=f(z) to y=pf(zr) for p>0.

4 Sketch on the same set of axes, the graphs of y = f(z) and y = f(2z) for each of:
a y=22 b y=(z—-1)>2 ¢ y=(v+3)?

5 Sketch on the same set of axes, the graphs of y = f(z) and y = f(3z) for each of:
a y=z b y=2a? ¢ y=¢”
6 Sketch on the same set of axes, the graphs of y = f(z) and y = f (ﬁ) for each of:

2
a y=22 b y=2 ¢ y=(r+2)?

7 Using 4, 5 and 6, summarise your observations by describing the graphical transformation
of y=f(zx) to y=f(kx) for k>0.

8 Consider the function f:2|— 2.
On the same set of axes sketch the graphs of:
a y=f(z), y=3f(z-2)+1 and y=2f(z+1)-

b y=f(z), y—f(m—3), y=f(£-3), y=2f(%£-3) and
y=2f(5-3)+
¢ y=f(x) and y—if(2x+5)+1

Types y = —f(z) and y = f(—=)
EXERCISE 6C.3

1 On the same set of axes, sketch the graphs of:
a y=3r and y=-3x b y=e" and y=—¢"
¢ y=22 and y=—2
e y=22-2 and y=-2>+2 f y=2@x+1)? and y=-2(z+1)?

d y=Inz and y=-—Inz

2 Based on question 1, what transformation moves y = f(z) to y=—f(x)?

3 a Find f(—x) for

i flx)=2z+1 i fz)=2*+2z+1 i f(z) = |z -3
b Graph y= f(z) and y= f(—z) for
i flz)=2z+1 i flx)=2?+22+1 i f(z)=|z -3

4 Based on question 3, what transformation moves y = f(z) to y= f(—x)?
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Summary of graphical transformations on y = f(x)

» For y=f(x)+b, the effectof changes in b is to translate the graph of
y = f(z) vertically through b units.

e If b>0 it moves upwards. e If b<O0 it moves downwards.
» For y= f(x—a), the effect of changes in a is to translate the graph of

y = f(z) horizontally through a units.

e If a >0 it moves to the right. e If a <0 itmoves to the left.

» For y=f(x—a)+0b, thegraphof y= f(x) has been translated horizontally
a units and vertically b units. We say it has been translated by the vector [‘;] .

» For y=pf(z), p>0, the effect of changes in p is to vertically stretch or
compress the graph of y = f(x) by a factor of p.
e If p>1 itmoves pointsof y= f(z) further away from the z-axis.

e If 0<p<1 itmovespointsof y= f(z) -closer to the z-axis.

» For y= f(kx), k>0, the effect of changes in k is to horizontally stretch
or compress the graph of y = f(z) by a factor of %

e If k> 1 it moves points of y = f(x) closer to the y-axis.
e If 0<k<1 itmoves points of y = f(x) further away from the y-axis.

» For y = —f(z), the effect on the graph of y = f(z) is to reflect it in the x-axis.
» For y = f(—=z), the effect on the graph of y = f(z) is to reflect it in the y-axis.

[»1 FUNCTIONAL TRANSFORMATIONS

EXERCISE 6D
1 Copy the following sketch graphs for y = f(z) and hence sketch the graph of
y = —f(z) on the same axes.

a t b 4 c i
1 = 2 g

44_’/ .

X

A\ 3

3
2 Given the following graphs of y = f(x), sketch graphs of y = f(—=x):

a \y b yi C yi k’
y=1

/
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3 Match each equation to its graph drawn below:
A y = B y = 2z* C =
a b

PRVRVAND.

4 For the graph of y = f(x) given, draw
sketches of:
a y=2f(x) b y=3/(@) \
¢ y=f(x+2) d y=f(2)
¢ y=1/(z2) D 4 \ N
3
5 Y g(x) For the graph of y = g(z) given, draw

sketches of:
/\3 a y=g@)+2 b y=-—g(z)
_ -2 ¢ y=g(-x) d y=g(x+1)
/ 2
A

6 For the graph of y = h(x) given, draw y=h(x)
sketches of:

=Y

a y=h(x)+1 b y=1in(x) - = 3 >
¢ y=h(—x) d y=h g)
-2 (2,-2)
/3 SIMPLE RATIONAL FUNCTIONS
Any function =z }— Z;Ciz, @ £ = (a, b, c and d are constants) is called a

simple rational function.

These functions are characterised by the presence of both a horizontal asymptote (HA) and
a vertical asymptote (VA).

. . . . . . 1
Any graph of a simple rational function can be obtained from the reciprocal function z — —
by a combination of some or all of these transformations:

e a tramslation (vertical and/or horizontal)
e stretches (vertical and/or horizontal)
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Example 2

a Find the function y = g(x) that results when transforming the reciprocal
. 1 .
function, x |— — by: a vertical stretch, factor 2
x
then a horizontal stretch, factor % then a translation of [5’2] .

b  Find the asymptotes of each function found in a.
¢ Is the function found in a a self inverse function? Explain.

1
a  Under a vertical stretch, — becomes 2 (—) {2f(z)}
factor 2, z
2
Under a horizontal stretch, — becomes G {f(3x)}
factor %, v
Under a translation of [ 3 ], 2 becomes _z 2 {f(z-3)—2}
-2 3 3(z — 3)
2 2 2(3z-9) —6x+20
J@) = 572" 3%2—9 32-9 ~ 32-9

1
b  The asymptotes of y=— are: VA 2=0, HA y=0
x

for the new function VAis =3, HAis y = —2 {as translated [32]}

< y e From a graphics calculator the graph
is found as shown.

It is not symmetrical about y = x
Hence, it is not a self inverse function.

k 1
Note: f(z) = P # 0 is a vertical stretch, of factor k, of =z |— P #£0.

EXERCISE 6E

ar+b
cx+d’

1 a Find, in the form y =
is transformed by:
i a vertical stretch of factor % ii  a horizontal stretch of factor 3
iii  a horizontal translation of —3 iv a vertical translation of 4
v all ofa, b, cand d.

. 1
the function that results when x }— —
T

b Find the domain and range of y = ax +b
cr+d

as found in av.
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Example 3

2xr — 6

So, to do the opposite we

For the function f: z — , find:
z+1
a the asymptotes b how to transform the function to give =z }— —
2x — 6 . g —1
a f(z) = i This represents a transformation of [ 7’|
x
-8
2(x +1)—8 from f(x) =— whichhas VA z=0
Bt S e 77
x+1 HA y=0
8 2z —6
= — = h
P So, f(z) ooq e
_ —8 19 VAofx=—-1 anda HA ofy =2
z+1
20 — 6 .
Note: e —T1 S undefined when z = —1 e as |z| — oo, f(z)—2
. 2x —6 .
e the domain of f(x)= -1 =8 {z: z# -1}
20 — 6
th f = i : 2
erangeof flz)=——= B {y: y#2}
2z — 6 1
b Toget f(z)= o from f(z) = - we
. 1 1 8
vertically stretch by a factor of 8 {— becomes 8 (—) =—}
x x x
. . 8 8
then reflect in the z-axis {E becomes _E}
-8 —
—l
then translate by |7 ] {? becomes ] +2}

translate by [_12}, then reflect in the z-axis, then vertically stretch by factor %.

2x — 2(x—-1)-6 2x — 8 8
eck: y ] ecomes ¥y @w=1) 11 o .
then —— Dbecomes — and — becomes — = —.
8z) =z
2 4
2 For the function f: x}— x +1 find:

a the asymptotes

b how to transform f(z) to give the function = |—
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Example 4
. 4z + 3
Consid = .
onsider f(z) po—
a  Find the asymptotes of y = f(z). b Find the axes intercepts.
¢ Discuss the behaviour of f near its i VA ii HA.
d Sketch the graph of the function.
. . . 1 4o + 3
e Describe the transformations which move z}+— — to =z |— 7
i B =
dr+3  4(z—2)+11 11
a = = = 4
¢ z—2 z—2 i z—2
So, the function has VA z =2 {where y is undefined}
and has HA y=4 {as |z] = 00, y—4}
b When =0, y= _12 .. x-intercept is —1%
when y=0, 4r+3=0
W= —% .. y-intercept is —%
¢ | as z — 2 (from the left), y - —co 1l as z — —oo, y — 4 (from below)
as = — 2 (from the right), y — oo as x — oo, Yy — 4 (from above)
1 11 .
d y e — becomes — under a vertical
& &
11
stretch, factor 11, and — becomes
y=4 x
4+ 3 .
‘-\ P ier sl o [2]
=2
- ) ~ = i.e., a vertical stretch, factor 11
—%/\ followed by a translation of [7]
y x=2

3 For the following functions:

i find the asymptotes ii  find the axes intercepts
iii  discuss the graph’s behaviour near its VA and its HA
iv  sketch the graph. 1
v Describe the transformations which move x |— — to the given function.
x
2z +3 b 3 2¢ —1 5z — 1

a = = (4 B —
Y=ot L V=3, Y= oo+

4 In order to remove noxious weeds from her property Helga sprays with a weedicide. The
chemical is slow acting and the number of weeds per hectare remaining after ¢ days is

100
11 N=20+ — ha.
modelled by 0+ o weeds/ha
a How many weeds per ha were alive before the spraying?

b How many weeds were alive after 8 days?
¢ How long would it take for the number of weeds still alive to be 40/ha?
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d Sketch the graph of N against ¢
e Is the spraying going to eradicate all weeds according to the model?

Some graphics calculator tips

e To find zeros of functions simply graph the function and find its z-intercepts.
This also finds roots (or solutions) of the equation f(x) = 0.
Note: The zeros of y = f(x) are the same as the roots of f(z) =0, and
are the same as the z-intercepts of y = f(x).

e To check that you have found the correct asymptotes (VA and HA):
» Try to find y for the z-asymptote value. It should be undefined.

» Try to find y for large = values, e.g., +10°. It should give a value close to
the y-asymptote value.

" ;| FURTHER GRAPHICAL TRANSFORMATIONS

In this exercise you should discover the graphical connection between y = f(x) and

y=|f(x)] and y= f(|z]).

functions of the form y =

Example 5

Graph on the same set of axes:

1
a y=x—2 and y=_——
B —

1
fz)’

EXERCISE 6F
1 On the same set of axes graph:
-1 1
= —x2 d y=— b = (r — 1\ (x — dy— — -~
a vy 2® and y=—; y=(x—1)(x—3) and y G- =3)

2 Invariant points are points which do not move under a transformation.

Show that if y = f(z) is transformed to y = invariant points occur at y = +1.

1
fzx)’

Check your results of question 1 for invariant points.
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DISCUSSION CAL CONNECTION BETWEEN
y=f(z) AND y= 05

Discuss:

i True or false!
e the zeros of f(z) become VA values of ﬁ
x
1

e}

e maximum values of f(z) become minimum values of ﬁ
x

VA values of f(z) become the zeros of

minimum values of f(z) become minimum values of ﬁ
x
1

e when f(z)>0, ﬁ >0 also and when f(x) <0, o) <0 also
e when f(z)—0, ﬁ — +o0o and when ﬁ —0, f(x)— too.

Example 6

Draw the graph of f(z) = 3z(x —2) and on the same axes draw the graphs of:
a y=|[f(z) b y=f(l=)

i y:|f(x)|:{f(w) if f(z) >0 . y:fﬂx'):{f(x) if >0

—f(z) if f(z) <O f(=z) if <0
This means the graph is This means the graph is
unchanged for f(z) > 0, unchanged if « > 0,
reflected in the z-axis for f(z) < 0. reflected in the y-axis if = < 0.

¥ y oAy

=Y
A

=Y

= ‘2
\\ ’
\\ ’

=3t N y=f(x)

3 Draw y = z(z+2) and on the same set of axes graph: a y = |f(z)] b y=f(|z|)

4 For the following graphs re-sketch y = f(z) and on the same axes graph y = i ):
x
a y b Ay < 3/
/ f
/ . ) 3 X = %
B X
3 3 3
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5 For the following graphs re-sketch y = f(z) and on the same axes graph y = |f(x)].

a N b Ay C

A S

S )
'/V ¥ ¥

6 Repeat question 5, but this time graph y = f (|x|) instead of y=|f(x)|.

Vi

=Y

REVIEW SET 6A
1 If f(x) =% — 2z, find in simplest form:
a  f(3) b f(-2) ¢ f(2x) d f(-z) e 3f(x)-2
2 If f(z)=5—x— 22, find in simplest form:
a f@) b S e f@-1) d f(5) e 2f@)-f(-a)
3 If f(x)= %, find in simplest form:
a f(-4) b f(22) c f(%) d 4f(z+2)—3

4 Consider f(x):x - 3z —2.
a Sketch the function f.
b Find algebraically the i z-intercept il y-intercept i slope.
¢ i Findywhen z=0.3 il  Find z when y=0.7
5 Consider f(z)=(r+1)%—4.
a Use your calculator to help graph the function.
b Find algebraically i the z-intercepts ii the y-intercept
¢ What are the coordinates of the vertex of the function?
d Use your calculator to check your answers to b and «.

6 Consider f:z}— 277
a Use your calculator to help graph the function.
b True or false? i as x—o00, 27 >0 i as z— —oo, 277 =0
ii  the y-intercept is 1 iv 272>0 forallz.

7 Sketch the graph of f(x) = —z2, and on the same set of axes sketch the graph of:
a y=f(-z) b y=—f(x) ¢ y=f(22) d y=f(z-2)
8 Consider the function f:x }— 2. On the same set of axes graph:
a y=f(z) b y=fx+2) ¢ y=2f(z+2) d y=2f(zx+2)—-3

REVIEW SET 6B REVIEW SET 68
Click on the icon to obtain printable review sets ¢ ?
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INTRODUCTION
Consider the functions: f: z}— ax+0b, a#0 Linear
f: o ax?+brt+ec, a#0 Quadratic
fir o ax®+bx’+cr+d, a#0 Cubic
f: a2 ax*+br3+cr’+dr+e, a#0 Quartic
These functions are the simplest members of the family of You may need to review
polynomials. algebraic expansion and

factorisation. To do this click
on the ‘Background
Quadratic functions arise in many situations. Knowledge’ icon on page 13.

HISTORICAL NOTE

6 Over 400 years ago, Galileo (born in Pisa, Italy) conducted a series of
g experiments on the paths of projectiles, attempting to find a mathematical
description of falling bodies.

In this chapter we will examine quadratic functions in detail.

Two of Galileo’s experiments consisted of rolling a
ball down a grooved ramp that was placed at a fixed
height above the floor and inclined at a fixed angle to
the horizontal. In one experiment the ball left the end
of the ramp and descended to the floor.

In a related experiment a horizontal shelf was placed
at the end of the ramp, and the ball would travel along
this shelf before descending to the floor.

In each experiment Galileo altered the release height
(h) of the ball and measured the distance (d) the ball
travelled before landing.

Galileo

The units of measurement were called ‘punti’.

THE SIMPLEST QUADRATIC FUNCTION

The simplest quadratic function is y = 22 and its graph

can be drawn from a table of values. ry

] 3] =2]-1]0]1
y| 9| 4 101409

\V]
w

Note:
e The curve is a parabola and it opens upwards.

e There are no negative y values, 1i.e., the curve does
not go below the x-axis.

e The curve is symmetrical about the y-axis because, - .-
for example, when z = —3, y = (—3)? and when Y
x =3, y=232 have the same value.

e The curve has a minimum turning point or vertex at (0, 0).
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Special note: It is essential that you can draw the graph of y = 2

refer to a table of values.

without having to

OPENING PROBLEM

A tennis ball is thrown vertically upwards and its vioro
7% height H, in m, above the ground is given at one
second intervals as:

. r((@

t 0 1 2 3 4 )

H| 62 |25.2]342]332]202|12 |
NI

For you to consider:

e When the ball was released, was the thrower
likely to be standing at ground level, standing
on the roof of a single storey building or
standing on the roof of a two storey building?

e  What would the flight of the ball look like NS
from a distance of 50 m away or from —_—
directly above the thrower?

e What is the function equation which gives the height H in terms of
time ¢ and what would its graph look like when H is plotted against t?  syuLation

e What is the maximum height reached and when does this occur?
e  When is the ball 30 m above the ground?

"\ FUNCTION NOTATION f:2— az?+bz+c

The function f: z — ax®+bx+c can be represented by f(z) = az? + bz +c.

As with linear functions, for any value of x a corresponding value of y can be found by
substituting into the function equation.

For example, if y=22%>—3x+5, and =3, then y=2x3% — 3x3 + 5=14
Hence, the ordered pair (3, 14) satisfies the function y = 222 — 3z + 5.
Similarly, using function notation we could write,
if f(x)=222—-3z+5 and =3, then f(3)=2x3% — 3x3 + 5=14
EXERCISE 7A
1 Which of the following are quadratic functions?
a y=322—-4z+1 b y=5x—-7 ¢ y= —x°
d y=222+4 e 2y+322-5=0 f y=5x3+2-6
2 For each of the following functions, find the value of y for the given value of x:
a y=22+5z—4 {z =3} b y=222+9 {r = -3}
¢ y=-2224+3z-5 {z=1} d y=422 -7z +1 {z =4}
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3 For each of the following functions find the value of f(z) given in brackets:

a f(z)=a%-2x+3 {r2)} b fla)=4-2  {f(-3)}
¢ fl@)=-g22+3x-4  {f(0)} d f(z)=32>+3z {f(2)}
Example 1
State whether the following functions are satisfied by the given ordered pairs:
a y=3z2+2z (2, 16) b f(z)=-z>-2z+1 (-3,1)
a y =3(2)?2+2(2) b f(-3) =—(-3)2-2(-3)+1
=12+4 =—9+6+1
=16 =-2
ie, when z=2, y=16 ie, f(=3)#1
(2, 16) does satisty . (=3, 1) does not satisfy
y=3x? 42z flz)=—-2? -2z +1

L State whether the following quadratic functions are satisfied by the given ordered pairs:
a f(z)=522-10 (0,5) b y=222+5r-3 4,9
¢ y=-202+3z ) d y=-T22+82+15 (-1, 16)

1]l GRAPHS OF QUADRATIC FUNCTIONS

The graphs of all quadratic functions are parabolas. The parabola is one of the conic sections.

Conic sections are curves which can be obtained by cutting a cone
with a plane. The Ancient Greek mathematicians were fascinated by
conic sections.

You may like to find the conic sections for yourself by cutting an
icecream cone. Cutting parallel to the side produces a parabola, i.e.,

There are many examples of parabolas in every day life. The ya >
name parabola comes from the Greek word for thrown because Q >

when an object is thrown its path makes a parabolic shape.

Parabolic mirrors are used in car headlights, heaters, radar discs \/ -
and radio telescopes because of their special geometric properties. N

Alongside is a single span parabolic
bridge.

Some archways also have parabolic
shape.
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INVESTIGATION 1

=

INVESTIGATION 2

(

What to do:

a Use technology to assist you to draw sketch graphs of:
y=@E-D=-3), y=2@-1)=-3), y=-(z-1)(z-3),
y=-3(z—1)(z—3) and y=—3(z—1)(z—3)
Find the z-intercepts for each function in a.
What is the geometrical significance of @ in y = a(x — 1)(x — 3)?
Use technology to assist you to draw sketch graphs of:
y=2@-1(-4), y=2@-3)(z-5), y=2z+1)(z-2),
y =2z(z+5) and y=2(z+2)(x+4)
b Find the z-intercepts for each function in a.
What is the geometrical significance of a and 8 in  y = 2(z — a)(z — 5)?
a Use technology to assist you to draw sketch graphs of:
y=2(z—1)2 y=2(z —3)?, y=2(z+2)? y = 22
b Find the z-intercepts for each function in a.
¢ What is the geometrical significance of v in  y = 2(z — «)??
Copy and complete:

n O

e If a quadratic has factorisation y =a(z —a)(x — F) it ... the z-axis at ..

e If a quadratic has factorisation y = a(x —a)? it ... the z-axis at ......

GRAPHING y =a(z—a)(x-p3)

=7 .. .. . . G NG
< Y This investigation is best done using a graphing m:':(Ts:
&'—L\) f package or graphics calculator. o

GRAPHING y = a(z—h)*+k

This investigation is also best done using technology. PACKAGE.

% What to do: 3 |

a Use technology to assist you to draw sketch graphs of:
y=(x—-32%+2, y=2z-32?+2, y=-2z-3)°>+
y=—(z—3?+2 and y=-1(z—3)*+2

b Find the coordinates of the vertex for each function in a. o @

¢ What is the geometrical significance of a in  y = a(x — 3)? + 2?

a Use technology to assist you to to draw sketch graphs of:
y=2(z—-12+3, y=2x-2)2+4, y=2x-3)2+1,
y=2z+1)2%+4, y=2x+2)?2?-5 and y=2(z+3)?-2

b Find the coordinates of the vertex for each function in a.

¢ What is the geometrical significance of h and k in y = 2(x — h)? + k?

3 Copy and complete:

If a quadratic is in the form y = a(z — h)? + k then its vertex has coordinates
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From Investigations 1 and 2 you should have discovered that:

e The coefficient of 22 (which is a) controls the degree of width of the
graph and whether it opens upwards or downwards.

> a>0 \/ (concave up) whereas a < 0 produces /\ (concave down)

» If —-1<a<1, a#0 the graphis wider than y = z2.
If a<-1 or a>1 the graph is narrower than y = x2.

e Inthe form y=a(x— a)(z— ) the graph cuts the z-axis at « and 3.

2

e Inthe form y =a(zr —a)® the graph touches the x-axis at c.

e Inthe form y =a(x —h)?+k the graph has vertex (h, k) and axis
of symmetry x = h.
THE FORM y = a(z — a)(x — B)
If we are given an equation of the form y = a(x —a)(z— ) we can easily graph it using

e the z-intercepts (a and (3) e the axis of symmetry (1; — O‘Qﬂ)

e the coordinates of its vertex (QTW, (a—;rﬁ)) e the y-intercept (let z = 0).

Example 2

Using axis intercepts only, sketch the graph of y =2(z+ 1)(z — 3).
y=2(z+1)(z-3) y =2(x+ 1)(x—3
has z-intercepts —1 and 3, .. the axis Y=1 y=2+ Hix=3)
of symmetry is midway between
the z-intercepts ie., x =1
when z=1, y=2(2)(-2)=-8 D) 3

the vertex is (1, —8)
when =0, y=2(1)(-3)=-6 6

the y-intercept is —6 V1, =8)

EXERCISE 7B.1

1 For each of the following functions:

i state the x-intercepts ii  state the equation of the axis of symmetry
ili find the coordinates of the vertex iv find the y-intercept
v sketch the graph of the function  vi use technology to check your answers.

a y=(x+2)(z—2) b y=2xz—-1)(z-3) ¢ y=3x—-1)(r—-2)
y=sz(z—4) e y=-—2x(z+3) fy=—-1(z+2)(z+3)
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2 Match each function with its corresponding graph:
a y=x(z—2) b y=3x(z—2) ¢ y=—z(zr—2)
d y=(r+2)(z—-1) e y=2x+2)(z—-1) f y=-2(+2)(z-1)

Y LN/

y by Ay

T\

THE FORM y = a(xz—h)*+k

If we are given an equation of the form y = a(z — h)? +k
we can easily graph it using:

—_
\S)

e the axis of symmetry (x =h)
e the coordinates of the vertex (h, k) In this form the axis of
e the y-intercept. (let z = 0) symmetry and the

coordinates of the vertex

are easy to read off.
Example 3 L

Use the vertex, axis of symmetry and y-intercept to sketch the graph of:

a y=-2x-22-1 b y=1(z+3)?
a y=-2z-22%-1 b y=3(z+3)?
has axis of symmetry z = 2 has axis of symmetry z = —3
and vertex (2, —1) and vertex (—3, 0)
whenz =0, y=-2(-2)2-1= -9 when z=0, y=1(3)?=43
y-intercept is —9 .. y-intercept is 4%
a<0, .. theshapeis ;7\ a>0, .. theshapeis X_/
y

=
=
I
|
w

B X y
s /

) V(-3, 0)
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EXERCISE 7B.2

1 For each of the following functions:

i state the equation of the axis of symmetry ii find the coordinates of the vertex
iii find the y-intercept iv sketch the graph of the function
v use technology to check your answers.
a y=(x—4)2+3 b y:2(x—|—1)2 ¢ y=—(z+3)+2
y=3(z+2)?—-4 e y=1(z—2)? foy=-3@x+2>2-4

2 Match each quadratic function with its corresponding graph:

a y=—(x+1)2%+3 b y=-2x-3)2+2 c y==x

d y=—(z—-1)%2+1 e y=(r-22-2 foy=3(x+3)?-3
g y=—a° h y=—-1(z-1)>%+1 i y=2x+2)?%-1
A 1, B v C V]

x —
VAR AN v S AN/
3 For each of the following find the equation of the axis of symmetry'

R N \

a U )
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& For each of the following quadratic functions:

i sketch the graph using axes intercepts and hence find

ii  the equation of the axis of symmetry
y =%+ 4x b y=xz(xr—-4)
y=2(x—-1)(x+3) e

a
d

y=-2(x-1)° t

the coordinates of the vertex.

¢ y=3(z—2)?

y=-3(x+2)(r—2)

Find the equation of the axis of symmetry.

Sketch the parabola which has z-intercepts —3 and 1, and y-intercept —2.

The axis of symmetry lies halfway
between the z-intercepts axis of

symmetry is x = —1.
—3+1
=-1
= }
Note: The graph is concave up.

Can you see why?

—3\\\ 1
-2

-1

X =

5 For each of the following:

i sketch the parabola ii
z-intercepts 3 and —1, y-int. —4
¢ z-intercept —3 (touching), y-int. 6

a b

d

6 Find all z-intercepts of the following graphs of quadratic functions:
a cuts the z-axis at —1, axis of symmetry x = —3

b touches the z-axis at 3.

find the equation of the axis of symmetry.
x-intercepts 2 and —2,
z-intercept 1 (touching),

y-int. 4
y-int. —4

"o | COMPLETING THE SQUARE

If we wish to find the vertex of a quadratic given in general form y = az? + bx + ¢ then
one approach is to convert it to the form y = a(z — h)? + k where we can read off the
vertex (h, k). To do this we may choose to ‘complete the square’.

Consider a case where a=1; y=1x2—4z+ 1.
y=1x2—4x+1
y=x%—4r +22+1 - 22
y=2%—4r+2% — 3
y=(r—2)?-3
So, y=a2? —4x+1 isreally y =(z—2)> -3
and therefore the graph of y =22 —4x +1 can
be considered as the graph of 3 = 2 after it has
been translated 2 units to the right and 3 units

2]

down, i.e., [

4
N ‘
y=x :
Y 42
by \ 3
3 S Wi .
-3 X
y=x2—4x+1
(2,-3)
A,
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Write y = 22 +4x + 3 in the form y = (z — h)? + k using completing the
square and hence sketch y = x? + 4x 4 3, stating the coordinates of the vertex.

y=x2*+4x+3 A
y=a2+4x +2° +3 — 2° :
y=(z+2)*-1

b

shift 2 shift 1 )

units left unit down e N
y=x"tax+3 VerteX"(—2,—1)

Vertex is (=2, —1) and the y-intercept is 3

EXERCISE 7C

1 Write the following quadratics in the form y = (z — h)? + k using ‘completing the
square’ and hence sketch each function, stating the vertex:

a y=x>-2x+3 b y=22+4r -2 ¢ y=2x%—4x
d y=2?+3z e y=2>+5x—2 f y=22-32x+2
g y=x>—-6z+5 h y=22+82-2 i y=22-5z+1
Example 6
Convert y =322 -4z +1 intothe form y=a(z—h)?2+k by
‘completing the square’. Hence, write down the coordinates of its vertex
and sketch the graph of the function.
y=3z2 -4z +1
=3[2? — 2z + 4] {take out a factor of 3}
=3[z2—2(3)z+ (2)* — (2)*+ 3] {complete the square}
=3[z —2)2 -4 +1] {write as a perfect square}
=3[z —2)2 -4 +13 {get common denominator}
=3[z — 2)* - 3] {add fractions}
=3@x—2)?-3 {expand to put into desired form}
P =%
So the vertex is %, —%
The y-intercept is 1. 1 \
To0s_, 1 15 "
! V(E.-3)
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We can use technology to confirm this. For example:

T

Hinirur
H=.BEB6T V=-33333

2 For each of the following quadratics:
i convert into the form y = a(x —h)? +k ais always the
. . R factor to be
by ‘completing the square
ii  state the coordinates of the vertex
iii  find the y-intercept.
iv  Hence, sketch the graph of the quadratic.
v Use technology to check your answer.

‘taken out’.

a y=2x%2+4z+5 b y=222-8x+3
y=2x2—6x+1 d y=322—-6x+5
e y=-—x%+4x+2 f y=-222-52x+3

3 By using your graphing package or graphics calculator, graph each of the following
functions, and hence write each function in the form y = a(z — h)? + k:

a y=2>—-4x+7 b y=22+6x+3 ¢ y=-—a>+4x+5
d y=222+6x—4 e y=-222—-10z+1 f y=322-92-5
Apex Leather Jacket Co. makes and sells x leather APEX
jackets each day and their revenue function is given LENTUER JACKET CO.
by R =12.52% —550x + 8125 dollars. :

How many jackets must be made and sold each week
in order to obtain income of $3000 each week?
Clearly we need to solve the equation:
12.522 — 550z + 8125 = 3000
ie, 12522 — 550z +5125=0

This equation, which is of the form ax? + bz +c =0 is called a quadratic equation.

A quadratic equation, with variable x, is an equation of the form
ax? +br+c=0 where a#0.

To solve quadratic equations we can:

e factorise the quadratic and use the Null Factor law: “if ab=0 then a=0
or b=0”

e complete the square

e use the quadratic formula

e use technology.
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Definition:

The roots (or solutions) of ax? +bx +c =0 are all the values of 2 which satisfy the
equation (i.e., make it true).
For example, =2 isarootof z?>—3z+2=0 since, whenz =2

22 =3z +2=(22-3(2)+2=4-6+2=0 v
SOLVING USING FACTORISATION

Step 1:  Make one side of the equation 0 by transferring all terms to one side.
Step 2:  Fully factorise the other side.

Step 3:  Use the ‘Null Factor law’: “if ab=0 then a=0 or b=0".
Step 4:  Solve the resulting elementary linear equations.

Example 7

Solve for z: a 322+5x=0 b z2=5z+6
a 322 +5x =0 b 22 =5:+6
z(3z+5)=0 s x22-5z—-6=0
z=0 or 3x+5=0 S (@=6)(xz+1)=0
=0 or z=-3 z—6=0or z+1=0
z=6 or —1

EXERCISE 7D.1

In each of the following, check answers with technology.

1 Solve the following using ‘factorisation’:

a 4224+7x=0 b 622+2x=0 ¢ 322 —-Tx=0
d 222 -11xz =0 e 322=8z f 9z =622
g 22-5x+6=0 h 22=2x+8 i 22+21=10x
i 9+22=6x k 22+z=12 I 22+82=33
Example 8
Solve for z: a 422+1=4x b 6z2=112z+10
a 422 +1 =4z b 622 = 11z + 10
422 —4x+1=0 s 622 —11z—10=0
2z —1)2=0 . (22-5)3z+2)=0
r=1 {using a factorisation technique}
z=5 o -2
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2 Solve the following using factorisation:

a 922—12z+4=0 b 2:2-13z—-7=0 ¢ 322 =162+ 12
d 3z245x=2 e 222+3=52 f 322=4x+14
g 322=10z+38 h 422 +4x=3 i 42?2 =11z +3
i 1222 =11z + 15 k 7224+6x=1 I 1522 + 22 = 56
Example 9
2
Solve for x: 3x+— = -7
T
2
3r+—=-7 9
% {multiply both sides by x

Z(Bx ==&
G

3224+ 2= —Tzx
322+ 7z +2=0
(x+2)3x+1)=0

r = —2 or —3

to eliminate the fraction}
{clear the bracket}
{equate to 0}

{on factorising}
1

3 Solve for x:

a (z+1)?2=222-5z+11

¢ 5—4z?=32x+1)+2 d z+-=3
x
e 2-L-_1 ¢ 2H3_ 9
T 1—x T

FINDING z GIVEN y IN

y=ax?+bx+c

It is also possible to substitute a value for y to find a corresponding value for . However,
unlike linear functions, with quadratic functions there may be 0, 1 or 2 possible values for x

for any one value of y.

Example 10

If y=2a%—6x+8 find the value(s) of z when:

a y=15 b y=-1

i.e., 2 solutions.

a If y=15, b If y=-1,
z2 —6x+8=15 22 —6r+8=—1
22 -6z —T7=0 22 —6x+9=0
(z+1)(xz—7)=0 (x—3)2=0
z=—-1 or z=17 =3

i.e.,

only one solution
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4 Find the value(s) of = for the given value of y for each of the following quadratic

functions:

a y=22+6x+10 {y=1} b y=22+52+8 {y=2}
¢ y=22-5z+1 {y=-3} d y=3z? {y=-3}
If f(x)=22+4x+11 findz when a f(z)=23 b f(z)=7
a If f(z)=23 b If f(z)="7

w2 +4z+11 =23 > +4r+11=7

z2 +4x—-12=0 22 +4zx+4=0

(x+6)(x—2) =0 {factorising} (x+2)2=0 {factorising}
z=—6 or 2 Lom= =2
i.e., 2 solutions. i.e., one solution only.
5 Find the value(s) of x given that:

a f(r)=322—-2z+5 and f(x ):
b f(z)=22—2z-5 and f(z)=
¢ f(z)=-222-13z+3 and f( ) —4

)

d f(z)=222—-12z+1 and f(z)=

by the function  h(t) = —5t2 + 30t + 2
from when the stone is thrown.

A stone is thrown into the air and its height in metres above the ground is given

where ¢ is the time (in seconds)

a How high above the ground is the stone at time ¢ = 3 seconds?

b How high above the ground was the stone released?

¢ At what time was the stone’s height above the ground 27 m?

a h(3) =-5(3)?+30(3)+2 b The stone is released when
=—454+90+2 t =0 sec
— 47 h(0) = —5(0)? + 30(0) +2 =2
i.e., 47 m above ground. released 2 m above ground level.

¢ When h(t) =27

—5t2 + 30t +2 = 27
—5t24+30t—25=0

S —6t+5=0 {dividing each term by —5}
t—1)(t—5)=0 {factorising}
. t=1lorb

i.e., after 1 sec and after 5 sec. Can you explain the two answers?
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6 An object is projected into the air with a velocity of 30 m/s. Its height in metres, after
t seconds, is given by the function h(t) = 30t — 5¢2.

a Calculate the height after: i 1 second i 5 seconds iii 3 seconds.
b Calculate the time(s) at which the heightis: i 40m ii 0O m.
¢ Explain your answers in part b.

7 A cake manufacturer finds that the profit in dollars, from making z
cakes per day, is given by the function P(z) = —imz + 162 — 30.

a Calculate the profit if: i 0 cakes i 10 cakes are made per day.
b How many cakes per day are made if the profit is $57?

SOLVING USING ‘COMPLETING THE SQUARE’

As you would be aware by now, not all quadratics factorise easily. In fact, z2 + 4z +1
cannot be factorised by using a simple factorisation approach.

This means that we need a different approach in order to solve z2 +4x +1 =0.
One way is to use the ‘completing the square’ technique.

So, equations of the form az? + bz +c=0 can be converted to
the form (z + p)? = ¢ from which the solutions are easy to obtain.

Example 13

Solve exactly forz: a (z+2)2=7 b (z-12=-5

Notice that if
X?= a, then
X = ++/a is used.

a  (z+232=7 b (z-12=-5
z+2=4V7 has no real solutions
r=-2+7 {the perfect square, (z — 1)

cannot be negative}

EXERCISE 7D.2

1 Solve for exact values of z:

a (z+5)3?%=2 b (z+6)2=11 ¢ (z—4)?%*=38
d (z-8?2=7 e 20z+3)?2=10 f 3(z—2)2=18
g (z+1)2+1=11 h (2z+1)2=3

Solve for exact values of x: 22 +4z+1=0
2?44z +1=0 \L
o2+ dr =1 {put the constant on the RHS}
2?2 +4x+2%2=-1+22  {completing the square} The squared number we
(x+2)2=3 {factorising} add to both sides is
r4+2==43 {solving} (coefﬁcient of :1:)2
r=-2+3 2
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2 Solve for exact values of x by completing the square:

a 22—4x+1=0 b 224+6x+2=0 ¢ z2—-14x+46=0
d z2=42+3 e 246x+7=0 f 22=2x+6
g z2+6x=2 h 22+10=28z i 2?2+6zx=-11

3 If the coefficient of 22 is not 1, we first divide throughout to make it 1.

For example, 222+ 10z +3=0 becomes 2 + 5x + % =0
322+ 122 4+5=0 becomes z?—4zx—35=0
Solve for exact values of « by completing the square:
a 222+4x+1=0 b 222 -10z+3=0 ¢ 3224+122+5=0
d 322=6x+4 e 522152 +2=0 f 42?2 +4x=5

3 THE QUADRATIC FORMULA

Many quadratic equations cannot be solved by factorising, and completing the square is rather
tedious. Consequently, the quadratic formula has been developed. This formula is:

—b++v/b2-4
If az?2+br+c=0, then x= + on ac.

Consider the Apex Leather Jacket Co. equation from page 131. We need to solve:
12.522 — 550z + 5125 =0

Trying to factorise this

Here we have a = 12.5, b= —550, c¢= 5125 equation or using
‘completing the square’
550 £ 1/(—550)2 — 4(12.5)(5125) would not be easy.
Tr =

2(12.5) \
550 ++/46 250
N 25
=30.60 or 13.40

But as x needs to be a whole number, x = 13 or 31 would
produce income of around $3000 each week.

The following proof of the quadratic formula is worth careful examination.

Proof: If az?+bx+c=0,
b
then 22+ -z +<=0 {dividing each term by a, as a # 0}
a a
b
2?4+ —x =<
a a
, b b\° ¢ (b’ .
*+-z+ (=) =——+| = {completing the square on LHS}
a 2a a 2a

e b et ¥
2a a \ 4a 4a?
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e b > v —dac
2a)  4a?
b b? — dac
- —+
T 2a 4a?
_ b b? — dac
v 2a 4a?
e x_—bi\/b2—4ac
v o 2a
Solve for z: a z2-2x—-2=0 b 2:2+32x-4=0
a 2z2—2x—2=0 has b 222+3x—4=0 has
a=1 b=-2, c=-2 a=2, b=3, c=-4
—(=2) £ /(=2)2 - 4(1)(-2) —3+4/32-4(2)(—4)
xr = =]
2(1) 2(2)
L 2EVAT8 L 3V
N 2 N 4
2+ /12 -3+ v41
r=— r=—
2 4
= 2423 Solutions are:
2
= 1++3 _3+T val 4 _3_T vl
Solutions are: 1+ /3 and 1— /3.
EXERCISE 7E
1 Use the quadratic formula to solve for exact values of z:
a 22—4x-3=0 b 22+62+7=0 ¢ 2’+1=4z
d 22+4x=1 e z2—-4x+2=0 f 222 —-2x—-3=0
g 22-222+2=0 h (Bzr+1)?2?=-22 i (@+3)(2x+1)=9

2 Use the quadratic formula to solve for exact values of x:

a (z+2)(z—1)=2-3z b
a 2=l _9r i e z-1_1
2—x x

2z +1)2=3-x

N

(x—2)?=1+z

1
20 ——=—=3
x

Note: If asked to solve quadratic equations for exact values of x, use the quadratic formula.
Use completing the square only when asked to do so.
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QUADRATIC EQUATIONS
WITH TECHNOLOGY

A graphics calculator or graphing package could be used to solve quadratic equations.

However, exact solutions in square root form would be lost in most cases. Approximate
decimal solutions are usually generated. At this stage we will find solutions using graphs of
quadratics and examine intersections with the z-axis (to get zeros) or the intersection of two
functions to find the x-coordinates of the points where they meet.

We have chosen to use this approach, even though it may not be the quickest, so that an
understanding of the link between the algebra and the graphics is fully appreciated.

Consider the equation 22 — 3z — 4 = 0. by
Our approach will be:

e draw the graph of y =222 -3z —4
e now 222—3x—4=0 when y=0 and
this occurs at the z-intercepts of the graph.

L I L

Zeka )
W=-.BE07ELL V=0 W=2 ZEOFELL Y=0

The solutions are: x = —0.8508 or 2.351

GRAPHING m f\’
Click on the appropriate icon for helpful instructions if s @
using a graphics calculator and/or graphing package. i 7 G

EXERCISE 7F

1 Use technology to solve:
a 22+4x+2=0 b 22+62z-2=0 ¢ 222 -3z-7=0
d 322 -72x-11=0 e 42 - 11z —-13=0 f 522+6x—17=0

To solve a more complicated equation like (z —2)(z+1) =2+ 3z we could:
e make the RHS zero ie., (x—2)(z+1)—2-3x=0.
Plot y=(z—2)(x+1)—2—3z and find the z-intercepts. ~GrapHING g

PACKAGE
e plot y=(z—2)(x+1) and y=2+3x on the same
axes and find the z-coordinates where the two graphs meet.

If using a graphics calculator with
Yi=(x—-2)(x+1) and

Yo =2+3x we get \\ \\

. .
So, the solutions are o "
Inkersecki Inkersecki
r= 08284 or 4.8284 HE-BIBETl Y=-MBEZELY W4 BaBuEed Y=16.MB5ZEL
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2 Use technology to solve:
a (z42)(z—1)=2-3z b (2z+1)2?=3-=x ¢ (z-22%=1+z

rz—1 1

1
d =2r+1 e z——=1 f 220——=3

T €T

"< PROBLEM SOLVING WITH QUADRATICS

When solving some problems algebraically, a quadratic equation results. Consequently, we
are only interested in any real solutions which result as we are looking for real answers.

If the resulting quadratic equation has no real roots then the problem has no real solution.
Also, any answer must be checked to see if it is reasonable. For example:
e if you are finding a length then it must be positive, so reject any negative solutions
e if you are finding ‘how many people present’ then clearly a fractional answer would
be unacceptable.

General problem solving method:

Step 1: If the information is given in words, translate it into algebra using = for the
unknown, say. An equation results.

Step 2:  Solve the equation by a suitable method.

Step 3: Examine the solutions carefully to see if they are acceptable.

Step 4:  Give your answer in a sentence.

Example 16

A rectangle has length 3 cm longer than its width. Its area is 42 cm?. Find its width.

If the width is z cm, then the length is (z 4 3) cm.
Therefore z(x + 3) = 42 {equating areas} X cm
22 +3r—-42=0
x = —8.15 or 5.15 {using technology} (x+3)cm

We reject the negative solution as lengths are positive .". width = 5.15 cm.

EXERCISE 7G

Two integers differ by 12 and the sum of their squares is 74. Find the integers.
The sum of a number and its reciprocal is 5%. Find the number.

The sum of a natural number and its square is 210. Find the number.

The product of two consecutive even numbers is 360. Find the numbers.

The product of two consecutive odd numbers is 255. Find the numbers.

o v B W N =

The number of diagonals of an n-sided polygon is given by the formula D = g(n— 3).
A polygon has 90 diagonals. How many sides does it have?

7 The length of a rectangle is 4 cm longer than its width. Find its width given that its area
is 26 cm?.
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8 A rectangular box has a square base and its height is 1 cm

longer than the length of one side of its base.
a If z cm is the length of one side of its base, show that its
total surface area, A, is given by A = 622 + 4z cm?.
b If the total surface area is 240 cm?, find the dimensions e
of the box.

An open box contains 80 cm® and is
made from a square piece of tinplate
with 3 cm squares cut from each of its
4 corners. Find the dimensions of the
original piece of tinplate.

iScm

Example 17

Is it possible to bend a 12 cm length of wire to form the legs of a
right angled triangle with area 20 cm??

1.e., —  becomes

area 20 cm?
Area, A=1(12—-2)z
12(12 —z) = 20
z(12 —x) =40
122 — 2% —40 =0

12 = s

12 £+/-16
2
Thus there are no real solutions, indicating the impossibility.

22 — 122+ 40 =0 which becomes z =

10 Is it possible to bend a 20 cm length of wire into the shape of a rectangle which has an

11

area of 30 cm?2?

The golden rectangle is the rectangle defined by the following A ‘ Y B
statement:

The golden rectangle can be divided into a square and a smaller
rectangle by a line which is parallel to its shorter sides, and the
smaller rectangle is similar to the original rectangle.

D X C
Thus, if ABCD is the golden rectangle, ADXY is a square and BCXY is similar to
ABCD, (i.e., BCXY is a reduction of ABCD).

AB
The ratio of D for the golden rectangle is called the golden ratio.

1++5
T

Show that the golden ratio is

(Hint: Let AB = x units and BC = 1 unit.)
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12 A A triangular paddock has a road AB forming its
hypotenuse. AB is 3 km long. The fences AC
and CB are at right angles. If BC is 400 m longer

B than AC, find the area of the paddock in hectares.

3 km

C

13 Find the width of a uniform concrete path placed around a 30 m by 40 m rectangular
lawn given that the concrete has area one quarter of the lawn.

Example 18

A wall is 12 m long and is timber panelled using vertical sheets of panelling of equal
width. If the sheets had been 0.2 m wider, 2 less sheets would have been required.
What is the width of the timber panelling used?

Let z m be the width of each panel used.

12
— is the number of sheets needed.
a

L |xm Now if the sheets are (a: 4= %) m in width
-, 12
i (; - 2) sheets are needed.
So, (z+3) 12 2) =12 {length of wall}
b 5 T
12 .
12-2z4+ ——¢=12 {expanding LHS}
T
12
—9 —~_2_)
v 50 %
—102? +12—-22 =0 {x each term by 5z}
522 +2—-6=0 {~+ each term by —2}
5z +6)(x—1)=0
© xz=-%orl where x>0

5
each sheet is 1 m wide.

14 Chuong and Hassan both drive 40 km from home to work each day. One day Chuong
said to Hassan, “If you drive home at your usual speed, I will average 40 kmph faster
than you and arrive home in 20 minutes less time.” Find Hassan’s speed.

15 If the average speed of an aeroplane had been 120 kmph less, it would have taken a half
an hour longer to fly 1000 km. Find the speed of the plane.

16 Two trains travel a 105 km track each day. The express travels 10 kmph faster and takes
30 minutes less than the normal train. Find the speed of the express.

17 A group of elderly citizens chartered a bus for _
$160. However, at the last minute, due to illness, /
74

8 of them had to miss the trip. Consequently the

other citizens had to pay an extra $1 each. How WL

many elderly citizens went on the trip?
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15| QUADRATIC GRAPHS (REVIEW)

REVIEW OF TERMINOLOGY

The equation of a quadratic function is given
by y=ax?+bxr+c, wherea#0.

The graph of a quadratic function is called a
parabola. The point where the graph ‘turns’ is
called the vertex.

If the graph opens upward, the y coordinate of
the vertex is the minimum (concave up), while if
the graph opens downward, the y-coordinate of
the vertex is the maximum (concave down).

The vertical line that passes through the vertex is
called the axis of symmetry. All parabolas are
symmetrical about the axis of symmetry.

The point where the graph crosses the y-axis is
the y-intercept.

A

S

parabola

Z€1o

vertex

[
o
g
2
Gy
5]
B2}
%
\
minimum ¥

/

\
=

[

y-intercept

The points (if they exist) where the graph crosses the x-axis should be called the z-intercepts,
but more commonly are called the zeros of the function.

OPENING UPWARDS OR DOWNWARDS?

If the coefficient of z2: °

is positive, the graph is concave up

e is negative, the graph is concave down

\/ a>0
/\ a < 0.

Quadratic form, a # 0 Graph

Facts

e y=alz—a)(z-p)

/ z-intercepts are « and 3

«, 3 are real

axis of symmetry is

./ﬁ‘x
atp

x=_

xTr =

a+f
2

y=a(r —a)?
« s real

X
A\

V (@, 0)

touches z-axis at «
vertex is (o, 0)
axis of symmetry is x = «

y=alz—h)?+k

/

V (h, k)

vertex is (h, k)
axis of symmetry is x = h




QUADRATIC EQUATIONS AND FUNCTIONS (Chapter 7)

143

Quadratic form, a # 0 Graph

Facts

o y=ar’+brtec

(general quadratic
form)
-t X
-b—VA —b+ VA
2a 2a

axis of symmetry is

x—_b
T 2a

z-intercepts for A > 0 are

—b+ VA

2a

where A = b? — 4ac

Notice that the axis of symmetry is always easily found.

b -b—+vA —b A
Note: —— is the average of —\/_ and +—\/_
2a 2a 2a
~b—VA —b+VA 20 b
as the sum equals + = = —
2a 2a 2a a
h _
and so the average is fhe sum _ —b
2 2a
SKETCHING GRAPHS USING KEY FACTS
Example 19
Using axis intercepts only, sketch the graphs of:
a y=2(z+3)(z—-1) b y=-2@z-1)(z—-2) ¢ y=3z(z+2)?
a y=2x+3)(z—-1) b y=-2@c-1)(z-2) ¢ y=1i(z+2)?
has z-intercepts —3, 1 has z-intercepts 1, 2 touches z-axis at —2
when z = 0, when z = 0, when z = 0,
y =203)(-1) y =—2(-1)(-2) y =3(2)?
= —6 =—4 =2
y-intercept is —6 y-intercept —4 has y-intercept 2
y y 4y
{ 1.2 /
X
= g
—4 B X
-6 -2 *
A 3
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EXERCISE 7H

1 Using axis intercepts only, sketch the graphs of:

a y=(x—-4)(z+2)
d y=-3z(z+4)

b y=—(z—-4)(z+2)
e y=2(x+3)?2

¢ y=2(x+3)(x+5H)
fy=-3(z+2)7?

2 What is the axis of symmetry of each graph in question 1?

Example 20

Use the vertex, axis of symmetry and y-intercept to graph y = —2(x + 1)? + 4.

The vertex is (—1, 4).

=

. A shape

a<0

Whenz =0, y =-2(1)>+4

V(=1L4), 4»

The axis of symmetry is * = —1.

\,

y =

3 Use the vertex, axis of symmetry and y-intercept to graph:

a y=(x-1)2+3
d y=1(z-3)+2

b y=2(x+2)2%+1
e y=—-1(z—-12+4

Example 21

¢ the axes intercepts.

For the quadratic y = 222 + 6z — 3, find:
a the equation of the axis of symmetry b the
d Hence, sketch the graph.

coordinates of the vertex

—b —6 3

When y =0,
6+

For y=22%2+6x—3, a=2,

axis of symmetry is

¢ When 2=0, y=-3
y-intercept is —3.

b=6, c=-3

b When z=-2

= _3
B = =

222 +6x—3=0
36 — 4(2)(=3)

T =

y =237 +6(-3) -3
= —7.5 {simplifying}

a>0

2

vertex is (—%, —7%).

—_3 4y
X=73

Sy=

¢13.f4 /_\3# 04

4
r=-344 or 0.44
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Example 22

Determine the coordinates of the vertex of 3y = 222 — 8z + 1.

The vertex is
sometimes called
the maximum
turning point or

y=2x>—-8r+1 has a=2, b= -8 c=1

d
andso  ——

equation of axis of symmetry is

b _ (-8 _,

2x2

=2

and when =2, y=2(2)2 — 8(2) + 1

=7

the vertex has coordinates

@, =7).

the minimum
turning point
depending on
whether the graph
is concave down
or concave up.

Note: A parabola opening upwards has a shape called concave up.

A parabola opening downwards has a shape called concave down.

4 Find the turning point (vertex) for the following quadratic functions:

E

a y=2x%—4r+2 b y=2>+2x-3
¢ y=22%2+4 d y=-322+1
e y=22248zx—-7T f y=-22—-42-9
g y=2224+6x—1 h y=222-10x+3
i y:—%xQ—f—w—S i y=-222+4+8x—-2

5 Find the z-intercepts for:
a y=2>-9 b y=222-6 ¢ y=a2+T7x+10
d y=22+2-12 e y=4dr— 2> f y=-22—6x—-8
g y=-22>—4r-2 h y=42?— 24z + 36 i y=2>—-4x+1
i y=22+4x-3 k y=22—-6z—2 I y=224+8zx+11

6 For the following quadratics, find:

i the equation of the axis of symmetry

iii  the axes intercepts, if they exist
a y=x>-2x+5 b
d y=—-22+31x-2

iii
iv

y=z+4x—1
e y=-3z2+4r-1 f

the coordinates of the vertex
Hence, sketch the graph.

C

y = 6z — 22

h y=—-22—-6x—-8 i

y =222 — b +2
y=-2r2+x+1
y:—%m2+2m—|—1

"Il THEDISCRIMINANT, A

In the quadratic formula, b? — 4ac, which is under the square root sign, is called the
discriminant.
The symbol delta A, is used to represent the discriminant, ie., A =b* — 4ac.
. b+ vA |
The quadratic formula becomes z = —\/_ if A replaces b — 4ac.

2a
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—b
Note: o ifA=0, x= %0 is the only solution (a repeated or double root)
a

o ifA>0, VA is a positive real number and so there are two distinct real
—b++VA —b—+VA
——— and ——
2a 2a
e if A<0, +/A isnotareal number and so there are no real roots.

roots,

Note: If a, b and c are rational and A is a perfect square then the equation has
two rational roots which can be found by factorisation.

_Example 23 |
Use the discriminant to determine the nature of the roots of:
a 2x2-3x+4=0 b 422 —-4x—-1=0
a A =0b—4ac b A =b%—4ac
=(-3) - 4(2)(4) = (-4 —4(4)(-1)
= —23 which is < 0 = 32which is > 0
no real roots .. has 2 distinct irrational roots

EXERCISE 71.1

1 By using the discriminant only, state the nature of the solutions of:
a 22+7x-2=0 b 22+4V22+8=0 ¢ 2224+3z-1=0
d 622 +52—-4=0 e ’+1+6=0 fo9224+62+1=0
2 By using the discriminant only, determine which of the following quadratic equations
have rational roots which can be found by factorisation.
a 222+7x—-4=0 b 322 -Tx—-6=0 ¢ 222 +6x+1=0
d 622+192+10=0 e 422 -3z+3=0 f 822-10x—-3=0

Example 24

For 22 — 2z +m =0, find A and hence find the values of m for which the
equation has: a a repeated root b 2 distinct real roots ¢ no real roots.

22 —2x+m=0 has a=1, b=-2 and c=m
A=b—4ac=(-2)2-4(1)(m) =4—4m

a Forarepeatedroot b For 2 distinct real roots ¢  For no real roots

A=0 A>0 A <O
4—4m =0 S 4—4m >0 .o 4—4m <0

4 =4m s —4dm > —4 c. —dm < —4

m=1 S.om<1 S.om>1

Note: 2 distinct < g el > imaginary
real roots 'i' roots

1

> m values
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3 For the following quadratic equations, determine the discriminant in simplest form and
hence find the values of m for which the equation has:

i a repeated root il two distinct roots iii  no real roots.
a 224+3x+m=0 b 22-5x+m=0 ¢ mrl—z+1=0
d mz?+22x+3=0 e 2224+ Tx+m=0 f ma®-5x4+4=0

THE DISCRIMINANT AND THE QUADRATIC GRAPH
Consider the graphs of: y=2%2—-2x+3, y=22-2x+1, y=2a%>—-2x—3.

All of these curves have axis of symmetry with equation x = 1.

y=x2—-2z+3 y=x2—-2z+1 y=x2>—-2z—3

y Ay \n /
- > X

I -1 L/3
ING - . —3Nd

1 3 A\

A =b%—4dac A =b?—4dac A =b%—4dac
= (-2)* - 4(1)(3) = (-2 -4(1)(1) = (-2)* = 4(1)(-3)
—_8 =0 =16
A<O0 A=0 A>0
does not cut the x-axis touches the x-axis cuts the x-axis twice
Thus, the discriminant A, helps us to decide e not cutting the x-axis (A <0)
between the possibilities of: e touching the z-axis (A =0)

e cutting the z-axis twice (A > 0).

Use the discriminant to determine the relationship between the graph and
the z-axisof: a y=22+3z+4 b y=-222+5z+1

a a=1, b=3, c=4
A =0b%—4dac a>0 .. concave up \/
=9—4(1)(4) «— x
= —7 whichis <0
graph does not cut the z-axis, 1i.e., lies entirely above the z-axis.

b a=-2, b=5, c=1 a<0 .. concave down
A = b2 —4dac AA‘X

=25 —4(-2)(1)
=33 whichis >0 .. graph cuts the x-axis twice.
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POSITIVE DEFINITE AND NEGATIVE DEFINITE QUADRATICS

Definitions:

Positive definite quadratics are quadratics which are definitely \/
positive for all values of z, ie., azx?+bx+c>0 forall z. < > X
Negative definite quadratics are quadratics which are definitely = > X
negative for all values of z, ie., az?+bx+c<0 forallz. /\

TESTS e A quadratic is positive definite if « > 0 and A < 0, ie.,y > 0 for all z € R.
e A quadratic is negative definite if « < 0 and A <0, i.e.,y <O for all z € R.

EXERCISE 71.2

1 Use the discriminant to determine the relationship between the graph and x-axis for:

a y=2+T7r-2 b y=22+4/2x+8 ¢ y=-222+3x+1
d y=62>+5z—4 e y=-224+2+6 f y=922+6z+1
2 Show that:
a 22-3x+6>0 forallzx b 4r—22-6<0 forallz
¢ 222 —4x+ 7 is positive definite d 22243z —4 is negative definite

3 Explain why 322+ kz — 1 is never always positive for any value of k.

4 Under what conditions is 222 + kx + 2 positive definite?

INING THE QUADRATIC
FROM A GRAPH

If we are given sufficient information on or about a graph we can determine the quadratic
function in whatever form is required.

Example 26

Find the equation of the quadratic with graph:

a y b Yy
3 8
| 3
- - » X
l 2

a Since the z-intercepts are —1 and 3 b Since it touches at 2, then
then y=a(zx+1)(z—3), a<O. y=a(z—2)% a>0.
But when =0, y=3 But when =0, y=38

3=a(1)(=3) o 8=a(-2)?
a=—1 S @=2

So, y“:—(:c—i-l)(ac—?)). So, y=2(z —2)2
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EXERCISE 7)

1 Find the equation of the quadratic with graph:

b Ay
\
-—q 5 X
3
e

12

2 Match the given graphs to the possible formulae stated:

a y=2z-1)(z—4) b y=—(z+1)(xz—-4)
¢ y=(x—-1)(z—4) d y=(x+1)(x—4)

e y=2(z+4)(z-1) f y=-3z+4(z-1)
g y=—(o- D4 hy= 3 1) 4)
A

Find the equation of the As the axis of symmetry is x = 1,
quadratic with graph: the other z-intercept is 4

y=a(z+2)(z—4)
But when =0, y=16
16 = a(2)(—4)

@ = =2

quadraticis y = —2(z+2)(x —4)
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3 Find the quadratic with graph:
a4y : b by < 4y

x=3 x=—1 x=-3 v

Example 28

Find, in the form y = ax? 4+ bx + ¢, the equation of the quadratic whose graph
cuts the z-axis at 4 and —3 and passes through the point (2, —20).

Since the z-intercepts are 4 and —3, the equation is
y=a(zx—4)(x+3) where a#0.

But when z =2, y=-20 S —20=a(2-4)(2+3)
—20 = a(—2)(5)
a=2

equationis y=2(z —4)(z+3) ie, y=22>—2r—24

4 Find, in the form y = ax® + bz + ¢, the equation of the quadratic whose graph:
a cuts the z-axis at 5 and 1, and passes through (2, —9)

cuts the x-axis at 2 and —%, and passes through (3, —14)

touches the z-axis at 3 and passes through (—2, —25)

touches the x-axis at —2 and passes through (—1, 4)

cuts the z-axis at 3, passes through (5, 12) and has axis of symmetry x = 2

cuts the z-axis at 5, passes through (2, 5) and has axis of symmetry z = 1.

Example 29

V(—4, 2)
Find the equation /
of the quadratic

-0 O n O

given its graph is:

V(3 -2)
a For vertex (3, —2) b  For vertex (—4, 2)

the quadratic has form the quadratic has form
y=a(r—3)2 -2 y=a(z+4)?+2
But when z =0, y =16 But when x = -2, y=0

16 = a(—3)% — 2 s 0=a(2)?+2

16 = 9a — 2 S da= -2

90/ = ].8 . a = —%

a=2 ie, y=—-2(z+4)?+2

ie, y=2(x—3)2-2
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5 Find the equation of the quadratic given its graph is: (V is the vertex.)

a y b Ay C Ay
V(2,4) V(@3,8)
-t » X 3 -+ 1 > X
‘ . /
Y \ V(2,—-1) Y
d y e Ay f Ay
V(2,3)
\ /‘ /\\(3 N \ / (3.3)
-t 7 » X ] > . y \, ..
Y V(4’_6) '/V Y \4 (%’_ %)

Consider the graphs of a quadratic function and a linear function on the same set of axes.

Notice that we could have:

A NL NS

cutting touching missing
(2 points ofintersection) (1 point of intersection) (no points of intersection)

The graphs could meet and the coordinates of the points of intersection of the graphs of the
two functions can be found by solving the two equations simultaneously.

Example 30

Find the coordinates of the points of intersection of the graphs with equations

y=z>—1x—18 and y=z-3.

y=22—2—18 meets y=x—3 where

22—z —18=z—3

22 —-2x—-15=0 {RHS = 0}
(x—=5)(z+3)=0 {factorising}
Tz =2>5or —3

Substituting into y =z —3, when =5, y=2 and when z = -3, y = —6.
graphs meet at (5, 2) and (—3, —6).
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EXERCISE 7K

1 Find the coordinates of the point(s) of intersection of the graphs with equations:
a y=22-2x+8 and y=x+6 b y=-224+3r+9 and y =223
¢ y=22—4r+3 and y=2x—-6 d y=-—22+4r—7 and y=>5z—4

2 Use a graphing package or a graphics calculator to find the coordinates of the points
of intersection (to two decimal places) of the graphs with equations:

a y=22-32z+7 and y=x+5

b y=2>-5z+2 and y=2-7 PACKAGE. m\’
¢ y=-22—2x+4 and y=x+38 1"'7 o

d y=-224+4r—-2 and y=5r—6

3 Find, by algebraic means, the points of intersection of the graphs with equations:

a y=2z? and y=x+2 b y=2>+2r—-3 and y=a—1
¢ y=222—2+3 and y =2+ + 2> d zy=4 and y=z+3
GRAPHING
L Use technology to check your solutions to the questions in 3. PACKAGE

U QUADRATIC MODELLING

There are many situations in the real world where the relationship between two variables is
a quadratic function.

This means that the graph of such a relationship will be either \/ or /\ and the function
will have a minimum or maximum value.

For y=ax?+bx+c:

e if >0, the minimum e if a<0, the maximum

value of y occurs at =z = —— value of y occurs at = = ——.
2a 2a

o b .
Note: we are optimising y, not z. x = % helps us calculate this y-value.
a

The process of finding the maximum or minimum value of a function is called optimisation.

Optimisation is a very useful tool when looking at such issues as:
e maximising profits
e minimising costs
e maximising heights reached etc.
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Example 31

The height H metres, of a rocket ¢ seconds after it is fired vertically upwards is
given by H(t) =80t — 5t2, t > 0.

a How long does it take for the rocket to reach its maximum height?

b  What is the maximum height reached by the rocket?

¢ How long does it take for the rocket to fall back to earth?

a H(t) = 80t — 5t2
o, H(t)=—5t>+80t where a=-5 .. /\

b _
The maximum height reached occurs when ¢t = — = 80 =38
20 2(-5)
i.e., the maximum height is reached after 8 seconds.
b H(8) =80x8—5x8?
= 640 — 320
=320 b H(1)
. . . . 320 m
i.e., the maximum height reached is 320 m.
¢ The rocket falls back to earth when H(t) =0
0 = 80t — 5t2
5t — 80t = 0 )
5t(t —16) = 0 {factorising} Ssecs
t=0ort=16

i.e., the rocket falls back to earth after 16 seconds.

EXERCISE 7L

1

The height H metres, of a ball hit vertically upwards, ¢ seconds
after it is hit is given by H(t) = 36t — 2t
a How long does it take for the ball to reach its maximum height?
b What is the maximum height of the ball?
¢ How long does it take for the ball to hit the ground?

A skateboard manufacturer finds that the cost $C' of making x skateboards per day is
given by C(z) = 2% — 24x + 244.
a How many skateboards should be made per day to minimise the cost of production?
b What is the minimum cost?
¢ What is the cost if no skateboards are made in a day?

The driver of a car travelling downhill on a road applied the brakes. The velocity (v) of
the car in m/s, ¢ seconds after the brakes were applied was given by

v(t) = —3t% + 3t + 15 mJs.
a How fast was the car travelling when the driver applied the brakes?
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b After how many seconds did the car reach its maximum velocity? Explain why this
may have happened.

¢ What was the maximum velocity reached?
d How long does it take for the car to stop?

4  The hourly profit ($P) obtained from operating a fleet of n taxis is given by
P(n) = 84n — 45 — 2n?.
a What number of taxis gives the maximum hourly profit?
b What is the maximum hourly profit?
¢ How much money is lost per hour if no taxis are on the road?

5 The temperature 7° Celsius in a greenhouse ¢ hours after dusk (7.00 pm) is given by
T(t) = $t> =5t + 30, (¢ < 20).

a What was the temperature in the greenhouse at dusk?
b At what time was the temperature at a minimum?
¢ What was the minimum temperature?

6 A vegetable gardener has 40 m of fencing to enclose a rectangular garden xm
plot where one side is an existing brick wall. If the width is z m as
shown:

a Show that the area (A) enclosed is given by A = —2z2 + 40z m?.
b Find x such that the vegetable garden has maximum area.

brick wall

L
¢ What is the maximum area?
7 Consider the following diagram of g  parabolicarch
. ¥ vertical supports
a bridge:
AB is the longest vertical support of Hom
a bridge which contains a parabolic
arch. The vertical supports are 10 Ta A -fm
m apart. The arch meets the vertical \ﬂ% o * roadway ﬁ/

end supports 6 m above the road.

a If axes are drawn on the diagram of the bridge above, with z-axis the road and
y-axis on AB, find the equation of the parabolic arch in the form y = az? + c.

b Hence, determine the lengths of all other vertical supports.

GRAPHICS CALCULATOR INVESTI TUNNELS AND TRUCKS

A tunnel is parabolic in shape with L T T T T T T 1

» dimensions shown: 1 I
A truck carrying a wide load is 4.8 m high

and 3.9 m wide and needs to pass through
m o the tunnel. Your task is to determine if the 8m
truck will fit through the tunnel.

“«—6m—>
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What to do:

If a set of axes is fitted to the parabolic tunnel as
shown, state the coordinates of points A, B and C.

Using a graphics calculator:
a enter the z-coordinates of A, B and C into List 1

b enter the y-coordinates of A, B and C into List 2. C
Draw a scatterplot of points A, B and C.

¥

v

Set your calculator to display 4 decimal places and determine the equation of the

parabolic boundary of the tunnel in the form

y = ax? + bx + ¢, by fitting a quadratic model truck’s A Y
to the data. roofline
Place the end view of the truck on the
same set of axes as above. T
What is the equation of the truck’s
. 4.8 m
roofline?
‘ AV
C B

¥

You should have found that the equation of the parabolic boundary of the tunnel is
y = —0.888922 + 8 and the equation of the truck’s roofline is y = 4.8.

Graph these equations on the same set of axes. Calculate the points of intersection

of the graphs of these functions.

Using the points of intersection found in 6, will the truck pass through the tunnel?
What is the maximum width of a truck that is 4.8 m high if it is to pass through the

tunnel?

Investigate the maximum width of a truck that is 3.7 m high if it is to pass through

the tunnel.

What is the maximum width of a 4.1 m high truck if it is to pass through a parabolic

tunnel 6.5 m high and 5 m wide?

REVIEW SET 7A

1 For y=-2(xz+2)(z—1):
a state the x-intercepts b state the equation of the axis of symmetry

¢ find the coordinates of the vertex d find the y-intercept

e sketch the graph of the function f use technology to check your answers.

2 For y=3(z—2)%—4&

a state the equation of the axis of symmetry
b find the coordinates of the vertex ¢  find the y-intercept

d sketch the graph of the function e use technology to check your answers.
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3 For y=2%—4zr—1:
a convert into the form y = (x — h)? + k by ‘completing the square’
b state the coordinates of the vertex ¢ find the y-intercept.
d Hence sketch the graph. e Use technology to check your answer.

4 For y=22%+6x—3:
a convert into the form y = (z — h)? +k by ‘completing the square’

b state the coordinates of the vertex ¢ find the y-intercept.
d Hence sketch the graph. e Use technology to check your answer.
5 Solve the following equations, giving exact answers:
a z22-11z =60 b 322-2-10=0 ¢ 32-12x=0
6 Solve the following equations: 19
a 22410="Tz b z4+—=7 ¢ 222 -7x+3=0
x

7 Solve the following equation by completing the square: 22 + 7z —4 =10
8 Solve the following equation by completing the square: z? +4z+1=0
9 Solve the following using the quadratic formula:

a z22—-T7x+3=0 b 222 —-5x4+4=0

REVIEW SET 7B
1 Draw the graph of y = —22 + 2z.

2 Find the equation of the axis of symmetry and the vertex of y = —32% + 8z + 7.
3 Find the equation of the axis of symmetry and the vertex of y = 222 + 4x — 3.
L Use the discriminant only to determine the number of solutions to:

a 322-5x+7=0 b —222—42+3=0
5 Show that 5+ 7z + 3z? is positive definite.

6 Find the maximum or minimum value of the relation y = —2z% + 4z + 3 and the
value of = for which the maximum or minimum occurs.

7 Find the points of intersection of y =2 —3z and y = 3x% — 5z — 24.
8 For what values of k does the graph of y = —22% + 5z + k not cut the z-axis?

9 60 m of chicken wire is available for constructing
a chicken enclosure against an existing wall. The B xm C
enclosure is to be rectangular.

a If BC =z m, show that the area of rectangle
ABCD is given by A = (30z — £2%) m?.

b Find the dimensions of the enclosure which
will maximise the area enclosed.

REVIEW SET 7C’ 7D’ 7E SET7C REVIEW SET 7D REVIEW SET 7E
Click on the icon to obtain printable <‘i-"
review sets and answers

existing wall
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V| /SOLUTIONS OF REAL QUADRATICS WITH A <0

From Chapter 7, we determined that:

If az?+brx+c=0, a#0 and a, b, c € R, then the solutions (roots) are found

. b+ VA .
using the formula x = g where A = b? —4ac is known as the discriminant.
a
Also, we observed that if: e A >0 we have two real, distinct solutions

e A =0 we have two real, identical solutions
e A <0 we have no real solutions.

Now a most useful property for the development of polynomial theory is for quadratics
(polynomials of degree 2) to have exactly 2 solutions even if repeated.

This is satisfied above where A >0

However when A < 0 we have no real solutions. But if we define i = v/—1 (i being

imaginary, i.c., it does not really exist) then when A < 0 we do get 2 solutions, but they
are not real because of the presence of 7.

We say when i is present that we have 2 complex number roots of the quadratic equation.

Solve the quadratic equations: a z?= —4 b 224+2+2=0
a 22 =4 b A=1-8=-7
T ==*x\—4 14+ =
Now z = L {quadratic formula}
T = £V4/-1
T = 42i , z:—li\ﬁi
o —
z=—14 7

Note 1: In each equation we have 2 solutions and A < 0
(A = —16 and —T7 respectively}

Note 2: Solutions to both equations are of the form a + b¢ where a and b are real.

HISTORICAL NOTE

-

18th century mathematicians enjoyed playing with these
O new types of numbers but felt that they were little more than
= interesting curiosities, until Gauss (1777-1855), a German
mathematician, astronomer and physicist, used them extensively in his
work. For centuries mathematicians attempted to find a method of
trisecting an angle using a compass and straight edge. Gauss put an end ‘
to this when he used complex numbers to prove the impossibility of such i
a construction. From his systematic use of complex numbers and the
special results, he was able to convince mathematicians of their usefulness.
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Early last century Steinmetz (an American engineer) used complex numbers to solve
electrical problems, illustrating that complex numbers did have a practical application.

Currently complex numbers are used extensively in electronics, engineering and in various
scientific fields, especially physics.

EXERCISE 8A

1 Write in terms of i:

a V-9 b /64 Y d /-5 e -8
Write as a product of a z2+4 b =z2+11
linear factors: — 22 _ 442 =22 — 1142

az24+4 b 22+11 = (z+2i)(z —2) = (z+iV1I)(z —iy/11)

2 Write as a product of linear factors:

a 22-9 b 2249 ¢ 227 d 2247
e 4x® -1 foodx2+1 g 222-9 h 22249
i 23—z i x4z k z2*—1 I 2*—16
| Example 3 |
Solve for x: a 2249=0 b 22 4+2x =0
a z2+9=0 2 —-9i2=0 z(z2+2)=0
b z23+22=0 (x+3i)(z—3i) =0 x(x? —2i%) =0
=43 z(z+iv2)(r—iv2) =0
. x=0 or +iv2
3 Solve for z:
a 22-25=0 b 22425=0 ¢ 22-5=0 d 2245=0
e 422-9=0 f 4224+49=0 g z2—4x=0 h 23+42=0
i 22-32=0 i 22+3z=0 k zt—1=0 I zt=381
| Example 4 |
Solve for x: 22 -4z +13=0 T = 1+ V16 ; 4(1)(13)
22 -4z +13=0
x:4i\/—_36
2
4+ 67
T
=243 or 2—3i
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4 Solve for x:

a 22—-100+29=0 b 224+6x+25=0 ¢ 224 14x+50=0
1
d 222 +5=6x e 22-2V/3x+4=0 f 22+-=1
x
Solve for z: 2t +22=6
2 +z2=6 szt 422-6=0

(22 4+3)(z2-2)=0
(z+iv3)(z —iV3)(z + V2)(z — v2) =0
x =+iV/3 or +v2

5 Solve for x:
a z*+222=3 b z'=22+6 ¢ zt+522=36
d z*4+922+14=0 e zt+1=2s2 f z*4+2:2241=0

10 COMPLEX NUMBERS

FORMAL DEFINITION OF A COMPLEX NUMBER (IN CARTESIAN FORM)

Any number of the form a +bi where a and b are real and ¢ =+/—1 iscalled a
complex number.

Notice that real numbers are complex numbers. (The case where b = 0.)

A complex number of the form bi where b # 0 is called purely imaginary.

THE ‘SUM OF TWO SQUARES’
Notice that: a?® + b?
=a? — b%i? {as i?= -1}

= (a + bi)(a — bi)

Compare:  a? —b?> = (a+b)(a —b) {the difference of two squares factorisation}
and  a®+b? = (a+ bi)(a — bi) {the sum of two squares factorisation}

REAL AND IMAGINARY PARTS OF COMPLEX NUMBERS

If we write z = a -+ bi where a and b are real then:

e a is the real part of z, and we write a = Re(z),
e b is the imaginary part of 2z, and we write b= Jm(z).

So, if 2=2+43i, Re(z)=2 and JIm(z)=3
if 2=—v2i, Re(z)=0 and JIm(z)=—/2.
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OPERATIONS WITH COMPLEX NUMBERS
Notice that: for radicals, 2+V3)+(4+2v3)=2+4)+(1+2)V3=6+3V3
and for complex numbers, (2+14)+ (44+2i) =(2+4)+ (1+2)i =6+ 3¢
Also, notice that (2 +/3)(4 +2v3) =8+ 4v3 +4v/3+2(v/3)? =8 + 83 +6
and (2+14)(4+2i) =8+4i +4i+2i>=8+8i —2

In fact the operations with complex numbers are identical to those for radicals, with the
i? = —1 rather than (v2)2=2 or (v/3)?=3.

So:  We can add, subtract, multiply and divide complex numbers in the same way we

perform these operations with radicals, always remembering that % = —1.
(a+bi)+ (c+di) = (a+c)+ (b+d)i addition
(a+bi)—(c+di)=(a—c)+ (b—d)i subtraction

(a+ bi)(c+ di) = ac+ adi + bci + bdi>  multiplication

a+bi  [(a+bi c—di\  ac—adi+ bci — bdi® division
c+di \c+di c—di) 2 + d?
Example 6
If 2=3+2i and w=4—1i find:
a z+4w b z—w cC 2w
a Z+w b Z—w C ZW
=(34+2i)+(4—1) =(34+2i)—(4—1) =(34+2i)(4—1)
=741 =34+2—4+1 =12 —3i+ 8i — 242
=—-1+4+3 =12+5:+4+2
=14 + 54

EXERCISE 8B.1

1 Copy and complete: > Re(2) | Im(z) > Re(2) | Im(z)
3+ 2 -3+ 4
5—1 —7—2i
3 —114
0 iv3
2 If z=5—-2( and w=2+14, find in simplest form:
a z+w b 2z ¢ qw d z—w
e 2z-—3w f 2w g w? h 22

3 For z=144 and w= -2+ 3¢, find in simplest form:
a 242w b 2?2 c 23 d iz

e w? f 2w g 22w h dzw
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4 Simplify ™ for n=0,1,2,3,4,5,6,7,8,9 and also for n=-1, —2, —3, —4,

4An—+3

and —5. Hence, simplify ¢ where n is any integer.

5 Suppose z =cosf+isinf. Show that:

1
a 22 =cos20+isin20 b - =cosf —isinf
z

6 Write (1+4)* in simplest form and hence find (1 +4)'°* in simplest form.

7 Suppose (a+bi)?2 = —16 — 30i where a and b are real.
Find the possible values of a and b, given that a > 0.

Example 7
9
If 2=3+2 and w=4—i Z _Jd
z ‘ w 4 —1
find o in the form a + bi, (342 A4
where a and b are real. o\ 4— 444
124 304 8i + 22
B 16 — 2
10 + 114 0 .
ZT IECES 1—74—%1

8 For z=2—7 and w=1+43i, findinthe form a+bi, where a and b are real:
z 1 w

a = b - c — d 22
w z 12
o ; i(2 — ) 1 2
9 Simplify: a p oY c _
mphty 1— 2 3_9 29— 2+

10 If z=2+4 and w= -1+ 2, find:
a Im(4z—3w) b Re(zw) ¢ Im(iz?) d @e(i)
w

11 Check your answers to questions 1- 4, 8- 10 using technology.

EQUALITY OF COMPLEX NUMBERS

Two complex numbers are equal when their real parts are equal and their imaginary

parts are equal,
ie, if a+bi=c+di, then a=c and b=d.

Proof: Suppose b#d. Nowif a+bi =c+di, wherea, b, ¢ and d are real,
then bi—di=c—a

i(b—d)=c—a
. c—a B
i=3— {as b—d#0}

and this is false as the RHS is real and the LHS is imaginary.

Thus, the supposition is false and hence b=d, and a=c follows immediately.
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Example 8

If (x+wyi)(2—1i)=—i andz, y are real, determine the values of  and y.

=
2=1

o wi i\ /24
.C. T 7 =
g y 2—i)\2+:

If (x+yi)(2—1)=—i, then =+ yi =

andso x == = —% Check this answer
using technology.

EXERCISE 8B.2

1 Find real numbers = and y such that:
a 2x+3yi=-—x—6i b 22+zi=4-2
¢ (z+yi)(2—1i)=8+1 d (3+2i)(x+yi)=—i

Example 9

Find real numbers z and y for which (x4 2:)(1 —14) =5+ yt

(x+20)(1—1i) =5+yi
T—zi+21+2=5+yt
[x+2]+[2—z]i =5+ yi
r+2=5 and 2—x =y {equating real and imaginary parts}
r=3 and y=—1.

2 Find z and y if:
a 2x+vyi)=z—yi
¢ (z4+i)(3—iy)=1+13i

b (z+2i)(y—i)=—-4-Ti
d (x+vyi)(2+1i)=2cx—(y+1)i
COMPLEX CONJUGATES

Complex numbers a+bi and a — bt are called complex conjugates.

If z=a-+0bi we write its conjugate as 2z* = a — bi.

Complex conjugates appear as the solutions of real quadratic equations of the form
ar® +bx +c=0 where the discriminant, A = b? —4ac is negative.

For example: o 22 —-22x+5=0 has A= (-2)2—-4(1)(5)=-16

and the solutionsare x=1+2¢ and 1—2¢

o 22+4=0 has A =0%—-4(1)(4) = —16
and the solutions are = =27 and —2¢
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Note: e Quadratics with real coefficients are called real quadratics.
e If a quadratic equation has rational coefficients and a radical root of the
form c¢+dy/n then c¢—dy/n is also a root.
(These roots are called irrational roots.)
e If a real quadratic equation has A <0 and c+di is acomplex root then
c—di 1is also a root.

Theorem: If ¢+ di and c— di are roots of a quadratic equation, then the quadratic
equation is 2 — 2cz + (¢? +d?) = 0 if the coefficient of x is unity.

Proof: the sum of the roots is = 2¢
and the product is = (c + di)(c — di) and as 22 — (sum)x + (product) = 0
=c?+d? then 2% —2cx + (* +d?) =0

An alternative argument is If c+di and c—di are roots then
x—[c+di] and x —[c—di] are factors
(x —[c+di])(x —[c—di]) =0
ie, (x—c—di)(x—c+di)=0
or (x—¢)?—d%*%=0
ie, 22 —-2cx+c*+d*>=0

Example 10

Find all quadratic equations with real coefficients having 1— 2 as a root.

sum of roots =1—2i+1+2i  product of roots = (1 —2¢)(1+ 2i)
=2 =144
=5
as 2% — (sum)x + (product) = 0
a(z? =2z +5) =0, a#0 gives all equations.

Note: The sum of complex conjugates ¢+ di and ¢ — di is 2¢ which is real.
The productis (¢ + di)(c — di) = ¢ +d*> which is also real.

EXERCISE 8B.3
1 Find all quadratic equations with real coefficients and roots of:
a 3+ b 143 ¢ —2+5¢ d V2+i
e 2+43 f Oand -3 g +iv2 h —6+i

Find exact values of @ and b if v/2+i isarootof z2+azx+b=0, a, be R.

Since a and b are real, the quadratic has real coefficients, .. V2 — i is also a root
- sumofroots =+v2+i++v2—i=22

product of roots = (v2+i)(vV2—i)=2+1=3
Thus a=—-2v2 and b=3.
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2 Find exact values of a and b if:
a 3+14 isarootof z?2+ax+b=0, wherea and b are real
b 1—+2 isarootof z2+azx+b=0, wherea and b are rational
¢ a+ai isarootof z?+44x+b=0 wherea and b are real. [Careful!]

INVESTIGATION 1 PROPERTIES OF CONJUGATES
=

~ The purpose of this investigation is to discover any properties that
% complex conjugates might have.
X
What to do:
1 Given z1=1—7 and 2z =2+ find:
a z* b =z € ()" d ()" e (z1+22)* f z"+2,"
* *
i * : * * z z
8 (z1—22)" h z;" — 2" i (z122)" | 22 k (—1> I L
z9 29
m (zf) n (z") o (%) P (z7)

2 Repeat 1 with z; and z; of your choice.

3 From 1 and 2 formulate possible rules of conjugates.

PROPERTIES OF CONJUGATES

From the investigation you
probably formulated the fol-

lowing rules for complex con- o (21+2)* =2 +2" and (21 —22)* = 2* — 25
jugates:

o (z%)*=z

i *
z1 z
o (z122)* = 2" X 2" and (z—) = Z—l*, 20 #0
®

e (2")*=(z*)™ forintegersn = 1,2 and 3

e z+z* and zz* arereal

Example 12

Show that (21 + 22)* = 2,* + z,* for all complex numbers z; and zs.
Let z1=a+bi and 2o =c+di Sz =a—bi and 2z =c—di
Now zi1+zm=(a+c)+(b+d)i .. (z21+2) =(a+c)—(b+d)
=atc—bi—di
=a—bi+c—di
— Z1* —|—Z2*

EXERCISE 8B.4

1 Show that (21 —22)* = 2;* — 2," for all complex numbers z; and 2.

2 Simplify the expression (w* — z)* — (w — 2z *) using the properties of conjugates.
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3 It is known that a complex number z satisfies the equation z* = —z.
Show that either z is purely imaginary or zero.

Example 13

Show that (z122)* = 2;" X 2" | Let 2z =a+bi and 2z =c+di
for all complex numbers z; o 2172 = (a+bi)(c+ di)
and 2. = ac + adi + bei + bdi?
= [ac — bd] + ilad + bc]
Thus (z122)* = [ac — bd] — i[ad + bc]
Now z* X 2" = (a— bi)(c — di)
= ac — adi — bci + bdi*
= [ac — bd] —i[ad + bc] ...... )
From (1) and (2), (#z122)* = 21" X 25"

L If z1=a+0bi and z9 =c+di:
zZ1 . . 21 : Zl*
a find — (inform X +Y4) b showthat ( —) = — forall z; and 2z, # 0.
22 22 29
2\° z21\"
5 An easier way of proving <—1> = i* is to start with <—1> X 2Zo".
Show how this can be done, remembering that you have already proved that
“the conjugate of a product is the product of the conjugates” in Example 13.

6 Prove that for all complex numbers z and w:
a zw* 4 z*w is always real b zw* —z*w is purely imaginary or zero.
7 a If z=a-+bi find 22 inthe form X +Yi.

b Hence, show that (22)" = (2*)® for all complex numbers 2.
¢ Repeat a and b but for 2 instead of 22.

-1
w = zz* ) where z = a + bi. Find the conditions under which:
a wis real b w is purely imaginary.

CONJUGATE GENERALISATIONS

Notice that (21 + 22 + 23)* = (21 + 22) * + 2,° {treating z; + 22 as one complex number}
= Zl* + 22* + 23* ...... (1)

Likewise (21 + 22+ 23+ 24)* = (21 + 22+ 23) " + 24
=2 + 25" + 25" + 24 {from (1)}

Since there is no reason why this process cannot continue for the conjugate of 5, 6, 7, ....
complex numbers we generalise to:

(214 22+ 23+ ...... +zn)* =2 2 2+ + 2z
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The process of obtaining the general case from observing the simpler cases when
n=12 3,4, ... is called mathematical induction.

Proof by the Principle of Mathematical Induction is an exercise that could be undertaken after
the completion of Chapter 10. This is a more formal treatment and constitutes a proper proof.

EXERCISE 8B.5
1 a Assuming (2z122)* = 21" z,", explain why (z12223)* = 2" 25" 25"
b Show that (2z1202324)* = 2% 25 25" 2, from a.
¢ What is the inductive generalisation of your results in a and b?
d What is the result of letting all z; values be equal to z in ¢?

SUMMARY OF CONJUGATE DISCOVERIES

e If z is any complex number then z 4 z* is real and zz* is real.
o (z%)*=2z
e If z; and 2z, are any complex numbers then

(714 22)* =2+ 2" and (21 —22)* = 2" — 25"

and (z122)* = 2 2,* and <ﬂ) =
22
o (2")"=(2*)" for all positive integers n
o (z1+z2+23+..... +zn) =2t 2 2+ + 2z,

*
n

"o REALPOLYNOMIALS

Up to this point we have studied linear and quadratic polynomial functions at some depth
with perhaps occasional reference to cubic and quartic polynomials.

2
Zy

and (212223....2n) " = 27" 29" 25" ... 2

Some definitions:

The degree of a polynomial is its highest power of the variable.

Recall that:

Polynomials Degree Name
a, b, ¢, d and e are all ar+b, a#0 1 linear
constants. ar’ +br+c, a#0 2 quadratic
ax® +brx®> +cr+d, a#0 3 cubic
ar* +bxd +cx? +dx+e, a#0 4 quartic

a is the leading coefficient and the term not containing the variable z is called the constant
term.

A real polynomial has all its coefficients as real numbers (i.e., do not contain ¢

where ¢ = +/—1).
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OPERATIONS WITH POLYNOMIALS (REVIEW)

We are familiar with the techniques for adding, subtracting and multiplying with polynomials.

ADDITION AND SUBTRACTION

To add (or subtract) two polynomials we add (or subtract) ‘like terms’.

It is a good idea

|_Example 14 | t0 place

3 2 . 3 2 . brackets around
If Plz)=2°—-22°+3x—-5 and Q(z)=2z">+2*—11 find: expressions
a P(z)+Q(z) b P(z) - Q) which are
subtracted.
a  P(z)+Q(2) b P(z) - Qz)
= 22-222+3z-5 =% —22% + 3z — 5 — [223 + 2% — 11]
+ 223 + 22 —11 =22 —2224+3z—-5—223 —z2+ 11
=323 —22+32—16 = —23-322+32+6 =
e —24

SCALAR MULTIPLICATION

To multiply a polynomial by a scalar (constant) we multiply each term of the
polynomial by the scalar.

Example 15
If P(x)=z*-223+42z+7 find: a 3P(x) b —2P(x)
a 3P(z) b —2P(x)
=3(z* - 223 +4z2+7) =-2(z* - 223 + 42+ 7)
= 3zt — 62 + 122 + 21 = -2z + 4% — 8z — 14

POLYNOMIAL MULTIPLICATION

To multiply two polynomials, we multiply every term of the first polynomial by
every term of the second polynomial and then collect like terms.

Example 16

If Plx)=23-2x+4 and Q(x)=222+3z—5, find P(x)Q(z).

P(z)Q(x) = (23 — 2z +4)(22% + 3z — 5)
= 23(22% + 3z — 5) — 2x(22% + 3z — 5) + 4(22% + 3z — 5)
= 225 + 3z — 523
—4z3 — 622 + 10z
+8z2 + 12z — 20
= 225 + 3z* — 923 + 222 4 222 — 20
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EXERCISE 8C.1

1 If Pl)=2?+22+3 and Q(x)=4z%+5z+6, find in simplest form:
a 3P(z) b P(z)+Q(x) ¢ Plx)-2Q(@) d P)Q(x)

2 If flz)=22—-2+2 and g(x)=23—-3x+5, findin simplest form:
a  f(z)+g() b g(z) - f(z) ¢ 2f(z)+39(z)
d g(z)+af(z) e [flz)g(x) f [f@)?
3 Expand and simplify:
a (z2-2r+3)(2zx+1) b (x—1)%(2%+3z—-2)
¢ (z+2)3 d (222 —z+3)?
e (2z—1)* f (Bz—2)22zx+1)(z—4)

SYNTHETIC MULTIPLICATION

Polynomial multiplication can be performed using the coefficients only.

For example, for (23 + 2z — 5)(2z + 3) we detach coefficients and multiply as in
ordinary multiplication of large numbers.

1 0 2 ) «— coefficients of 3+ 2z —5
X 2 3 <— coefficients of 2x + 3

3 0 6 —-15
2 0 4 -10
2 3 4 -4 —15

So (2% +2z—5)(2z+3)

v r v 7 A
O R J T constants =22* + 3z° +4x° — 4x — 15.

L Use the method above to find the following products:

a (222 -3z+5)(3z—1) b (422 —z+2)(2z +5)

¢ (222 +3z+2)(5—1) d (z-2)2%2z+1)

e (22 -3x+2)(222+4x—1) f (322 — 2 +2)(52% + 22 - 3)
g (z22-2+3)2 h (222 + 2 —4)?

i (2z+5)3 i (23 + 2% —2)?

DIVISION OF POLYNOMIALS

The division of polynomials is a more difficult process. We can divide a polynomial by another
polynomial using an algorithm (process) which is very similar to that used for division of
whole numbers.

The division process is only sensible if we divide a polynomial of degree n by another of
degree n or less.

DIVISION BY LINEARS

Consider (22?2 +3z+4)(x +2) + 7.
If we expand this expression we get (222 + 3z +4)(z + 2) + 7 = 223 + 722 + 10z + 15.
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Now consider 2z + 722 + 10x + 15 divided by z +2
203 + 722 + 102 +15 (222 + 3z +4)(x +2)+7

hes x+2 x+2
2m3+7x2+10$+15_(2x2+3x+4)M+ 7
T+ 2 N a2 T+ 2
223 + 722 + 102 + 15 7
x® + Tx* + 10z + s 1 3p A
T+ 2 T+ 2

g remainder

We compare this with 22 =2 4 .
£ 9~ divisor

quotient

DIVISION ALGORITHM

Division may be performed directly using the following algorithm (process):

222 43z +4 Step 1:  What do we multiply x by to get 223 ?
42 | 223 +722 +10z +15 Answer 2z2.
—(22% +42?) Then 2z22(x + 2) = 223 + 422
=
3z% +10z
a2 Step 2:  Subtract 223 +42? from 223+ 722
(3z* + 6x) .
The answer is 3z~.
4z +15 . .
—(4z +8) Step 3:  Bring down the 10z to obtain 322 + 10x

B and ask the question, “What must we
T multiply x by to get 3222 Answer 3z.

Then 3z(z +2) =3z? + 6z etc.

3 2 t
s IS s constants

This result is easily achieved by leaving 2 3 4
out the variable. 1 22 7 10 15
-2 9
3 10
-3 6
4 15
—4 3
7

223 241 1
x° 4+ Tr + 10x + 5:2x2+3x+4+ 7

Either way, ; npt
xr X
where 1z + 2 is called the divisor,
222 + 3z +4 s called the quotient,

and 7 is called the remainder.

In general, if P(z) isdividedby axz-+b untila constant remainder R is obtained,

P(x) R
ax—}—b_Q(x)_'_aa:—l—b

where ax + b is the divisor,
Q(z) is the quotient, and
R is the remainder.

Notice that P(z) = Q(x) x (ax +b) + R.
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Example 17

3_ 2
: . ) z°—z°—3z—H
Find the quotient and remainder for

x—3
z? +2x +3
z—3 | 22 — 22 -3z -5
—(z® —322) |
2x2 3z
—(22% —62)
3r —5 . 5 . .
—(3z —-9) .. quotientis z* + 2z + 3 and remainder is 4.
4 3 2
—z=—3z—5 4
Thus £ —2 < =22 +2r+3+ ——
z—3 z—3

So, x> —2?2-3z—-5=(22+2z+3)(x—3)+4.

(Check by expanding and simplifying the RHS.)

EXERCISE 8C.2

1 Find the quotient and remainder for:

x2+2x—3 b 22 —5x+1 . 223 + 622 — 4z + 3
T+ 2 z—1 Tz —2
2 Perform the divisions:
2 —3x+6 b x? +4r — 11 ] 2202 — Tx 4+ 2
r—4 r+3 T —2
d 223 + 322 — 3z — 2 . 322 + 1122 + 8z + 7 p 2t — a3 — 22 4+ Tx 44
20 + 1 3r—1 2x + 3

Example 18

4 2 Notice the insertion
xz* 4+ 2z° —1
Perform the division ——m8 . 3
Z+3 of 0z and Oz.
Why?

\
z? —3z2 +11z —33 \ /
g/

r+3 | zt 4023 4222 + 0z —1

—(z*  +34%) |
—32% 4222 4
_(_3333 —9x2) - %
——— a5
1122 + Ox 08
—(1122 +33z) — 23 —3z2 £ 11z — 33+ —

z+3
—33z —1
—(—33z —99) So, zt+22 -1

98 = (23 — 32% + 112 — 33)(x + 3) + 98
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3 Perform the divisions:

s 245 b 222 + 3x . 32 +2x—5
T —2 z+1 T+ 2

d 23+ 222 — 5r 4+ 2 . 23 — ¢ 2 +22 -5
r—1 T+ 4 z—2

DIVISION BY QUADRATICS

As with division by linears we can use the division algorithm to divide polynomials by
quadratics. Notice that the division process will stop when the remainder has degree less than
that of the divisor,

P(z)
a2 +bx+c

ex + f

:Q(x>+ax2+bx+c

ie.,

The remainder could be linear if e # 0 or constant if e = 0.

Example 19

Find the quotient and remainder for

gt +4ad —x+1

2 —g 11
2 +5x +4
2 —z+1 | xt 4423 4022 —z +1
—(z* —23 + 2?) l
55° —z? —x . quotientis 224 5x +4
(R332
(52° —52® +52) and remainder is —2x — 3

422 —6x +1

— (42 —4z +4) So, zt+4x3—z+1
“ow 3 =(@?—-z+1)(x?+5x+4)—22z—3

EXERCISE 8C.3

1 Find the quotient and remainder for:

3+ 222 +x—3 b 3x2 —x . 33+ —1 T —4
224z +1 2 —1 241 2420 —1

2 Carry out the following divisions and also write each in the form
P(z) = D(2)Q(z) + R(z):

s 2 —x+1 b x3 . rt+322+2 -1
224+z+1 2+ 2 22—z +1
23—z +6 o xt f 2t =283 +x+5

(x —1)2 (x+1)2 (x —1)(x+2)

3 P(z)=(z—-2)(2®>+22+3)+7. Whatis the quotient and remainder when P(z) is
divided by = — 2?
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SYNTHETIC DIVISION (Optional)

When dividing a polynomial by a factor of the foom x —k or x4+ k a quick form of
division is possible, and this process is known as synthetic division.

For example, consider the division of 223 + 72? + 10z +15 by =z +2.
We set up the following:

Step 1:

-2 ’ 2 7 10 15 ‘ <—| coefficients of P(x) |

On dividing by = + 2
we write — 2 here.

Step 2: —2 2 710 15 This number is
4) s the product of
- the two shaded
0 is always 2 numbers
written here. add
Step 3: Repeat the process: —9 ) 7 10 15
Continue adding (b /—l4 .6 /4 8
then multiplying 2 3 4 T 7 <—remainder
across the array. quotient

223 241 1
x° + 7z° + 10z + 5:2$2+3$+4+L

Step 4: .
P T+ 2 T+ 2

To see why this produces the required result examine the following.

3 —x2—-3x—5

4
In Example 17 we showed: =z?+2z+3+ s {division algorithm}
m —_—

r—3
2 42z +3 1 2 3—
$—3|x3 —22 -3z -5 |1—1 -3 =5
—(x® —3x22)
202 -3z
— (222 —6) or
3r —5
—(3z —9)
4
Examine: 311
0
1

A more rigorous argument might be worth considering.

Suppose P(z) = azx® + asx® + a;x +ag is dividledby x —k to give a quotient of
Q(x) = box® + byz + by and a constant remainder R,
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a3w3 +CLQ$‘2 T aT a0 = ngL‘ +b1$+b0 + i
x—k —k
azx® + axx? + a1 + ag = (bax? + b1z + bo)(x —-k)+R
azx® + asx? + a1 + ag = box® + [by — kbg]x? + [by — kbi]x + [R — kby]
az = bz, ag = bl — kbg, a; = bo - kbl, ag = R — kbo
by =as, b =as+kby, bg=ai; +kbi, R=ag+ kb,
which can be set up in the following array, k

1e.,

as as aj ag
0 kby kbi kb
ba b1 bo| R

Example 20

Carry out the division: 211 =2 0 3
5 ) 0 -2 8 -—16
x° — 2z aF 3 1 —4 8 | —13
T+ 2
— 212 1
T e +3 L2 g —13
e =2 a8 <= 2
1
ie,=x%—4x+8— —3
T+ 2
EXERCISE 8C.54
1 Use synthetic division, or otherwise, to divide:
322 -2 -3 b 22 +522 +6x+5 . 322 —z+2
z—1 x4+ 3 z+1
%+ 27 2 —223 422 -4 2422 -2
d e f —
r+3 z—3 z+1
2 Find P(xz) for the following synthetic divisions:
a 2 P(z) b -3 ‘ P(z)
'3 -2 1[4 I -7 8]-5
ROOTS AND ZEROS

A zero of a polynomial is a value of the variable which makes the polynomial equal to
zero. The roots of a polynomial equation are values of the variable which satisfy the
equation, i.e., are its solutions.

The roots of P(x) =0 are the zeros of P(x).

If z=2, 23+ 222 — 32— 10
=8+48—-6-10 . 2isazeroof %4222 —3x—10
=0 and 2isarootof z2+422%2—3z—10=0.
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Note: « is a zero of polynomial P(z) < P(a)=0.
« is a root (or solution) of P(z) =0« P(a) =0.

Example 21

Find the zeros of: a 22 —4x + 53 b 23+32
a We wish to find x such that b  We wish to solve for z such that
2 —424+53 =0 22+32=0
Y RV (I e, 2(:2+3)=0
’ ‘ 2 ie, z(z+4v3)(z—1iv3) =0
a;:4i214’:2i7z’ s z=0or+iV3

If Pl) = (zx+1)(2z—1)(x+2), then (x+1), (2z —1) and (x + 2) are its linear
factors.

Likewise P(z) = (z+3)?(2z+3) has been factorised into 3 linear factors, one of which
is repeated.

In general, (z—«) isa factor of polynomial P(z) < there exists a polynomial Q(x)
such that P(z) = (z — a)Q(x).

EXERCISE 8D.1

1 Find the zeros of:

a 222 —5x—12 b z224+62+10 ¢ 22-62+6
d 23 —4x e 2342z f2t4+42-5
2 Find the roots of:
a 5rx2=3z+2 b (2z+1)(2*+3)=0 ¢ —22(22-22+2)=0
d 22 =5z e 22452=0 f 24=322410
What are the linear factors of: a 2z2+4z+9 b 223 +522—32?
a 2244249 is zero when b 22° + 522 — 32
2
44+ 16 — 4(1)(9) . = 2(22 + 5z — 3)
2= 2 =-2+iV5 =2z2(22—-1)(2+3)
22 +42+9=(z— [-2+iVE])(z — [-2 — iV5])
= (2 +2—iV5)(z + 2 +i/5)

3 Find the linear factors of:
a 222—7x—15 b 22-62+16 ¢ x3+222 —4x
d 623 —22-22 e z*—622+45 f 24—22_-2
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4 If P(z)=a(r—a)(x—pF)(x—+) then o, § and +y are its zeros.
Check that the above statement is correct by finding P(«), P(3) and P(y).

Example 23

Find all cubic polynomials with zeros %, —3 £ 2.

The zeros —34+2; have sum=-3+2¢—3—2i=—6 and
product = (=34 2i)(—3 —2i) =13
and .". come from the quadratic factor 22 + 6z + 13
% comes from the linear factor 2z — 1
P(2) =a(2z—1)(22+62+13), a#0.

5 Find all cubic polynomials with zeros of:
a £2,3 b -2, +i ¢ 3, -1+ d -1, 242

Find all quartic polynomials with zeros of 2, —%, —1++/5.

The zeros —1++/5 have sum=-1++v5—-1—+5=—-2 and
product = (—1++5)(-1—-+5)=—4
and . come from the quadratic factor 22+ 2z — 4
zeros 2 and —3 come from the linear factors (z — 2) and (3z + 1)
P(z)=a(z—2)(3z+1)(22+22—4), a#0.

6 Find all quartic polynomials with zeros of:
a 41, +2 b 2, -1, +iv/3 ¢ +£/3, 1+i d 2++5, -2+ 3i.

POLYNOMIAL EQUALITY

Polynomials are equal if and only if they generate the same y-value for each z-value. This
means that graphs of equal polynomials should be identical.

Two polynomials are equal if and only if they have the same degree (order) and
corresponding terms have equal coefficients.

For example, if 2x% + 322 —4x+ 6 = ax® +bx® +cr +d, then
a=2, b=3, c=—-4 and d=06.

EQUATING COEFFICIENTS

If we know that two polynomials are equal we can use the principle of ‘equating coefficients’
in order to find unknown coefficients.
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Find constants a, b and ¢ given that:
623 + 722 — 192 +7 = (22 — 1)(az? + bz +¢) for all z.

If 62%+ 722 — 192+ 7 = (22 — 1)(ax?® + bz + ¢)
then 6x3 4 7z? — 192 + 7 = 2ax® + 2bx + 2cx — ax® — bz — ¢
ie, 6x3+ 722192+ 7 =2az3+[2b—a]z? + [2c—blz—¢
Since this is true for all x, we equate coefficients
20=6, 2b—a=7, 2¢c—b=-19 and 7= -—c
S—— S—_—

z%s z%s zs constants

a=3 and ¢= —7 and consequently 20 —3=7 and —14—b=—19

b=5
So, a=3, b=5 and c=-T. in both equations

EXERCISE 8D.2
1 Find constants a, b and ¢ given that:
a 222 +4r+5=az?+[2b—6lx+c forall z
b 22 —22+6=(z—1)%2r+a)+bx+c forall z.

Example 26

Find a and bif 2% +9=(2%2+az+3)(22 +bz+3) forall .

22 +9=(224+az+3)(22+bz+3) forall z
224+ 9 =244 bz3 4+ 322
+az3 + abz? + 3az
+322+3b2+9

ie, 24+9=2"+[a+0b]2%+[ab+6]22+ [3a+3bz+9 forall 2

a+b=0 ... (1) {23s}
Equating coefficients gives ab+6=0 ... @) {2%s}
3a+3b=0 ... 3) {zs}
From (1) (and (3)) we see that b= —a
So, in (2) a(—a)+6=0
a’>=6

a==+v6 andso b= F6
ie, a=+v6, b=—-v6 or a=—-v6, b=+6

2 Find @ and b if:
a 224+4=(2%2+az+2)(2* +b2+2) forall 2
b 2244523 +422 4+ T24+6= (22 +az+2)(222 +bz+3) forall 2
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3 Show that z* 464 can be factorised into two real quadratic factors of the form

x+3 isa factor of P(z) =23+ az? — 7Tz +6. Find a and the other factors.

224az+8
of the form

and 22 +bz+8, but cannot be factorised into two real quadratic factors
22 +az+16 and 2% +bz+4.

Find real numbers a and b such that z* — 422 + 8z — 4 = (22 + az + 2) (2% + bz — 2),

and hence solve the equation z* + 8z = 422 + 4.

As z 4+ 3 is a factor then
3+ ax? —Tx+6 = (z+3)(2? + bz + 2)
B —
=23 +b2x? + 22+ 322 + 3bx + 6
=23+ [b+3]z* +[3b+ 2]z +6
Equating coefficients 3b+2= -7 and a=0b+3
S b=-3 and . a=0
P(z) = (z+3)(2? —3z+2)
=(x+3)(z—1)(z—-2)

5

a 2z—3 isafactorof 223 —2%2+az—3. Find a and all zeros of the cubic.
b 3z+2 isa factor of 323 —22+[a+1]z+a. Find a and all the zeros of the cubic.

Example 28

2¢r+3 and x—1 are factors of 2z* + az® — 322 + bx + 3.
Find a and b and all zeros of the polynomial.

Since 2x +3 and x — 1 are factors then
2z* + az® — 322 + bx + 3 = (22 + 3)(z — 1) (a quadratic)

=222 +z-3) (x> +cx—1
( \22:4}('\3/' )

Equating coefficients of 22 gives: —3I=—2=c—3
e, c=2
Equating coefficients of z3: a=2c+1
a=4+1=5
Equating coefficients of x: b=-1-—3c

h==l=8==T7
and P(z) = (2 +3)(z — 1)(® + 2 — 1) which has zeros of:

—3,1 and 5

i.e., zeros are —%, 1 and —1++v2.

2+ /T 4D D _ —2i22\/§=_1iﬁ
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6 a Both 2r+1 and x—2 are factors of P(x)=2z*+ ax®+ bx? — 122 — 8.
Find a and b and all zeros of P(z).

b z+3 and 2x—1 are factors of 2z* + az® + b2? + ax + 3.
Find a and b and hence determine all zeros of the quartic.

7 a x3+3x%2—9x+ ¢ has two identical linear factors. Prove that ¢ is either 5 or —27
and factorise the cubic into linear factors in each case.

b 323 + 422 — £ +m has two identical linear factors. Find m and find the zeros of
the polynomial in all possible cases.

THE REMAINDER THEOREM

3 4+52% — 11z 43
Consider the following division: rtor T .

We can show by long division that

T —2
34522 —11 3 9 -~ remainder.
C o Y Pt Te+3 + -
x—2 -2
i.e., on division by x — 2 its remainder is 9.
Notice also that if P(z) = 2® + 522 — 11z + 3
then P(2)=8+20—-22+3

=9, which is the remainder.

After considering other examples like the one above we formulate the Remainder theorem.
THE REMAINDER THEOREM

When polynomial P(z) is divided by x — k until a constant remainder R is
obtained then R = P(k).

Proof: By the division algorithm, P(z)=Q(z)(x —k)+ R
Nowif z=*k  P(k)=Qk)x0+R
' P(k) = R

Example 29

Use the Remainder theorem to find the remainder when % — 323 + 2 — 4
is divided by =z + 2.

If P(z)=ax*-32%+xz—4, then

P(=2) = (-2)* = 3(-2)° + (-2) -
—16+24—2—4
—34

when P(z) is divided by =+ 2, the remainder is 34. {Remainder theorem}

It is important to realise when doing Remainder theorem questions that
P(z) = (z+2)Q(z)+3, P(—2)=3 and ‘P(z) divided by x+2 leaves a remainder
of 3’ are all equivalent statements.
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EXERCISE 8D.3

1 Write two equivalent statements for:

a If P(2)=7, then ... b If P(z)=(z+3)Q(x)—8, then ......
¢ If P(z) when divided by = —5 has a remainder of 11 then ......

2 Without performing division, find the remainder when:
a 234222 -7z +5 isdividedby z—1
b 2% —222+3x—1 isdivided by z + 2.

3 Find a given that:
a when 2% —2z+a isdividedby z —2, the remainder is 7
b when 22%+ 22 +axr—5 isdividedby z+ 1, the remainder is —8.

4 Find a and b given that when 23 + 222 +azx+b isdividledby z—1 the remainder
is 4 and when divided by z + 2 the remainder is 16.

5 If 22" +ax?> -6 leaves a remainder of —7 when divided by = —1 and 129 when
divided by x4+ 3, find a and n.

Example 30

When P(z) is divided by z? — 3z + 7 the quotientis z? +x — 1 and the
remainder is unknown. However, when P(z) is divided by = —2 the remainder
is 29 and when divided by z + 1 the remainder is —16. If the remainder has the
form ax + b, find a and b.

As the divisoris 2 — 3z + 7 and the remainder has form az + b,
then P(z)=(z®+z—1)(2> -3z +7)+az+b
——
Q(z) D(z) R(z)
But P(2) =29 and P(-1)=—16 {Remainder theorem}

S (2242-1)(22-6+T7)+2a+b=29
and ((—=1)2+(=1) = 1)((-=1)2=3(=1)+7) + (—a+b) = —16

(5)(5) + 2a + b = 29
{(—1)(11) —a+b=—16

20+b=14
—a+b=-5

Solving these gives a =3 and b= —2.

6 When P(z) isdividedby 2?—3z+2 the remainderis 4z —T.
Find the remainder when P(z) is divided by: a z—1 b z-2.

7 When P(z) isdividedby z+1 the remainder is —8 and when divided by z—3 the
remainder is 4. Find the remainder when P(z) is divided by (z —3)(z+1).

8 If P(z) isdividedby (z—a)(z—0), P(b) — P(a)
prove that the remainder is: b—a X (z —a) + P(a).
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9 If P(x) isdividedby (z —a)?, prove that the remainderis P’(a)(z —a)+ P(a),
where P’(z) is the derivative of P(z).

An immediate consequence of the Remainder theorem is the Factor theorem.
THE FACTOR THEOREM

k is a zero of P(z) < (z — k) is a factor of P(x).

Proof: £ is a zero of P(x) < P(k)=0 {definition of a zero}
& R=0 {Remainder theorem}
& P(z) = Q(z)(x — k) {division algorithm}

< (x — k) isa factor of P(z) {definition of factor}

The Factor theorem says that if 2 is a zero of P(x) then (x —2) is a factor of P(x)
and vice versa.

Example 31

Find k given that = — 2 is a factor of 2% + kx? — 32+ 6 and then fully
factorise a3 + ka? — 3z + 6.

Let P(z) =23+ kz? -3z +6
By the Factor theorem, as = — 2 is a factor then P(2) =0
23+ k22 -3(2)+6=0
8+4k=0 andso k=-2
Now 23 —222 -3z +6 = (z — 2)(z? + az — 3)

Equating coefficients of 2 gives: —-2=—-2+a ie, a=0
Equating coefficients of « gives: —3=-2a—3 ie, a=0
3 —222 - 3z+6 = (z —2)(z? - 3)
(z = 2)(z +V3)(z —V3)
or Using synthetic division 2 k -3 6

1
0 2 2k+4 4k +2
1 k+2 2k+1|4k+8
P(2) =4k +8 andsince P(2)=0, k=-2
Now P(z) = (z —2)(2® + [k + 2]z + [2k + 1))
= (- 2)(a* ~3)
= (z - 2)(z +v3)(z —3)

EXERCISE 8D.4

1 Find k and hence factorise the polynomial if:
a 222+ 22+4+kxr—4 has a factor of z + 2
b z*—3x3 — k2?2 + 6z has a factor of = — 3.



182

COMPLEX NUMBERS AND POLYNOMIALS (Chapter 8)

2 Find a and b given that 223 + ax? + bxr +5 has factors of z —1 and x + 5.

3

b

3isazeroof P(z)=2%—22+[k—5]z+[k* 1]

Find & and hence find all zeros of P(z).

Show that z — 2 is a factor of P(z) = 2% + m2? + (3m — 2)z — 10m —4 for
all values of m. For what values of m is (z —2)? a factor of P(z)?

3 3

Consider P(z)=z® —a® where a is real.

i Find P(a). What is the significance of this result?
i Factorise 2® —a® as a product of a real linear and quadratic factor.
Now consider P(z) = 2® +a®, where a is real.
i Find P(—a). What is the significance of this result?

ii Factorise 2+ a® as a product of a real linear and quadratic factor.

Prove that “x +1 isa factorof 2" +1 <& nisodd”
Find real number @ such that = —1—a is a factor of P(x) = 2 — 3ax — 9.

13 GRAPHING POLYNOMIALS

In this section we are obviously only concerned with graphing real polynomials. Do you
remember what is meant by a real polynomial?

Graphing using a graphics calculator or the graphing package provided would be invaluable.

INVESTIGATION 2 CUBIC GRAPHING

\
QN
\(;

%)

@
%

Possible types to consider are: GRAPHING
PACKAGE m

A Dpel: P@)=alz-a)z-plz-7. a0 “F= 0O

P@)=a(z—a)(z—B)?% a#0
Bpe 3: P(z)=(x—a)(ax® +br+c), A=b*—4ac<0, a#0
P(z)=a(z—a)’, a#0

Type 2:

Type 4:

What to do: (Use transformations of Chapter 6 wherever possible)

=

Experiment with Type I graphs of cubics. Clearly state the effect of changing a (in
size and sign). What is the geometrical significance of o, 3 and ~?

Experiment with Type 2 graphs of cubics. What is the geometrical significance of the
squared factor?

Experiment with Type 3 graphs of cubics. What is the geometric significance of «
and the quadratic factor which has imaginary zeros?

Experiment with Type 4 graphs of cubics. What is the geometric significance of «?
Do not forget to consider a > 0 and a < 0.
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From

Example 32

Find the equation of
the cubic with graph:

the Investigation you should have discovered that:

If a>0, thegraphsshapels/\/ / if a<0 1t1s\/\ \

For a cubic in the form P(z) = a(zr — a)(z — B)(x —7) the graph has three
distinct x-intercepts o, § and v and the graph crosses over or cuts the x-axis at
these points.

For a cubic in the form P(z) = a(z — a)?(x — (3) the graph touches the x-axis
at « and cuts it at (.

For a cubic in the form P(z) = (x—a)(az?+bxr+c) where A <0 the graph

cuts the z-axis once only. The imaginary zeros do not show up on a real graph.

For a cubic of the form P(z) = a(z — )3, the graph has z-intercept v and at «

the tangent is horizontal and crosses over the curve at a.
All cubics are continuous smooth curves.

a The x-intercepts are —1, 2, 4 b  Touching at % indicates a squared
y=a(z+1)(z—2)(z—4) factor (3x —2)? and z-intercept
But when z =0, y = —8 is -3, .. y=oa(Bz-2)>%*(z+3)
a(1)(—-2)(—4) = -8 But whenz =0, y=6
oa=-1 So, a(—2)?(3)=6 and .. a=3
So, y=—(z+1)(z—2)(z—4) So, y=3(3z—2)%(z+3)
Note: e Given, where an z-intercept is not given, then

P(z) = (z —3)* (ax +b).
\H/—/
most general form of a linear

Note: P(x) =a(z —3)*(x+b) is
more complicated.

Y=

where there is clearly only one z-intercept
and that is given, then

P(z) = (z+1) (az® + bz +¢).

most general form
of a quadratic

What can you say about this quadratic?
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EXERCISE 8E.1

1 What is the geometrical significance of:
a asingle factor in P(x), suchas (z— )
b a squared factor in P(z), suchas (x — a)?
¢ acubed factor in P(x), suchas (x —a)3?

2 Find the equation of the cubic with graph:
a

passes through the point (1, —40).

Find the equation of the cubic which cuts the z-axis at 2, —3 and —4 and

Zeros of the cubic are 2, —3 and —4
y=alx—2)(z+3)(zx+4), a#0

So, the equationis y = 2(z — 2)(z + 3)(z + 4).

But when z =1, y=—40 sooa(=1)(4)(5)
—20a

—40

3 Find the equation of the cubic whose graph:

a cuts the z-axis at 3, 1, —2 and passes through (2, —4)

b cuts the z-axis at —2, 0 and % and passes through (—3, —21)

¢ touches the x-axis at 1, cuts the z-axis at —2 and passes through (4, 54)

d touches the z-axis at —%, cuts the z-axis at 4 and passes through (—1, —5).
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4 Match the given graphs to the corresponding cubic function:
a y=2xz-1)(z+2)(x+4) b y=—(z+1)(z—-2)(x—4)
¢ y=(z—-1)(xz—-2)(x+4) d y=-2x—-1)(xz+2)(x+4)
e y=—(z—1)(z+2)(z+4) f y=2x—-1(z—2)(z+4)

A y

4N

f =

1—4 12

ry

yl

C

F

by

16\ / _]\

X
12 -8
V

y

2N x
o

h

16

v

¥=

A A XY

5 Find the equation of a real cubic polynomial which cuts:

a the z-axis at % and —3, cuts the y-axis at 30 and passes through (1, —20)
b the z-axis at 1, touches the z-axis at —2 and cuts the y-axis at (0, 8)
¢ the z-axis at 2, the y-axis at —4 and passes through (1, —1) and (—1, —21).

INVESTIGATION 3

'Qj/ There are considerably more possible factor types for quartic functions, to
i—b} ,N consider. Instead we will consider quartics containing certain types of factors.
X
GRAPHING

N
What to do: SRAPHING m :

1 Experiment with quartics which have: ? G

four linear real factors
a squared real linear factor and two different real linear factors
two squared real linear factors
a cubed factor and one real linear factor
a real linear factor raised to the fourth power

one real quadratic factor with A < 0 and two real linear factors
two real quadratic factors each with A < 0.

QUARTIC GRAPHING

W =-n0 0 n o

From the Investigation you should have discovered that:

If a>0 the graph opens upwards.

a is the coefficient of z*
If a<0

the graph opens downwards.

Can you explain why?
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e If a quartic with a > 0 is fully factored into real linear factors, for:

» a single factor (x — «), the
graph cuts the x-axis at «

e.g. ¥

]

» a cubed factor (z — a)3, the
graph cuts the z-axis at a, but

is ‘flat’ at
e.g. @
A pis

e If a quartic with a > 0 has one real
quadratic factor with A < 0 we
could have

\

— l X

» a squared factor (z — a)?, the
graph touches the x-axis at «

€.g. a

y

» a quadruple factor (z — a)*,
the graph touches the x-axis
but is ‘flat’ at that point.

e.g. ¥
a

!

e If a quartic with a > 0 has two real
quadratic factors both with A < 0
we have

1.e., does
not cut the
T-axis.

Find the equation of the quartic
with graph:

\

Since the graph touches the

x-axis at —1 and cuts it at —3
and 3 then

y=a(z+1)%(x+3)(z —3)
But when =0, y=-3
-3 =14a(1)*(3)(-3)
—3 = —9a and so a:%

y = %(m—i— 1)%(z + 3)(z — 3)

EXERCISE 8E.2

1 Find the equation of the quartic with graph:

a b
' \ ']
=3 =1 X
D l T x 6

AL
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2 Match the given graphs to the corresponding quartic function:
a y=(z—-1%*z+1)(z+3) b y=-2x-1)%(z+1)(z+3)
¢ y=(z-1)(z+1)*z+3) d y=(@-D+1)>*z-3)
e y=—ta-Da+D@+3)? 1 y=—(e—1)@+1)@—3)

Find the quartic which touches the z-axis at 2, cuts it at —3 and also passes
through (1, —12) and (3, 6).

(x —2)? is a factor as the graph touches the z-axis at 2.
(x 4+ 3) s a factor as the graph cuts the xz-axis at —3.
So P(z) = (z —2)%*(z + 3)(axz + b) {(az + b) is required as the 4th factor}
Now P(1)=-12, . (-1)?4)(a+b)=-12 ie, a+b=-3 ... (1)
and P(3)=6, .. 1%(6)(3a+b)=6 ie, 3a+b=1 ... )
Solving (1) and (2) simultaneously gives a =2, b= —5

P(z) = (x — 2)*(z + 3)(2z — )

3 Find the equation of the quartic whose graph:
a cuts the z-axis at —4 and %, touches it at 2 and passes through the point (1, 5)
b touches the z-axis at % and —3, and passes through the point (—4, 49)
¢ cuts the z-axis at j:% and £2 and passes through the point (1, —18)

d touches the z-axis at 1, cuts the y-axis at —1 and passes through the points
(—1, —4) and (2, 15).
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Note: What happens to  P(z) = an2™ + ap_12" ' +..... + @12 + ag, an #0
a polynomial of degree n, n € N as |z| gets large? We consider, as |z| gets large,
really means as |z| — oo, i.e., as x — —oco and as x — +o0.

Now as |z| — oo, the term a,z" dominates the value of P(z) and the values
of the other terms become insignificant.

Hence if: e a, >0, and n is even, P(z) — 400, as & — 400
and P(z) — 400, as ¢ — —00

e a, >0 and n is odd, P(z) — 400, as & — 400

and P(z) > —oc0 as z — —o0

e a, <0 and n is even, P(x) —» —o0, as ¢ — +00

and P(z) — 400, as ¢ — —00

e a, <0 andn is odd, P(z) — —o0, as & — 400

and P(z) — 400, as n — —oo

Summary of facts you should have discovered so far about cubics with integer coefficients:

» Every cubic polynomial must cut the z-axis at least once and so has at least one
real zero. The other two zeros could be:

e real and rational e real and irrational and appear as radical conjugates
e imaginary and appear as a complex conjugate pair.
» Real zeros are z-intercepts, so a cubic can have:

e 3real zeros, or e 1 realand 2 imaginary or e 2 real zeros (one repeated)
for example: zeros, for example: for example:

For quartics with integer coefficients there are many more cases to consider.
Read the above summary for cubics and then construct a summary like it

for quartics. Cover all possible cases. Write a report which includes sketch
graphs. Could you do this for quintic polynomials, i.e., degree 5?

We will use a graphics calculator to find a rational zero for cubics and two rational zeros
for quartics.

Example 36

Find all zeros of P(z) = 3z® — 1422 + 5z + 2. j Ilf'
Using the calculator we search for any rational zero. /

In this case = = 0.666667 or 0.6 indicates

z=2 isazeroand .. (3z—2) isa factor RteseeE v

and so, 3z® — 1422 +52+2 = 3z —2)(z*> + az — 1)
=323 + [3a — 2]z + [-3 — 2a]z + 2
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Equating coefficients: 30 —2=—-14 and —-3—2a=5

ie, 3a=—-12 and —2a=28 m '
ie, a=—4 G

P(z) = (3z —2)(z2 — 4z — 1) GRAPHING

PACKAGE

which has zeros 2 and 2++/5 {quadratic formula} 1 )

Clearly, for a quartic P(xz) we need to identify two rational zeros before trying to find the
other two, which may be rational or complex.

EXERCISE 8E.3
1 Find all zeros of:
a 23-322-3x+1 b 23—3x2+4x -2
¢ 223 —322—4x—-35 d 223 —22+20x—10
e da* — 423 — 2522+ +6 f 2t — 6234 2222 — 482 + 40

Find all roots of 622 + 1322 +20x +3 =0

r = —0.166 66667 is a zero, thatis, x = —% 11:533.1332420343
(6x +1) is a factor
ie, (bz+1)(z2+ax+3)=0
Equating coefficients of z2: 1+ 6a = 13 —
6a=12 ie, a=2 B eeer  lv=o *

Equating coefficients of z: a+18=20

(6z+1)(22+20+3)=0 a=-2 or —1+iy2 {quadratic formula}

2 Find the roots of:

a 224+2224+32+6=0 b 2234322 -32z-2=0

¢ 22—-622+120—-8=0 d 223 +18 =522+ 92

e 2t —22-922 + 11z +6=0 f 22 — 1323 4+ 2722 =132 + 15
3 Factorise into linear factors:

a 23322442 -2 b 23 +32244x+12

¢ 223 —922 +62x—1 d 22 —422 +92 — 10

e 423 —8z2+2x+3 f 3zt + 423+ 522 + 122 — 12

g 22* -3z +522+6x—4 h 223+ 522 + 8z +20

4 The following cubics will not factorise. Find their zeros using technology.
a 22+22°2-62—6 b 23422-72x-8
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;| THEOREMS FOR REAL POLYNOMIALS

The following theorems are formal statements of discoveries we have made:

e Unique Factorisation theorem

Every real polynomial of degree n can be factorised into n complex linear factors,

some of which may be repeated. [Reminder: Real zeros are complex zeros. ]

e Every real polynomial can be expressed as a product of real linear and irreducible
quadratic factors (where A < 0).

o If p+qi (q+#0) is a zero of a real polynomial then its complex conjugate
p — qi 1is also a zero.

e Every polynomial of odd degree has at least one real zero. Why?

e All real polynomials of degree n have n zeros, some of which may be repeated.
These zeros are real and/or complex zeros that occur in conjugate pairs.
Be careful of the distinction between zeros and factors.

Example 38

If =3+ isazeroof P(z)=az®+92?+azr—30 where a is real, find a
and hence find all zeros of the cubic.

As P(xz) is real (coefficients are real) both —3 +4 and —3 — ¢ are zeros.
These have sum of —6 and product of (=3 4 ¢)(—3 —4) = 10

So, —344i come from the quadratic z2 + 6x + 10.

Consequently, ax®+ 922 + az — 30 = (22 + 6x + 10)(ax — 3).

To find a we equate coefficients of 22 and = o —<0
9=6a—3 and a=10a—18 and a =2 in both cases

a = 2 and the other two zeros are —3 — 4 and

the linear factor is (az —3) ie., (2z—3)

- N

EXERCISE 8F.1

1 Find all third degree real polynomials with zeros of —% and 1— 3i.

2 p(z) is areal cubic polynomial in which p(1) =p(2+4i) =0 and p(0)= —20.

Find p(z) in expanded form.

3 2—3i isazero of P(z) = 23+ pz+q where p and q are real. Using conjugate
pairs, find p and ¢ and the other two zeros. Check your answer by solving for p and ¢

using P(2 —3i) = 0.

4 3414 isarootof z*—223+4+az?+bz+10=0, wherea and b are real. Find a and

b and the other roots of the equation.
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Example 39

One zero of ax®+ [a + 1]z2 + 10z + 15, a € R, is purely imaginary.
Find a and the zeros of the polynomial.

Let the purely imaginary zero be bi, b # 0.

Since P(x) is real (coefficients are all real) —bi is also a zero.
For bi and —bi, their sum = 0 and product = —b%i? = b?
these two zeros come from 2 + b?.

So, az®+[a+ 1]z? + 10z + 15 = (2% + b?)(ax + E)

b2
ax>—>15
3 151 5 9
= ax® + =l z° 4+ b%ax + 15
15 -
Consequently a4+ 1 = i (1) and b°a=10 ... )
b%a +b*> =15 from (1)
10+b%2 =15
b2=5 andso b=++5
In(2), as b>=5, 5a=10 .. a=2.
. . 15 .
The linear factor is ax + =) ie., 2x+3

a =2 and the zeros are +i/5, —%.

5 One zero of P(z) = 2%+ az?> +32+9 is purely imaginary. If a is real, find a and
hence factorise P(z) into linear factors.

6 At least one zero of P(z) = 323 + kx? + 152 + 10 is purely imaginary. Given that
k is real, find k and hence resolve P(z) into a product of linear factors.

EXERCISE 8F.2 PROBLEM SOLVING WITH POLYNOMIALS
Use a graphics calculator or graphing package with this exercise.

1 A scientist working for Crash Test Barriers, Inc. is trying to design a crash test barrier
whose ideal characteristics are shown graphically below. The independent variable is the
time after impact, measured in milliseconds. The dependent variable is the distance that
the barrier has been depressed because of the impact, measured in millimetres.

VAU

120
100
80
60
40
20 ¢

Y 200 400 600 800

a The equation for this graph is of the form f(t) = kt(t — a)?. From the graph,
what is the value of a? What does it represent?
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b If the ideal crash barrier is depressed by 85 mm after 100 milliseconds, find the
value of k, and hence find the equation of the graph given.

¢ What is the maximum amount of depression, and when does it occur?

2 In the last year (starting 1st January), the volume of water (in megalitres) in a particular
dam after t months could be described by the model V (t) = —t3 + 30t? — 131t + 250.

The dam authority rules that if the volume falls below 100
ML, irrigation is prohibited. During which months, if any,
was irrigation prohibited in the last twelve months? Include in
your answer a neat sketch of any graphs you may have used.

Xmi 110 m
3 A ladder of length 10 metres is leaning up against a wall

such that it is just touching a cube of edge length one
metre, that is resting on the ground against the wall. —

What height up the wall does the ladder reach? 1o

Gl N INEQUALITIES

We have experienced at some depth what it means to solve an equation of the
type (1) f(z) =0 or type (2) f(z)=g(z).

Simply, it means we are finding all possible values of the pronumeral,  in this case, that
make the equation true.

Graphically, we can do this by graphing f(z) in type (1) and finding where the graph meets
the x-axis.

In type (2) we can graph f(x) and g¢(z) separately and find the z-coordinate(s) of the
point(s) of intersection.

Example 40

Solve for z: a ee=222+z+1 b e£>2:2+2+1

a We graph f(z) =€ y
and g(z)=222+z+1 30

using technology we see that

=0 and x = 3.21 are solutions 20
Note: 10
We need to be sure that ya o y=f(x)—g(x) \@
the graphs will not

meet again. We could
graph f(z) — g(x) and
find where the graph
meets the x-axis.

graph (1)
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b Using graph (1) above the solutionis z =0, x > 3.21

This is where the graph of f(x) meets the graph of g(z) or is higher than
the graph of g(z). We could even graph the
solution set - R b R

0 N
and could describe it as * =0 or z € [3.21, oo ‘L$3.21

=

Note:  When solving inequalities, only real number solutions are possible.

EXERCISE 8G.1

1 Solve for x:

a z2>4 b —22+4x+1<0 ¢ 22>4dx—4
-5 72

d 22(z—-2)<0 7953 I <1
7z -2) T+ 1 29— 3z

2 State the domain if f: x — 22 Inx. Hence find where f(z) < 0.

2
3 a Use technology to sketch the graph of f: z [— = — 2" —a+1,
x

b State the domain and range of this function.

2 2
¢ Hence find all z € R, for which ¢2* —=+1 > =

T
/ 1
L Let g: z— S— —.
x

1
a Solve 5> —- b Hence find real values of = for which g is real and finite.
T

Sometimes, we require exact solutions for an inequality and consequently may need to use
an analytical method for finding the solutions. Thus we need to remember some basic rules
for manipulation of inequalities. Below is a summary:

e If we add or subtract the same number to both sides of an inequality, the inequality
sign is maintained, ie., a>b = a+4+c>b+c.
e If we multiply or divide both sides by a positive number the inequality sign is

s . a b
maintained, ie., a>b ¢>0 = ac>bc and - > -.
c  c

e If we multiply or divide both sides by a negative number, the inequality sign is
. b
reversed, ie, a>b ¢c<0 = ac<bc and 4 < -.
c ¢

e If both sides of an inequality are non-negative we can square both sides,

maintaining the inequality sign, ie, a>b>0 = a%>b%
To solve inequalities using an analytical approach, the use of sign diagrams is most helpful.
SIGN DIAGRAMS

Sign diagrams give the signs (4 or —) of the function under consideration for all values
of z in the domain of the function.
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For example:

If y=22-22-3 If y=22-2r+1 If y=22-2r+4
=(z-3)(z+1) = (z—1)? =(x—12+3
\ [)’ / y y
-1 3% \ 4
- Vo1l X - e x
Sign diagrams: +_|1 -+, ¢ |1 + » + >
S . . 3r+2
Likewise, the rational function y = * +1 7
T —
has vertical asymptote z =1, and graph
horizontal asymptote y = 3 =
y=3
z-intercept —2 and :\2 >
. _§\ - =7 X
y-intercept —2 \
3 x:l
+ - +
with sign diagram: - — L 1 >
Reminders: ?

e The horizontal line of a sign diagram corresponds to the z-axis.

e The critical values (C.V.) are values of x when the function is zero or undefined
(dotted lines indicating vertical asymptotes).

A positive sign (+) corresponds to the fact that the graph is above the z-axis.
A negative sign (—) corresponds to the fact that the graph is below the z-axis.

When a factor has an odd power there is a change of sign about that critical value.
When a factor has an even power there is no sign change about that critical value.

For a quadratic factor axz? +bx +c where A = b — 4ac < 0;
ax? +br+c¢>0, forall zif a>0,
az? +br +c¢ <0, forallzif a<O.

Draw sign diagrams for:

[ So there is no C.V. from
][ this quadratic.

—z(x — 3)

: (x +2)3

(3—2z)(z+2)? b

(3 —2x)(z +2)? has critical First we substitute z = 10, say,

values % and —2
+

- |
=2
when z = 10, say

fla) == x + ==

+

W f—

g

to find the sign for x > %
3

® 3

comes from (3 — 2z)*
sign change
—2 comes from (z + 2)?

no sign change




COMPLEX NUMBERS AND POLYNOMIALS (Chapter8) 195

— -3 .. .
M has critical values 0, 3 and —2 is a VA value
(x+2)3
S e e {all f fact dd
~ 0 3 a po'wers of factors are o
isn @ =10, gy / signs alternate}
— X +
f(z) = f(z) <0
+
EXERCISE 8G.2
1 Draw sign diagrams for:
a 44—z 322 +x ¢ 24zx-12
d 22+4+2x—2 e —22+44x+1 f —22242-2
r—2 3—x
—x(1 — 2 1 h i
o 2 )Rz +1) 3+x : 2¢ + 1
2
| dr—4—a? K 2%z —2) | set?)
rz—1
m 223 —52? + 10z n 3—x)(z?+2) o z*-5z%+4
v 5 g S
S — T T 2 3z

SOLUTION SETS
We adopt the following procedure:

e Make the RHS zero by transferring all terms on the RHS to the LHS.
e Fully factorise the LHS.
e Draw a sign diagram of the LHS.
e Ask the question. (e.g., For what values of z is ...... < 0?)
1
Solve for x: Since Ooh s > 5
=1 = 1l
33r:+1> 3z 3241 32 -
g=1 = @l z—1 z+1
Bz +1)(x+1) —3z(x—1)
>0
(x—1)(z+1)
Tr+1 =0
(x—1)(xz+1)
Discussion: Sign diagram of LHS is:
Why can’t we 5 | :
cross multiply at - __51 + —— 1 .
the first step? 7
Thus —-1<z<-% or z>1
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EXERCISE 8G.3

1 Solve for z:

z+3

a (2z-572%*z+3)<0 b 22>4x+7 < - 2>2
d 3:16—1—1<1 e P> f 2x—3< 2z
2—x x+2 r—2
2
g >~ h a2l i <1
T T 3r—2

2 The equation kx?+2x — (k+1) = 0 has complex roots. Find the possible values of k.

3 Find the exact values of = for which e2* + 2¢® > 6 + 3¢”.

s .
The modulus of z, |z| is defined by: x| ={ if x>0 g TER
—z if z<0
PROPERTIES OF |z|, x € R
e |z| is the distance from 0 (zero) e |z| =+x2 forall x, and thus
to x on the number line. | xQ} — 3 Pl o
e |z| >0 forall z. e |z| >z forall z.
o |—z|=|x| forall z. e |zy| =|z||y| for all z and y, and
Yl = m for all z and for all y # 0.
yl oyl
o |z"| = |z|" for all integers n. o |z+y|<|z|+|y|] forall x andy.
o |z—y|>|z|— |yl forall z and y. e |z —a| is the distance between z and

a on the real number line.

lz -yl = |y — =

The first five of these properties are clearly true from the basic definition of |z|.

The others require proof and will be covered in the chapters on Mathematical Induction
(Chapter 10) and Complex numbers (revisited Chapter 16).

f(x) if f(z) >0

“f@) if flx) <o S Chapter6F

Consequently, |f(z)| = {

As both sides are positive in 2|z —1]

Find exactly where 2|z —1| > |3 — z].

3 — |
we square both sides to get 4|z — 1]* > [3 — z|?
4z—12-(B3-2)220 {as |af>=a2 forac R}
Rz-1)+B-2)2z-1)-0B-2)] >0
(x4+1)(3z—5) >0

>
=

critical values (CV’s) are = = —1, % with sign diagram: L

r< -1, z2> % (check with graphics calculator)
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EXERCISE 8G.4
1 Solve:
a |r—3|<4 b 2z-1]<3 ¢ [Bz+1>2 d |[5—-2z[>7
2 3
e |z|>2—2 f 3lz/<[1-22] g |—==|>3 TS,
z—2 z—1

Example 44 .
= Solve graphically: |1 —2z| > = + 1.

We draw graphs of y =|1—2z| and y=x+1 on the same set of axes.

1-2¢ for 1-22>0, ie, <3
y=|[1-2z]= . 1
—1+2z for 1-2xr<0, ie, >3
4
y=x+l Now |1 —2z|>z+1
when the graph of y = |1 — 2x| lies
. above y =z + 1,
I S x<0 or xz>2.
2
y ie, £€]—-00,0[ or z€]2, 00]

2 Solve graphically:
a [2zr—-3|<z b 2z-3<|z| ¢ |gP—z[>2 d |z|]-2>]4—2z

3 Graph the function f(z) = ﬂf and hence find all values of = for which ‘L|2 > -1
xr — Tr —
4 a Draw the graph of y = |z 45|+ |z + 2|+ |z|+ |z —3|.
b
A—2P Q Q R B
=5 -2 3

P, Q and R are factories which are 5, 2 and 3 km away from factory O respectively.

A security service wishes to know where it should locate its premises along AB so
that the total length of cable to the 4 factories is a minimum.
i Explain why the total length of cable is given by
| + 5|+ |z + 2|+ |x|+|x — 3| where x is the position of the security service
on AB.
il Where should the security service set up to minimise the length of cable to all
4 factories? What is the minimum length of cable?
iii If a fifth factory at S, located 7 km right of O, also requries the security service,
where should the security service locate its premises for minimum cable length?
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REVIEW SET 8A

1 Find real numbers a and b such that:
a a+ib=4 b (1-2i)(a+bi))=-5-100 ¢ (a+2i)(1+0bi)=17—-19

2 If z=3+1¢ and w= —2—1, find in simplest form:
a 2z-3w b = ¢ 2
w
3 Prove the following: zw™* —z*w is purely imaginary or zero for all complex numbers z
and w.

4 Expand and simplify: a (323 +2z—5)(4z—3) b (222 -2+ 3)?2

z? z?

T +2 ° (x4 2)(x + 3)

5 Carry out the following divisions:  a

6 State and prove the Remainder theorem.
7 —2+bi isasolutionto 2%2+az+[3+a]=0. Find a and b given that they are real.
8 Find all zeros of 2z% — 523 + 1322 — 42 — 6.
9 Factorise 2z*+ 222 — 222+ 8 into linear factors.
10 Find a quartic polynomial with rational coefficients having 2 —iv/3 and V2 +1 as

two of its zeros.

11 If f(z) = 2% —322 — 92+ b has (x —k)? as a factor, show that there are two
possible values of k. For each of these two values of k, find the corresponding value
for b and hence solve f(z) = 0.
x
8—x

12 Find exact z-values when: a z2+4+2z>5 b z< C ‘ <2

z
13 Find £ if the line with equation y = 2x + k does not meet the circle with equation
22 +y? + 8z —4y+2=0.
Hint: Solve simultaneously to get a quadratic and find & for which A < 0.

14 When P(z) = 2"+32?+kx+6 isdividledby x+1 theremainderis12. When P(z)
is divided by x — 1 the remainder is 8. Find k and n given that 34 < n < 38.

15 If o and 8 are two of the roots of 3 —x 4+ 1 = 0, show that of3 is a root of
34+ 22—-1=0. [Hint: Let 22 —2+1=(z—a)(z—B)(z—"7).]

REVIEW SET 8B, 8C, 8D

REVIEW SET 8C  REVIEW SET 8D

Click on the icon to obtain printable ? ‘?

review sets and answers
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OPENING PROBLEM

=7 At the 2004 1B Mathematics Teachers’ Conference there were 273 delegates
l E] present. The organising committee consisted of 10 people.

e [feach committee member shakes hands with every
other committee member, how many handshakes
take place?

Can a 10-sided convex polygon be used to solve
this problem?

e Ifall 273 delegates shake hands with all other del-
egates, how many handshakes take place now?

The opening problem is a counting problem. The following exercise helps us to count without
actually listing and counting one by one. To do this we examine:

e the product principle e counting permutations e counting combinations

"N THE PRODUCT PRINCIPLE

Suppose that there are three towns A, B and C and that 4 different roads could be taken from
A to B and two different roads from B to C.

Diagrammatically we have: A @Q c
B

The question arises: “How many different pathways are there from A to C going through B?”

If we take road 1, there are two alternative roads
to complete our trip.

If we take road 2, there are two alternative roads A % - C
to complete our trip. etc. B

So thereare 2+2-+2+2=4x2 different
pathways.

However, we notice that the 4 corresponds to the number of roads from A to B and the 2
corresponds to the number of roads from B to C.

C

there would be 4 x 2 x 3 =24 different pathways from A to D passing through B and C.

THE PRODUCT PRINCIPLE
The product principle is:

If there are m different ways of performing an operation and for each of these there are
n different ways of performing a second independent operation, then there are mn
different ways of performing the two operations in succession.”
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The product principle can be extended to three or more successive operations.

It is possible to take five different paths from Pauline’s to Quinton’s, 4 different paths
from Quinton’s to Reiko’s and 3 different paths from Reiko’s to Sam’s. How many
different pathways could be taken from Pauline’s to Sam’s via Quinton’s and
Reiko’s?

The total number of different pathways = 5 x 4 x 3 = 60. {product principle}

EXERCISE 9A

1

The illustration shows the possible map routes for Q R
a bus service which goes from P to S through both
Q and R.

How many different routes are possible? S

It is decided to label the vertices of a rectangle with
the letters A, B, C and D.

In how many ways is this possible if:

a they are to be in clockwise alphabetical order
b they are to be in alphabetical order
¢ they are to be in random order?

The figure alongside is box-shaped and made of wire. B
An ant crawls along the wire from A to B.

How many different paths of shortest length
lead from A to B?

A
In how many different ways can the top two positions be filled in a table tennis compe-
tition of 7 teams?

A football competition is organised between 8 teams. In how many ways is it possible
to fill the top 4 places in order of premiership points obtained?

How many 3-digit numbers can be formed using the digits 2, 3, 4, 5 and 6:
a as often as desired b once only?

How many different alpha-numeric plates for motor car registration can be made if the
first 3 places are English alphabet letters and those remaining are 3 digits from 0 to 9?

In how many ways can:
a 2 letters be mailed into 2 mail boxes b 2 letters be mailed into 3 mail boxes
¢ 4 letters be mailed into 3 mail boxes?
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ﬂ_ COUNTING PATHS

Consider the following road system leading from A D
PtoQ: 7

From A to Q there are 2 paths. /ﬂ I
rom A to Q there are 2 paths > S~ Q

From B to Q there are 3 x 2 =6 paths.
From C to Q there are 3 paths. ———

Thus, from P to Q there are 2+ 6+ 3 =11 paths.

F

Notice that: » when going from B to G, we go from B to E and then from E to G,
and we multiply the possibilities,

» when going from P to Q, we must first go from P to A, or P to B
or P to C, and we add the possibilities.

Consequently: e the word and suggests multiplying the possibilities
e the word or suggests adding the possibilities.

Example 2

How many different paths
lead from P to Q?

We could go from Pto AtoBtoCtoQ where there are 2 X 3 =6 paths
or from PtoDtoEtoFtoQ where there are 2 paths
or from PtoDtoGtoH toltoQ where there are 2 x 2 =4 paths.
So, we have 6+ 2+ 4 =12 different alternatives.

EXERCISE 9B
1 How many different paths lead from P to Q?

g ey
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o0 FACTORIAL NOTATION

In problems involving counting, products and consecutive positive integers are common.

For example, 8§ X T7x6 or 6xHx4x3x2x1, etc.

FACTORIAL NOTATION

For convenience, we introduce factorial numbers, where numbers suchas 6x5x4x3x2x1
are written as 6! .

In general, n! is the product of the first n positive integers for n >
ie, nl=nn—-1)(n—2)(n—3)....x3x2x1, forn
and n! =1 forn =0.

1
>1

3

n! isread ‘n factorial”.
Notice that 8 X 7 x 6 can be written using factorial numbers only as

8><7><6><5><4><3><2><1_8!
5x4x3x2x1 5l

PROPERTIES OF FACTORIAL NUMBERS

The factorial rule is n! =n x (n —1)!

8XTX6=

which can be extended to n! =n(n—1)(n—2)!, etc.

Notice that, although 0! cannot be included in the original definition of factorial numbers, we
can now give it a value.

Using the factorial rule with n» =1, we have 1!=1 x 0! ie, 1=0!

So we define 0 =1, and this is consistent with n! =n x (n — 1)!
Example 3
5! 7!

What integer is equal to: a 4! b 30 C YIVE ?

5_!_5><4><3—>ﬁ—x—1—

| — _ _ _
a 4l=4x3x2x1=24 b 2l =5x4=20
7! 7x6 A3 2-x1
_Ix6x 5 X _ 35
4Ix 3! AxFIx2xTx3Ix2x1
EXERCISE 9C
1 Findn! for n=0,1,2, 3, ...., 10.
2 Simplify without using a calculator:
5 6! 6! . 6! d 4! . 100! 7!
5! 4! 7! 6! 99! 5! x 21
! 2)! 1)!
3 Simplify: a — b (2 (n+1)

1) l ¢ o1
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Example 4

Express in factorial form: a 10x 9 x 8 x 7

b

10 x9x 8T

4x3x2x1

a 10x9x8xT7=

b

10><9><8><7><6><5><4><3><2><1_10!

10X 9x8XT

6xbx4x3x2x1 6
1I0X9O X 8XTXx6xHx4x3x2x1 10!

4x3x2x1

Ax3x2x1x6x5x4x3x2x1 4l x6!

4 Express in factorial form:

a 7Tx6x5 b 10x9 ¢ 11 x10x9x8x7
13 x12x 11 1 4x3x2x1
3x2x1 6x5x4 20 x 19 x 18 x 17
Example 5
Write the following sums/differences as a product by factorising:

a 8!+6! b 10! —9!+38!
a 8!+ 6! b 10! — 9! 4 8!
=8xT7x6! + 6! =10x9x8 — 9x8 + 8
=6!/(8xT7+1) =8/(90—-9+1)
= 6! x 57 = 8! x 82
5 Write as a product (using factorisation):
a b5l+4! b 11!'-10! ¢ 6!+8 d 12!—-10!
e 9148417 f 7—-6!+8! g 12! — 2x11! h 3x9! + 5x8
Example 6
7M—6! 7 x6!—6!
7! — 6! 6 - 6
Simplify ——
P 76 ey
using factorisation. N 6,
= 6!
6 Simplify using factorisation:
12! — 11! 10! 49! 10! — 8! 10! — 9!
11 11 89 9!
6! + 5! — 4! nl+ (n—1)! n!—(n—1)! h m+2)+ (n+1)!
4l CEE o n+3
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[»J| COUNTING PERMUTATIONS

A permutation of a group of symbols is any arrangement of those symbols in a
definite order.

For example, BAC is a permutation on the symbols A, B and C when all three of them are
used, i.e., taken 3 at a time.

Notice that ABC, ACB, BAC, BCA, CAB, CBA are all the different permutations on the
symbols A, B and C taken 3 at a time.

In this exercise we are concerned with listings of all permutations, and counting how many
permutations there are, without having to list them all.

Example 7

List all the permutations on the symbols P, Q and R when they are taken:

a 1 at atime b 2 at atime ¢ 3 ata time.
a PQR b PQ QP RP ¢ PQR QPR RPQ
PR QR RQ PRQ QRP RQP

Example 8

List all permutations on the symbols W, X, Y and Z taken 4 at a time.

WXYZ WXZY WYXZ WYZX WZXY WZYX
XWYZ XWZY XYWZ XYZW XZYW XZWY
YWXZ YWZX YXWZ YXZW YZWX YZXW
ZWXY ZWYX ZXWY ZXYW ZYWX ZYXW i.e., 24 of them.

For large numbers of symbols listing the complete set of permutations is absurd. However,
we can still count them in the following way.

Consider Example 8 again:

There are 4 positions to fill st 7nd 3:d 4t

Into the 1st position, any of the 4 symbols could be used.

This leaves any 3 symbols to go into the 2nd position, which in turn
leaves any 2 symbols to go into the 3rd position, and finally
leaves the remaining 1 symbol to go into the 4th position.

Consequently, 4 13121 and so the total number =4 x 3 x 2 x 1  {product

Ist 2nd 3rd 4th =24 principle}
EXERCISE 9D
1 List the set of all permutations on the symbols W, X, Y and Z taken
a 1atatime b two at a time ¢ three at a time.

(Note: Example 8 has them taken 4 at a time.)
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2 List the set of all permutations on the symbols A, B, C, D and E taken:
a 2atatime b 3 at a time.

Example 9

If a chess association has 16 teams, in how many different ways
could the top 8 positions be filled on the competition ladder?

Any of the 16 teams could fill the ‘top’ position.
Any of the remaining 15 teams could fill the 2nd position.
Any of the remaining 14 teams could fill the 3rd position.

Any of the remaining 9 teams could fill the 8th position.

ie. 6] 15 [ 14 [ 13 ][ 12 [ 11]10] 9 |
Ist 2nd 3rd 4th Hth 6th 7th Sth

total number =16 x 15 x 14 x 13 x 12 x 11 x 10 x 9
= 518918400

3 In how many ways can:
a b different books be arranged on a shelf
b 3 different paintings, from a collection of 8, be hung in a row
¢ a signal consisting of 4 coloured flags be made if there are 10 different flags to
choose from?

4 Suppose you have 4 different coloured flags. How many different signals could you
make using:

a 2 flags only b 3 flags only ¢ 2 or 3 flags?

Example 10

You have available the alphabet blocks A, B, C, D and E and they are placed
in a row. For example you could have: [DJA[E[C]B]

How many different permutations could you have?

How many permutations end in C?

How many permutations have form [..JA[..[B[..]?

How many begin and end with a vowel, i.e., A or E?

QN oo

a There are 5 letters taken 5 at a time.
total number =5 x4 x 3 x 2 x 1 = 120.

b C goes into the last position (i.e., 1 way) and
e the other 4 letters could go into the remaining
any others 4 places in 4! ways.

here

C here .. total number = 1 x 4! = 24 ways.
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C A goes into 1 place, B goes into 1 place and
rf the remaining 3 letters go into the remaining 3
A B places in 3! ways.

total number =1 x 1 x 3! = 6 ways.

d A or E could go into the 1st position, and after
f t that one is placed, the other one goes into the
A orE last position.
remainder The remaining 3 could be arranged in 3! ways in
of A or E the 3 remaining positions.

total number =2 x 1 x 3! = 12.

5 How many different permutations of the letters A, B, C, D, E and F are there if each
letter can be used once only? How many of these:
a endin ED b Dbegin with F and end with A
¢ begin and end with a vowel (i.e., A or E)?

6 How many 3-digit numbers can be constructed from digits 1, 2, 3, 4, 5, 6 and 7 if each
digit may be used:
a as often as desired b only once ¢ once only and the number is odd?

7 In how many ways can 3 boys and 3 girls be arranged in a row of 6 seats? In how many
of these ways do the boys and girls alternate?

8 Numbers of 3 different digits are constructed from the digits 0, 1, 2, 3, 4, 5, 6, 7, 8 and
9 using a digit once only. How many such numbers:

a can be constructed b endinb ¢ endin0 d are divisible by 5?

Example 11

There are 6 different books arranged in a row on a shelf. In how many ways can
two of the books, A and B be together?

Method 1: We could have any of the following locations for A and B

A B x Xx x X

B A x x x X )

«x A B x X x If we consider any one
x B A x xX X of these, the remaining
X X A B x x 4 books could be placed
X X B A x x 10 of these in 4! different orderings
X X xXx A B X

x x x B A x .. total number of ways
% X % X A B = 10 x 4! = 240.

X X X x B A

Method 2:

A and B can be put together in 2! ways (i.e., AB or BA).
Now consider this pairing as one symbol (tie a string around them) which together
with the other 4 books (i.e., 5 symbols) can be ordered in 5! different ways.

total number = 2! x 5! = 240.
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9 In how many ways can 5 different books be arranged on a shelf if:

a there are no restrictions b books X and Y must be together
¢ books X and Y are never together?

10 A group of 10 students randomly sit in a row of 10 chairs. In how many ways can this
be done if:

a there are no restrictions b 3 students A, B and C are always seated together?

INVESTIGATION 1 PERMUTATIONS IN A CIRCLE
J;/%

\4/ There are 6 permutations on the symbol A, B and C in a line.
% These are: ABC ACB BAC BCA CAB CBA.

However in a circle there are only 2 different permutations on these 3 symbols. These are:

B € as they are the only possibilities with
AQ and AQ different right-hand and left-hand
C B neighbours.
B C
AQ C@ BQ are the same cyclic permutations.
© B A
What to do:
1 Draw diagrams showing different cyclic permutations for:
a onesymbol; A b two symbols; A and B
¢ three symbols; A, B and C d four symbols; A, B, C and D

2 Copy and complete:

Number of symbols | Permutations in a line | Permutations in a circle
1
2
3 6 =3! 2=2!
4

3 If there are n symbols to be permuted in a circle, how many different orderings are
possible?

IHE COMBINATIONS

A combination is a selection of objects without regard to order or arrangement.

For example, the possible teams of 3 people selected from A, B, C, D and E are

ABC ABD ABE ACD ACE ADE
BCD BCE BDE
CDE i.e.,, 10 different combinations.

C! is the number of combinations on n distinct/different symbols taken 7 at a time.

From the above example we therefore have C3 = 10.
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But the number of permutations = 5 x 4 x 3 = 60, and why is this answer 6 (or 3!)
times larger than C3 ?

This can be seen if we consider one of these teams, ABC say.

ABC say, is placed in order, this can be done in 3! ways,

i.e., ABC, ACB, BAC, BCA, CAB, CBA and if this is done for all 10 teams we get all
possible permutations of the 5 people taken 3 at a time.

5x4x3 5!
-5 I 5 - —_—
So, 5x4x3=C% x3l 5= 339 x1 or T
n - 1(n=2).n—r+3)(n—r+2)(n—r+1) n!
I l’ C = i (n = —
1 senera " r(r—1)(r—-2)... 3 2 1 rli(n—r)!
Factor form Factorial form

Values of C]' can be calculated from your calculator.

So, to find C3i% or 10C3 press e.g., 10/MATH| |[PRB| 3 |[ENTER| 2 [ENTER].
The answer is  120.

., .— the number up for selection
Note: The following may C,
prove useful: " the number of positions needed to be filled.

How many different teams of 4 can be selected from a squad of 7 if:
a there are no restrictions b the teams must include the captain?

a  This can be done in C] = 35 ways.
{7 up for selection and we want any 4 of them}

b If the captain must be included and we need any 3 of the other 6,
this can be done in  C] x C§ = 20 ways.

EXERCISE 9E

1 Evaluate using factor form: a Cf b C§ ¢ C§ d C§ e C§.
Check each answer using your calculator.

2 In question 1 you probably noticed that C8 = C§.
In general, C,' = C,'_,.. Prove that this statement is true. (Hint: Use factorial form.)
3 List the different teams of 3 that can be chosen from a squad of 5 (named A, B, C, D
and E). Check that the formula for C" gives the total number of teams.

.
4 How many different teams of 11 can be chosen from a squad of 17?

5 Candidates for an examination are required to do 5 questions out of 9. In how many
ways can this be done? If question 1 was compulsory, how many selections would be
possible?
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6 How many different committees of 3 can be selected from 13?

How many of these committees consist of the president and 2 others?

A committee of 4 is chosen from 7 men and 6 women. How many different
committees can be chosen if:

a there are no restrictions b there must be 2 of each sex
¢ at least one of each sex is needed?

a For no restrictions there are 7+ 6 = 13 people up for selection and we
want any 4 of them. .. total number = C}3 = 715.

b The 2 men can be chosen in C§ ways and the 2 women can be chosen in
CS ways.
total number = C7 x C§ = 315.
¢ Total number
= number with (3 M and 1 W) or (2Mand2 W) or (1M and3 W)
=CIxC¢ + CIxC§ + C7xC$
= 665

Alternatively, total number = C}® —CJ xC§—Cf xC$.  Why?

10

1

12

13

How many different teams of 5 can be selected from a squad of 12?
How many of these teams contain:

a the captain and vice-captain b  exactly one of the captain or the vice-captain?

A team of 9 is selected from a squad of 15 of which 3 are certainties, i.c., must be

included, and another must be excluded because of injury. In how many ways can this
be done?

In how many ways can 4 people be selected from 10 if:

a one person is always in the selection b 2 are excluded from every selection
¢ 1 is always included and 2 are always excluded?

A committee of 5 is chosen from 10 men and 6 women. Determine the number of ways
of selecting the committee if:

a there are no restrictions b it is to contain 3 men and 2 women
¢ it 1S to contain all men d it is to contain at least 3 men
e it is to contain at least one of each sex.

A committee of 5 is chosen from 6 doctors, 3 dentists and 7 others.
Determine the number of ways of selecting the committee if it is to contain:

a 2doctorsand 1 dentist b 2 doctors ¢ at least one of the two professions.
How many diagonals has a 20-sided convex polygon?

There are 12 distinct points A, B, C, D, ..., L, on a circle.
a How many lines i are determined by the points il pass through B?
b How many triangles i are determined by the points il have one vertex B?
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14 How many 4-digit numbers can be constructed where the digits are in ascending order
from left to right? Note: You cannot start with 0. Why?
15 a Give an example which demonstrates that:
CoxC{ + CYxC§ + C3xC§ + C53xCY + C3xC§ = Cf.
b Copy and complete:
Cy'xCr 4+ C"xCry + C3'xC g + oo + O xC + C'xCy = ...
16 In how many ways can 12 people be divided into:
a two equal groups b three equal groups?

070 BINOMIAL EXPANSIONS

Consider the following algebraic expansions of the binomial (a + b)™.
(a+b)l=a+b (a+b)3 = (a+b)(a+b)?
(a+0b)? = a?+2ab+ b? = (a +b)(a® + 2ab + b?)
= a® + 2a%b + ab® + a*b + 2ab® 4+ b*
= a® + 3a%b + 3ab® + b*
(a+0b)* = (a+b)(a+b)?
= (a +b)(a® + 3a%b + 3ab® + b?)
ete
a® +2ab+b* is the binomial expansion of (a + b)?
a® + 3a?b + 3ab® + b>  is the binomial expansion of (a + b)3

INVESTIGATION 2 XPANSION OF (a +b)", n >4

“ZY7 Whatto do:
> 1 Complete the expansion of (a + b)* as outlined above.

é'ﬁ& 2 Similarl d algebraicall b)® i for th
R Similarly, expand algebraically (a+b)° using your answer for the
expansion of (a + b)* from 1.

Likewise, expand (a + b)® using your expansion for (a + b)°.
The (a+ b)® = a® + 3a®b + 3ab® + b expansion contains 4 terms;
a3, 3a?b, 3ab®> and b2. The coefficients of these terms are: 1 3 3 1

a What can be said about the powers of a and b in each term of the expansion of
(a+b)™ for n=0,1,2,3,4,5 and 6?

s W

b Write down the triangle of n=>0 1
coefficients to row 6: n=1 1 1
n=2 1 2 1
=3 1 3 3 1 <« row3
: ete.

5 This triangle of coefficients is called Pascal’s triangle. Investigate:
a the predictability of each row from the previous one
b a formula for finding the sum of the numbers in the nth row of Pascal’s triangle.
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6 Use your results from 5 to predict the elements of the 7th row of Pascal’s triangle and
hence write down the binomial expansion of (a + b)7.

Check your result algebraically by using (a+b)” = (a+b)(a+b)® and your results
from 3 above.

From the Investigation we obtained  (a + b)* = a* + 4a3b + 6a%b* + 4ab® + b*
= a* + 4ab' + 6a%b? + 4a'b3 + b*

Notice that: e As we look from left to right across the expansion, the powers of a
decrease by 1 whilst the powers of b increase by 1.

e The sum of the powers of a and b in each term of the expansion is 4.
e The number of terms in the expansionis 4+ 1 =25.

In general, for the expansion of (a+b)" where n=1,2,3,4,5, ... :

e As we look from left to right across the expansion, the powers of a decrease by 1
whilst the powers of b increase by 1.

e The sum of the powers of a and b in each term of the expansion is n.
e The number of terms in the expansionis n + 1.
Notice also that:

e a -+ b is called a binomial as it contains two terms

e any expression of the form (a + b)™ is called a power of a binomial.

The expansion of (a+b)3, whichis a3+ 3a?b+3ab?>+b> can be used to expand other
cubes.

Using (a+b)® = a® + 3a%b + 3ab® + b?, find the binomial expansion of:
a (2r+3)3 b (z-5)3

a In the expansion of (a +0b)®> we substitute a = (2x), b= (3)
(2z +3)% = (27)% + 3(22)2(3) + 3(2z)1(3)% + (3)3
= 823 + 3622 + 54z + 27 on simplifying
b This time, a=(z) and b= (-5)
(z —5)° = (2)* + 3(2?)(-5) + 3(2)(=5)* + (-5)°
=3 — 1522 + 75z — 125

EXERCISE 9F
1 Use the binomial expansion of (a +b)® to expand and simplify:
a (z+1)3 b (z+2)3 ¢ (z—4)3 d (2z+1)3
e (22— 1) f (3z—1)° g (2z+5)3 h o (2e+1)°
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2 Use (a-+0b)?*=a*+4a3b+ 6a?b* + 4ab® +b* to expand and simplify:
a (z+2)7 b (z-2)* ¢ (2z+3)*
d (3z-1)* e (z+1)° t (20-1)°

Example 15

x

Find the: a b5th row of Pascal’s triangle b binomial expansion of (:13 — 3)5.

a 1~ the Oth row, for (a + b)°
1 1- the 1st row, for (a + b)*
1 2 1
1 3 3 1
1 4 6 4 1

1 5 10 10 5 1 <« the 5th row

b So, (a+0b)®=a’®+5a*b+ 10a®b? + 10a%b> + 5ab* + b°
andwelet a=(z) and b= (=2)
(6-2)" = @ +5@" (F) +10)° (F)" + 106 (F)°
+5(2) ()" + (2)°

80 80 32

=x5—10:1:3+40:v——+—3——5
w @ i
3 Expand and simplify: .
a (z+2)° b (z-—2)° ¢ (2z+1) d (20-1)
4 a Write down the 6th row of Pascal’s triangle.
b Find the binomial expansion of:
i (z+2)° i (20 —1)° il (z+21)°

5 Expand and simplify:

a (1+v2)? b (1++5)* ¢ (2-V2)°
6 a Expand (2+ )5

b Use the expansion of a to find the value of (2.01)°.

7 Expand and simplify (22 + 3)(z + 1)%.

8 Find the coefficient of:

a ab? in the expansion of (3a + b)®

b a®bh® in the expansion of (2a + 3b)S.

Note: o C is also written as (')

e Values of C* or (7) can be found from Pascal’s triangle or from your
calculator.
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<] THE GENERAL BINOMIAL THEOREM

(a+b)" = (g)a," 4= (?)a”_lb + (g)a"_zb2 + ... + (nfl)abn_l 4 (Z)b"

where (7) is the binomial coefficient of " 70" and r=0,1,2,3, ..., n.

The general term, or (r + 1)th term is T4 = ()a™ "b".

Note: (’;) or C" also represents the number of combinations of n objects when r are

taken at a time.

For example: If we want to select any two people from Anna, Bob, Carlo and Davinda,
we can do this in C4 = 6 ways. (These are: AB, AC, AD, BC, BD, CD)

Example 16

1\ 12
Write down the first 3 and last 2 terms of the expansion of (Zx A E) .

1

(21‘ + %)12 — (22)2 + (2) 20)" (%) + (12)(22)"° (5)2 o
c@en (D) v (2)”

EXERCISE 9G

1 Write down the first three and last two terms of the binomial expansion of:

9\ 1 3\ 20
a (1+42z)tt b <3x—|——> < <2x——)
x T
A\ M
Find the 7th term of (330 = —2) . Do not simplify.
it

A\ —4
For (330—?) , a=(3z) and b:(§>

So,as Tri1 = (T)a™ "b", welet r=6

= (6 ()

2 Without simplifying, find: N
a the 6th term of (2z + 5)%° b the 4th term of <m2 + —)
x

o\ 17 1\ 2
¢ the 10th term of (x — —) d the 9th term of (2x2 — —)
x x
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Example 18

In the expansion of (2% + %)12, find a the coefficient of % b the constant term

a=(z?), b= (é) and n=12 . T4 = (12) (z?)t2r (é)r

a Letting 24 —-3r=26 b Letting 24—3r=0
3r =18 S 3r=24
r==~6 s r=28
and so, Ty = (162)46336 and so, Ty = (182)481:0
the coefficient of % is .. the constant term is
(*2)4° or 3784704. (*2)4% or 32440320.

3 Find the coefficient of:
3

a z'% in the expansion of (3 + 222)!0 b 2? in the expansion of (2z* — ;)6

12 . . 2 l 12
¢ z'? in the expansion of (2z% — 1)

4 Find the constant term in:
. 9\ 15 . 319
a the expansion of (:c + x—Q) b the expansion of (m — F)

5 a Write down the first 5 rows of Pascal’s triangle.
b  What is the sum of the numbers in:
i rowl il row2 ili row 3 iv row4 Vv row 5?

¢ Copy and complete: It seems that the sum of the numbers in row n
of Pascal’s triangle is ......

d Showthat (1+2)" = (7)+ (Na+ (Da?+ ...+ (,")z" " + (M)a”

n—1

Hence deduce that  (§) + (1) + (5) + ... + (") + (1) =2

n—1
Example 19

Find the coefficient

(z +3)(2z — 1)8

of z° in the expan- = (z+ 3)[(2 ) (?) (22)°(-1) + ( )(2x)4(=1)% + ....]
sion of = @ +3)(Fe" =~ ()20 + ()24 ~ )
(z +3)(2z — 1)8. tt ) t

(2)
So terms containing z° are  (3)2*z° from (1) and

—3(%)252° from (2)

the coefficient of 2° is ~ (5)2* — 3(§)2° = -336
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(-]
o

Find the coefficient of z° in the expansion of (z + 2)(z% + 1)3

(-

Find the coefficient of z% in the expansion of (2 — z)(3z + 1)

n(n —1)
2
b The third term of (1 + )™ is 3622 Find the fourth term.

If (1+kz)"=1-12x+602? —....., find the values of k and n.

7 a Show that (") =n and (") = are true statements.

1 2

(o]

. . 1 .
8 Find a if the coefficient of ! in the expansion of (22 + —)!0 is 15.
ax

REVIEW SET 9A

1 Alpha-numeric number plates have two letters followed by four digits. How many plates
are possible if:
a there are no restrictions b the first letter must be a vowel
¢ no letter or digit may be repeated?

2 Ten points are located on a 2-dimensional plane. If no three points are collinear,
a how many line segments joining two points can be drawn
b how many different triangles can be drawn by connecting all 10 points with line
segments in any possible way?

n! nl+ (n+1)!

3 Simplify: a D) ]

& How many committees of five can be selected from eight men and seven women?
a How many of the committees contain two men and three women?
b How many contain at least one man?

5 Eight people enter a room and each person shakes hands with every other person. How
many hand shakes are possible?

6 A team of five is chosen from six men and four women.
a How many different teams are possible with no restrictions?
b How many contain at least one of each sex?

7 The letters P, Q, R, S and T are to be arranged in a row. How many of these arrangements
a endwithT b begin with P and end with T?

8 Use the binomial expansion to find a (z —2y)? b (3z+2)*

9 Find the coefficient of z* in the expansion of (2x + 5)°.

10 Eight people enter a room and sit at random in a row of eight chairs. In how many ways
can the sisters Cathy, Robyn and Jane sit together in the row?

11 a How many three digit numbers can be formed using the digits 0 to 9 only?
b How many of these numbers are divisible by 5?

REVIEVW SET 9B REVIEW SET 98
Click on the icon to obtain printable review ?
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"SI THE PROCESS OF INDUCTION

The process of formulating a general result from a close examination of the simplest cases is
called mathematical induction.

For example, the first positive even number is 2=2x1
the second positive even number is 4 =2 x 2
the third positive even number is 6=2x3

the fourth positive even number is 8 =2 x 4
and from these results we induce that

the nth positive even number is 2 x n or 2n.

The statement that “The nth positive even number is 2n.” is a summary of the observations
of the simple cases n =1, 2, 3, 4 and is a statement which we believe is true.

Now examine the following argument for finding the sum of the first n odd numbers:

1=1=12

1+43=4=2°

1+3+5=9 =32

14+3+5+7=16=42

1+3+5+7+9=25=52
5 of these

It seems that “the sum of the first n odd numbers is n2 .

This pattern may continue or it may not. We require proof of the fact for all positive integers
n. A formal statement of our proposition may be:

“ 14+3+5+7+9+ ... =n? forall neZt+”

n of these

Note: The nth odd number is (2n — 1), so we could rewrite the proposition as:

“143+5+7+9+ ... +(2n—1)=n? forall ne Z*”>

One direct proof of the proposition is to note that the series is arithmetic with w; =1, d =2
and “n” = n.

6, 9

2

Hence S, :%(2(1)+(n—1)2) {= —(2u1 + (n — 1)d)}

:g><2n

:n2

Any proposition will remain a proposition until it is proven true.
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Note:

Theresult 1+2+3+4+

is worth memorising.

M forall n in Z+

" Example 1 _
By examining the cases n = 1, 2, 3 and 4, make a proposition about the sum
W = setrstra s vt
5=t =}
Si=rhr+ oy =+
Si= b rh k=i =
Si=hta b okt =i
From these results we propose that: .S, = - i T

Note: e

1 1 1 1
1x2 + 2x3 + 3x4 + 4x5 +

e The great Swiss mathematician Euler proposed that

1 —
+ 1000x1001 —

If the result in Example 1 is true, then:

1000

Too1 {case n = 1000}

P(n)=n?+n-+41

was a formula for generating prime numbers. People who read his statement

probably checked it for n =1, 2, 3, 4, 5,

..... , 10 and agreed with him.

However, it was found to be incorrect as, for example
P(41) =412 + 41+ 41 = 41(41 +1+ 1) = 41 x 43, a composite.

So, not all propositions are true.

EXERCISE 10A

1 By examining the following, for substitutions like n = 1, 2, 3, 4,

proposition.

a The nth term of the sequence 3, 7,

for n=1, 2, 3, 4,
3" >142n for
11" — 1 is divisible by
24+4464+8+10+
N+2x214+3x3+4 x4+
1 2 3 4
arstatE T
7" +2 is divisible by
h (1-3)(1-3)(1-3)

1 " 1 " 1
2x5 Hx8 8x11

® O n O

I
+

..... , complete a

11, 15, 19,

for

for

for
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2 n points are placed inside a triangle.

Non-intersecting line segments are drawn
connecting the 3 vertices of the triangle
and the points within it, to partition the
given triangle into smaller triangles. Make
a proposition concerning the number of
triangles obtained in the general case.

THE PRINCIPLE OF
EMATICAL INDUCTION

Proposition notation
We use P, to represent a proposition which is defined for every integer a where n > a.

For example, in the case of Example 1, our proposition P, is

w 1 i L + 1 + ! -2 for nezt”
1x2 2x3  3x47" nn+1) n+1 !
11 1 12
ice that P, is © — = Pyis “——+4——=27
Notice that 1 1S 1% 2 92 and 2 18 1><2+2><3 3
1 1 1 1 k
d P M B - ”'
an B T2 Tax3 Taxa” +/€(k+1) k+1

THE PRINCIPLE OF MATHEMATICAL INDUCTION

Suppose P,, is a proposition which is defined for every integer n > a, a € Z.
Now if e P, is true, and
e Py, is true whenever Py is true,
then P, is true for all n > a.

This means that for a = 1, say, and the two above conditions hold, then

the truth of P, implies that P; is true, which implies that P is true, which implies that P,
is true, etc.

We use this method to prove that a particular proposition is true.

One can liken the principle of mathematical induction to the domino effect. We imagine an
infinite set of dominoes all lined up.

Provided that DEMO
e the first one topples to the right

e and we know that in general, the
(k+1)th domino will topple if the
kth domino topples, then eventu-
ally, all will topple,

i.e., 1st topples makes 2nd topple,
which makes 3rd topple, etc.
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SUMS OF SERIES

n? = o ViR L) foralln e Z7.

n(n+1)(2n+1)
6

Proof: (By the principle of mathematical induction)

1x2x3

—=

a P,is: “124224+324+4%2+ ... +n? = foralln € Z+.

(), f n=1, LHS=12=1 and RHS =

Py is true

(2) If Py is true, then
kE(k+1)(2k+1)

12422 +324+42+....+k2= T (%)

Thus 12422432 4+42+ .+ k% + (k+1)?

_ k(k+1)(2k+1)
B 6

_ k(k+1)(2k +1) F(k+1) x Note:

(o i+ 1) ok 1) e Tt
(k + 1)(2k? +6k + 6k + 6)
_ (k+1)(2k° i 7k + 6)
(k+1)(k i 2)(2k + 3)
:(k+DQkiu2n@m+1h4)

Thus Pj.; is true whenever Pj is true. Since P; is true,
P, is true for all n € Z*.  {Principle of mathematical induction}

1

+ (k+1)? {using *}

[=2] R

100 x 101 x 201

b 124224324424 .....4+100%2 = 5

=338350 {as n =100}

EXERCISE 10B

1 Prove that the following propositions are true for all positive integers n:
n(n+1)

2
b 1x2+2x3+3x4+4x5+....+nn+1)=

a 14+2434+4+5+..... +n

n(n+1)(n+2)
3
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1)(2n +13
€ 3X5+6X6+9XT+12%8+..... +3n(n+4):”(n+ )én+ )

~ n?(n+1)?
4

e 1+2x24+3x22+4x22+ ... +nx2"l=(n—-1)x2"+1

Example 3
Prove that:
1 1 1 1 n
..... = for all zZ*r.
2x5 5x8 8x1l T Bn-D@n+2) 6ntd TH"E
1 1 1 1 n
P is: “——4+—+—-+.... = , zZ+t>
S s T Exs TEx1L T T BnoD@nr2) ontd S
Proof: (By the principle of mathematical induction)
_ R S _ 1 _ 1
() fn=1 LHS=;——=g and RHS=——— =1
P; is true.
(2) If P is true, then
LS S S 1 ok ®
2x5 5x8 8x11 7 (Bk—1)(3k+2) 6k+4
No : I ! I ! = ooo00 T : + !
W = =+ —— ...
2x5 b5x8 8xl1l Bk—1)3k+2)  (3k+2)(3k+5)
i + ! {using *}
= u
6k+4  (3k+2)(3k+5) Note:
= 3 + L Always look
2(3k+2)  (3k+2)(3k +5) for common
L 3k+5 1 2 factors.
= X + X (=
2(3k+2) <3k I 5) 3k +2)(3k +5) (2)
_ 3k?45k+2
- 23k +2)(3k +5)
_ BE+2)(k+1)
~ 2(3k +2)(3k + 5)
_ k+1
- 6k+10
k41
C 6k+1]+4
Thus Pj41 is true whenever Py is true and P; is true.
P, is true {Principle of mathematical induction}




MATHEMATICAL INDUCTION (Chapter 10)

223

2 Prove that the following propositions are true for n € Z 1 :

PR U A R S
1x2 2x3 3x4 77 nin+1) n+1
1 1 1 1
and hence find - 35" + oo o3 T 20 x 21
1 1 1 n(n+3)
et _
1x2x3 2x3x4 nn+1)(n+2) 4n+1)(n+2)

3 Prove the following propositions true, for n € Z7:

a IxU42x2143x3l+4x4l+.....+nxnl=
[n! is the product of the first n positive integers, e.g.,
1 2 3 4 n (n+1)—1
b —+=+—+—=+..... =
T T TR T T Gr D T D)

in rational form.

4 Prove that the following proposition is true:

Ixn+2xn—-1)+3xn—-2)+....4 (n—2)x3+(n—-1)x2+nxl

1 2
= w for all integers n > 1.

6
[Hint: I1X64+2x5+3x44+4x3+5x24+6x1
=1x54+2x4+3x3+4%x2+5x1+ (1+24+3+4+5+6).]
DIVISIBILITY

Consider the expression 4" 4+2 for n=0,1, 2, 3,4, 5,
4942= 3 =3x1
41 +2=6 =3x2
42 +2 =18 =3 x6
43 +2= 66 =3 x 22

44+ 2 =258 = 3 x 86 P, is:

(n+1)!—-1

4'=4x3x2x1]

, and hence find the sum

We observe that each of the answers is divisible
by 3 and so we make the proposition

“4n + 2 is divisible by 3 for all n € Z+.”

This proposition may, or may not, be true. If it is true, then we should be able to prove it by

using the principle of mathematical induction.

Note: 4™ 42 can be proven to be divisible by 3 by using the binomial expansion.
We observe that
4" 42
=(1+3)"+2
=1+ (N3+(5)3%+ (5)3*+ ()3 + .o+ ()",
=3+ (1)3+(5)32+ (533 + (3" + ...+ (,",

=3 (14 () + ()3 + ()8 + ()3 +

where the contents of the brackets is an integer,

)3+ (R)3™ + 2

)3+ ()3"
...... + ()37 + ()3

etc.
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Example 4

Prove that 4™ + 2 is divisible by 3 forn € Z, n > 0.

P, is: “4™ + 2 is divisible by 3 for alln € Z, n > 0.”
Proof: (By the principle of mathematical induction)

(1) If n=0, 4°42=3=1x3 . Py is true.
(2) If P, istrue, then 4F +2 =3A where A is an integer ..... (%)
Now  4F+1 42
=41 x4k +2
=4(34A—-2)+2 {as 4% =3A —2 using *}
=12A-8+2
=12A—-6

=3(4A —2) where 4A — 2 is an integer
as A is an integer.
Thus 451 42 s divisible by 3 if 4% +2 is divisible by 3.
Hence, Pjy; is true whenever Py is true and Py is true.
P, is true {Principle of mathematical induction}

5 Us
a

b
<
d

6 Us

e the principle of mathematical induction to prove that:
n3 4+ 2n s divisible by 3 for all positive integers n
n(n?+5) is divisible by 6 for all integers € Z
6" — 1 is divisible by 5 for all integers n > 0
7" — 4™ — 3™ s divisible by 12 for alln € Z7.

. N . 2" — (—=1)"
e the principle of mathematical induction to prove that —————

number for all n € Z7.

[H

int: An odd number has form 2A + 1 where A is an integer.]

OTHER APPLICATIONS

Proof by the principle of mathematical induction is used in several other areas of mathematics.

For example, in establishing truths dealing with:

Some p

e inequalities

e sequences

e differential calculus

e matrices

e geometrical generalisations
e products

e complex numbers.

roofs with these topics will be observed in the chapters containing them.

is an odd
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Prove that a convex n-sided polygon has %n(n —3) diagonals for all n > 3.
P, is: “A convex n-sided polygon has %n(n —3) diagonals for all n > 3.”
Proof: (By the principle of mathematical induction)
(1) If n=3, ie., a triangle there are 0 diagonals
and 3 x0x(=3)=0 A
Ps is true.
(2) If Py is true, a convex k-sided polygon has %k:(k: —3) diagonals.
k—4 1f we label the vertices
3 1,2,3,4,5, ... k—1, k
and £+ 1 as an additional vertex
k=2
then
k—1
Pk+1:Pk+k—2+].
A
the number of diagonals the line from 1 to k was
from k£ + 1 to the vertices once a side and is now a
2,3,4,5, ... k—1 diagonal
Py = %k:(k—3)+k—1
RV 205 Try it for
=2kl =3)+3(k-1) k=34, ...
= 1[k? — 3k + 2k — 2]
= 1 — k- 2]
=3(k+ 1)( 2)
= Lk + 1)k +1] - 3)
Thus Pyyq is true whenever Py is true and Ps is true.
P, is true {Principle of mathematical induction}

7 Use the principle of mathematical induction to prove the following propositions:

1
n+1

1
n+1’

1
1-=
2

1 1
3

1
1-—2

1 nezr.

b If n straight lines are drawn such that each line intersects every other line and

no three lines have a common point of intersection, then the plane is divided into

n(n+1)
2

If n points are placed inside a triangle and non-intersecting lines are drawn con-

necting the 3 vertices of the triangle and the points within it to partition the triangle
into smaller triangles, then the number of triangles resulting is 2n + 1.

+ 1 regions.
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1 1 1 1 1
d <1 — 2—2) <1 — 3—2> <1 — E) ..... (1 — F) = n;; for all integers n > 2.

INVESTIGATION ENCES, SERIES AND INDUCTION

wi & W

O 0 N O

\\/J This investigation involves the use of mathematical induction as well as
% concepts from sequences, series and counting.
N

&

What to do:

The sequence of numbers {u,} is defined by w3 =1 x 1!, up =2 x 2|,
uz = 3 x 3!, etc. What is the nth term of the sequence?

Let S, =a1+as+az—+.... + a,. Investigate S, for several different values of n.
Based on your results from 2, conjecture an expression for S,.
Prove your conjecture to be true using the principle of mathematical induction.

Show that w,, can be written as (n+1)!—n! and devise an alternative, direct proof
of your conjecture for S,.

Let C), = uy + u,41. Write an expression for C,, in factorial notation and simplify it.
Let T,,=C1+Cy+C5+..... + C, andfind T, for n=1, 2, 3, 4 and 5.
Conjecture an expression for 7.

Prove your conjecture for 75, by any method.

e[ INDIRECT PROOF (EXTENSION)

Some propositions may be proven to be true by using an indirect proof such as proof by
contradiction. In such proofs we suppose the opposite of the statement to be true and on
using correct argument hope to obtain a contradiction.

Example 6

Prove that the sum of any positive real number and its reciprocal is at least 2.

Proof: (by contradiction)

1
Suppose that =+ — < 2 where z is > 0
a
1
then = (w + E) < 2z {multiplying both sides by =, = > 0}

22 +1< 2z
2 -2r+1<0
(x—1)2<0
which is a contradiction as no perfect square of a real number can be negative.

o . . 1
So, the supposition is false and its opposite =+ — > 2, x >0 must be true.
7




MATHEMATICAL INDUCTION (Chapter 10) 227

Prove that the solution of 2¥ = 3 is an irrational number.

Proof: (by contradiction)
Suppose that if 2% =3 then x is rational
27 =3 for positive integers p, ¢ (q # 0)
(28)7 = 30
2P = 34
which is clearly a contradiction, as for example, the LHS = 2” is even and
the RHS = 37 is odd.

the supposition is false and its opposite is true
ie., if 2%® =3 then z is irrational.

Note: A rational number can be written in the form £ where p and q are integers,
q#0 and p, ¢ have no common factors.

EXERCISE 10C
Use proof by contradiction to prove that:
1 The sum of a positive number and nine times its reciprocal is at least 6.
2 Prove that the solution of 3” =4 is an irrational number.
3 Prove that log,5 is irrational.
4 Challenge: Prove that \/2 is irrational.

REVIEW SET 10A

Prove the following propositions, using the principle of mathematical induction:
1 143+5+7+....+(2n—1)=n? neZ .

2 7"+2 isdivisibleby 3, ne ZT.

nn+1)(n+2)(n+3)
1 :

3 I1x2x34+2x3x4+3x4x5+....+n(n+1)(n+2)=
nezZr.
="

h 1+r+r?4rd+rt4 . +rl= - , n € Z*, provided that r # 1.
—r

5 527 —1 is divisibleby 24, ne Z7.
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REVIEW SET 10B

Prove the following propositions, using the principle of mathematical induction:

2n+1)(2n—1)
3

1 12432452 +7+..... +(2n—1)2:n( nezt, nx1.

2 32712 _8n —9 is divisible by 64, for all positive integers n.

3 34+45x24+T7Tx224+9x2% ... + 2n+ 12"t =1+ (2n—1) x 2" for all
positive integers n.

4 5™+ 3 is divisible by 4 for all integers n > 0.

1)(n+2
5 1x22 £ 2x3 4 3x 42 4 AxB o+ n(nt1)? = UOF )(n;; )(3n+5)

for all positive integers n.

REVIEW SET 10C

Prove the following propositions, using the principle of mathematical induction:

n(n+1)(2n+7)
6 )

1 1x3+2x44+3x5+4x6+.....+n(n+2)= nezt.

2 7" —1 isdivisibleby 6, nec ZT.
3 B4+3+53+7+ ...+ (2n—1)3 =n?(2n% — 1) for all positive integers n > 1.
4 3™ —1—2n is always divisible by 4, for non-negative integers n.

LN SUNE S 1 _n
1x3 3x5 5x7 7 2n—1)2n+1) 2n+1

for all positive integers n.
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Before starting this chapter you can make sure that you

have a good understanding of the necessary background BACKGROUND

KNOWLEDGE

knowledge in trigonometry and Pythagoras.

Click on the icon alongside to obtain a printable set
exercises and answers on this background knowledge.

OPENING PROBLEM

Consider an equilateral triangle with sides 10 cm
i I l ' long. All its angles are of size 60°. Altitude AN
a Can you see from this figure that sin 30° = %?

bisects side BC and the vertical angle BAC.

b Use your calculator to find the values of sin30°,
sin 150°, sin390°, sin1110° and sin(—330°). What
do you notice? Can you explain why this result occurs

of

30°i30°

o

?

10 cm

60°

even though the angles are not between 0° and 90°?

B

N

By the end of this chapter you should be able to answer the above question.

"N THE UNIT QUARTER CIRCLE

The unit quarter circle is the part of a circle centre

(0, 0) and radius 1 unit that lies in the first quadrant. 1
Suppose P(x, y) can move anywhere on this arc from

A to B.

Notice that: cosfl = =—=z

5::m

1Z g[S

and sinf =

fr— y. v

d
1
_Y
orP 1
P(cos0, sinh) ALAOP = 6°,

1

On the unit quarter circle, if

then the

DEMO
0\ :
-t » X
¥ A
The z- and y-coordinates of P each have a special name.
e The y-coordinate is called “the sine of angle #” or sin6.
e The z-coordinate is called “the cosine of angle 6” or cos6.

coordinates of P are (cos 6, sin 6).
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Notice also that in AONP, 2% +y? =1 {Pythagoras}
and so [cosf)? 4 [sinf]> =1 or cos?@+sin’6 =1
Note: We use cos?’f for [cosf]> and sin®6 for [sin6)]2.

x4
1.0

0.9
0.8
0.7
0.6
0.5
0.4
0.3

0.2

0.1

0

Example 1

Use the unit quarter circle above to find:

01 02 03 04 05 06 07 08 09 1

a sin40° b cos30° ¢ the coordinates of P if 6 = 50°
a The y-coordinate at 40° is about b  The z-coordinate at 30° is about
0.64, .. sin40°=0.64 0.87, .. cos30°=0.87

¢ For §=50° P is (cos50°, sin50°) = (0.64, 0.77)

You have probably already noticed the difficulty of obtaining accurate values from the unit
circle and the impossibility of estimating beyond 2 decimal places.

EXERCISE 11A
1 Use the unit quarter circle to find the value of:
a sin0° b sin15° ¢ sin25¢ d sin30°
e sin45° f sin60° g sin75° sin 90°

=

2 Use your calculator to check your answers to question 1.

3 Use the unit quarter circle diagram to find the value of:
a cos0° b cos15° ¢ cos25° d cos30°
e cos4h° f cos60° g cosT75h° h cos90°
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7

Use your calculator to check your answers to question 3.

Use the unit quarter circle diagram to find the coordinates of the point on the unit circle
where OP makes an angle of 55° with the x-axis. Use your calculator to check this
answer.

Draw a sketch of a unit quarter circle and on it show how to locate the point with
coordinates: a (cos20°, sin 20°) b  (cos75, sin75%) ¢ (coso, sin¢)

a If cosf =08 and 0°< 6 <90° find siné.
b If sinf=0.7 and 0° <0 <90° find cosf correctto 3 sig. figs.

Bl B OBTUSE ANGLES

So far we have only considered angles between 0° and 90°, i.e., acute angles. Obtuse
angles have measurement between 90° and 180°. In order to display obtuse angles we can
extend the unit quarter circle into the second quadrant. So we have the unit semicircle.

We will now apply the definitions for sin # and cos # to obtuse angles.

Ay
Definition:  If P is any point on the unit circle and 6 is the .
.. . P(cos0, sinb)
angle measured from the positive x-axis then
cos 0 is the x-coordinate of P and \90 -
sin @ is the y-coordinate of P. ) x
EXERCISE 11B
1 Use your calculator to find the value of:
a sin100° b sin80° ¢ sin120° d sin60°
e sin150° f sin30° g sin180° h sin0°
2 a Use your results from question 1 to copy and by
complete: sin(180 —6)°=...... N P(cos6), sinf)
b Justify your answer using the diagram alongside. o0
X
3 Use your calculator to find the value of:

a cosll0° b cos70° ¢ cos130° d cosh0° f\;
e cosld40° f cos40° g cosl80° h cos0° /

a Use your results from question 3 to copy and
complete: cos(180 — 0)° = ........

b Justify your answer using the diagram alongside.

Find the obtuse angle which has the same sine as:
a 45° b 51° c T4° d 82°

Find the acute angle which has the same sine as:
a 130° b 146° ¢ 162° d 171°



THE UNIT CIRCLE AND RADIAN MEASURE (Chapter 11) 233

7 Without using your calculator find:

a sinl137° if sin43° = 0.6820 b sinb9° if sin121° =0.8572
¢ cosl143° if cos37° = 0.7986 d cos24° if cos156° = —0.9135
e sinl1l15° if sin65° = 0.9063 f  cosl132° if cos48° = 0.6691
8 a Ifangle AOP = # and angle BOQ = 6 also, Ay
what is the measure of angle AOQ? 1
b Copy and complete: Q | P(cos0, sinf)
0Q is a reflection of OP in the ...... B/ ¢ 90‘\ A

and so Q has coordinates ...... 1 T
¢ Now using a and b, what trigonometric
formulae can be deduced?

In the exercises above you should have discovered that:

e If # is acute, then cos @ and sin # are both positive.
e If 0 is obtuse, then cos 8 is negative and sin 6 is positive.
e sin(180 —60) =sinf@ and  cos(180 — 6) = —cosO

These facts are particularly important in the next chapter.

ANGLE MEASUREMENT
Suppose P lies anywhere on the unit circle and A is (1, 0). 4y
Let 0 be the angle measured from OA, on the positive Positive
r-axis. direction
0 is positive for anticlockwise rotations and 0/\
negative for clockwise rotations. - L > x
For example, 6 =210° and ¢ = —150°. P
% Negative
/I\G \/ direction
- » X
30048
®

Consequently, we can easily find the coordinates of any point on the unit circle for a particular
angle measured from the positive z-axis.

For example,

(cos165°, sin165°)

s

\_D¢-33°
(c0s327°, sin327°) or
(cos(—33°), sin(—33°))

(c0s255°, sin255°) v
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ﬂ_ THE UNIT CIRCLE

The unit circle is the circle with y

centre (0, 0) and radius 1 unit.
- ]
the unit circle —"

Consider a circle with centre (0, 0) and radius r units,
and suppose P(z, y) is any point on this circle.

CIRCLES WITH CENTRE (0, 0)
by

Since OP =r, then

S

VE@—=02+y—02=r {distance formula}
2?4+ 4% =12
v
We say that 2% +y? =r? s the equation of a circle with centre (0, 0) and radius .
So, the equation of the unit circleis 22 +y?=1. {as r =1}

2

1
a0
-1 L

=1 tcosﬂ, sinf3)

If we allow the definitions
of cos 8 and sin 6 to apply to
any angle we see that on the
unit circle, for example:

So, as point P moves anywhere on the unit circle, y

its z-coordinate is cos 6
its y-coordinate is sin 6

provided that 6 is the angle made by OP with the
positive z-axis.

1 and —-1<y<1 forall points on the unit circle,

Notice that: as —1<x <
1<cosf@ <1 and —1<sinfB <1 forall 6.

then
EXERCISE 11C€

1 Sketch the graph of the curve with equation:
a 22+9y2=1 b 2?2 +y*=4 ¢ 224+y*=1, y=0
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2 For each angle illustrated:
i write down the actual coordinates of points A, B and C

il use your calculator to give the coordinates of A, B and C correct to
3 significant figures.

4y
b A
123°

- > X

251° —350

Example 2

Use a unit circle
diagram to find

<

(0.1)
the values of - C b7 > X

cos(—270°) and @/ o cos(—270°) =0 {the z-coordinate}
sin(—270°). and sin(—270°) =1 {the y-coordinate}

A\

3 Use a unit circle diagram to find:

a cos0° and sin0° b c0s90° and sin90°
¢ cos180° and sin1&0° d cos270° and sin270°
e cos(—90°) and sin(—90°) f  cos450° and sin450°

INVESTIGATION PARAMETRIC EQUATIONS
=y

-~ Usually we write functions in the form y = f(x).
Nd
%‘ For example: y=3x+7, y=x2>—-6z+8, y=sinx

However, sometimes it is useful to express both z and y in terms of one convenient
variable, ¢ say, called the parameter.

The purpose of this investigation is to use technology to graph CRAPHING
a set of ordered pairs defined in parametric form, for example, PACKAGE m g

x =cost and y = sint. ? G

What to do:
1 Either click on the icon, or use your graphics calculator (with the same scale on both
axes) to plot {(x, y): x =cost, y=sint, 0°<t<360°}
Note: Set up your calculator in degrees.
Describe the resulting graph.
3 What is the equation of this graph? (Two possible answers).

If using a graphics calculator, use the #race key to move along the curve. What do
you notice?
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RADIAN MEASURE AND
PROPERTIES OF CIRCLES

DEGREE MEASUREMENT OF ANGLES

Recall that one full revolution makes an angle of 360° and a straight angle is 180°. Hence,
one degree, 1°, can be defined as 3—éoth of one full revolution. This measure of angle is
probably most useful for surveyors, architects etc. and is the one you most probably have

used in earlier years.

For greater accuracy we define one minute, 1, as %th of one degree and one second, 1",
as G—:loth of one minute. Obviously a minute and a second are very small angles.

Most graphics calculators have the capacity to convert fractions of angles measured in degrees

into minutes and seconds. This is most useful also for converting fractions of hours into

minutes and seconds for time measurement, as one minute is %th of one hour, and one
1

second is g5th of one minute.

RADIAN MEASUREMENT OF ANGLES

The term radian comes from the word radius referring to the fixed distance of any point on
the circumference of a circle to its centre. Hence, one radian, 1¢, is defined as the angle that
subtends an arc of length equal to the radius.

Now the circumference of a circle has length C' = 27r which

means that there are 27 radians (radii) in one full revolution.
arc length = r

This gives us the equivalence relationships
e 27¢ (radians) = 360° (degrees)  or L
e 7¢ (radians) = 180 (degrees). radius = 7

The advantage of using radian measure for an angle is that it measures the angle in terms of
arc length. Trigonometric functions (using degrees) are now called circular functions (using
radians) and the domain and range have the same units of measurement. Scientists probably
find this measure more useful.

To convert from degrees to radians it may be best to remember that
180° = =°.
EXERCISE 11D.1

1 Find the angle 6 (in degrees) which is equivalent to an arc length of:

a b

Example 3

What arc length on the unit circle is equivalent to 6 = 120°?

e
[<NE]

2 3 5w
C 3 d 5 e =

Since 120° is % of 360°,  the arc length = % of 21 = %“ units.
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2 Find the arc length on the unit circle which is equivalent to:

a 6=30° b 0=060° ¢ 6=090° d 0=120°

e 0=135° f 0=150° g 0=225° h 6=270°

3 P a What is the value of 6 in the given diagram?
A\ b Find arc length AP for the value of ¢ in a.

A If 6 changes so that arc AP =1, will 8 = 60

increase or decrease?

d [Ifarc AP =1, find 6 correct to 1 decimal place.

From question 3 above we observe that:

One radian is the angle subtended at the centre of a circle by an arc equal in length to the

radius of the circle. 1 radian = 57.3°

It is the angle subtended at the centre
of a circle by an arc of length equal to
the radius.

Notice that 1 radian is exactly the
same angle regardless of how the ra-
dius of the circle changes.

3
Notation: One radian could be written as 17 or 1¢ or just 1.

DEGREE-RADIAN CONVERSIONS

A full revolution is measured as 360° using degrees and 27 when using radians.

So, 27 radians is equivalent to 360° and consequently

7 radians is equivalent to 180°.

The following diagram is w I
useful for converting from P TN

one system of measure to Degrees Radians

the other: ™~ 180 .
s

In higher mathematics radian measure is mostly used as it is a distance
measure and so both axes on a graph use the same units. For example,
the graph of y =sinx (z in radians) would have the same units on the
x and y axes.

Notice that: A using degrees

0
arc AB = <%> X 27r,

using radians
9 B arc AB = rf. Why?

If degrees are used
we use a small ° to
indicate this. For
radians a small ©.
For example, 2.3°
can be used but
usually no symbol
for radians is
inserted.

~N

\
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Example 4

Convert 45° to radians in terms of .

Notice that angles in
radians are either in terms
of 7t or as decimals.

45° = (45 X 155) radians

or 180° = 7 radians V
= 7 radians (%)o = 7 radians
ie., 45% = 7 radians QG
EXERCISE 11D.2 ala
1 Convert to radians, in terms of 7:
a 90° b 60° ¢ 30° d 18° e 9°
f 135° g 225° h  270° i 360° j T20°
I 315° I 540° m  36° n 80° o 230°
To convert
degrees to radians,
Convert 126.5° to 126.5° multiply by 755 -
radians. = (126.5 x 15) radians
= 2.21 radians (3 s.f)
2 Convert to radians (correct to 3 s.f.):
a 36.7° b 137.2° ¢ 317.9° d 219.6° e 396.7°
Example 6 Replace 7 radians
by 180°.
Convert %“ to %“ Y
degrees. _ 5x180°
G
= 150°

3 Convert the following radian measure to degrees:

3n c

h

ot

I
10

Q)

3 s s
4 d 18 € 3
3 B 5 s
20 ! 6 l 8

Example 7

Convert 0.638 radians to degrees.

To convert radians
to degrees,

multiply by 189

0.638 radians
= (0.638 x %)0
= 36.55°

T

4 Convert the following radians to degrees (to 2 decimal places):
0.867

a 2 b 1.53 C

d 3.179
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5 Copy and complete:
a Degrees | 0| 45|90 | 135 | 180 | 225 | 270 | 315 | 360
Radians
b Degrees | 0 30| 60|90 | 120 | 150 | 180 | 210 | 240 | 270 | 300 | 330 | 360
Radians

|3 THE BASIC TRIGONOMETRIC RATIOS

Recall that: If P(z, y) moves around the unit circle (circle centre (0, 0), radius 1) such that

OP makes an angle of # with the positive z-axis then:
y

A

1

the z-coordinate of P is cosf 1 /

1

A

P(cos @, sin6) %
0 N —1 /

24

1 X

(cos ¢, sing)

L

the y-coordinate of P is sin 6.
-1

Y

1 X

A
%

Example 8

3r
2

).

>

< N

(0,—1)

Use a unit circle diagram to find the values of cos (37“) and sin (
y .
cos () =0 {z-coordinate}
3n
- . sin (3) = -1 {y-coordinate}

EXERCISE 11E.1

1 Use a unit circle diagram to find:

a cos ( %) and sin g) b cos2r and sin2w
¢ cos (—%) and si (—%) d cos (77”) and sin (77”)
Example 9
Find the possible values of cosf for sinf = % Ilustrate.
Since cos?0 +sin?6 = 1, then i .
2 2 2 . 3
cos 9—!—(3) =1 ) ' L
cos?f = % _ J_SE J_3§
cosf = :l:%
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2 Find the possible values of cos @ for:

a sinezé b sina:—% ¢ sinf=0
3 Find the possible values of sin 6 for:
a COSGZ% b cos@z—% ¢ cosf=1

4 The diagram alongside shows the 4 quadrants. They are
numbered anticlockwise.

a Copy and complete:

Quadrant | Degree measure | Radian measure sin 0
1 0<60<90 0<O0< 3 positive
2
3
4 (

b In which quadrants are the following true?
i cosf is positive i cosf is negative
iiil  cosé and sin @ are both negative
iv  cosf is negative and sin 6 is positive

If sinH:—% and 7T<9<37”,

find cos 6 without using a calculator.

All Silly Turtles Crawl /

Example 10 indicates which trig

ratios are positive

A -all, S - sine,
L T - tangent, C - cosine

: 3
y Since 7 <6 < =,

Suppose « is a quad 1 where sina = %

then n? =42 -32 =7 {Pythagoras}

n=+/7 and so cosazlg

But 6 is in quad 3 where cos 8 is negative

then 180° < 6 < 270°.

cos 0 is negative.

S A So, 0 is a quad. 3 angle and ..
ﬂ \ Now cos?f +sin? = 1
- f\/ X s, cos?O+ % =

2 s
cos 0 = {5
cosf = j:%
T ¥ C
and since cosf is negative, cosf = —345.

or using a working angle, the angle symmetrical with 6 in quadrant 1.

w

so cosf = —4.
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5 Without using a calculator, find:

a sinf if cost%, 0<O0< % b cosf if sin9:%, F<O<m

¢ cosf if sinf=-32 37“<9<27r d sinf if cosf =

3T
5> 7T<9<7

_5
13>

MULTIPLES OF 30° AND 45°

(94
1
MULTIPLES OF 45° OR & o
Consider 6 = 45°: 1 4540
Triangle OBP is isosceles as angle OPB measures 45° also. - 2 % —
OB = BP =a, say
and a®+a? =12 {Pythagoras}
. 2a%=1 "
2 _ 1 {0 3
a” =3 11 )
_ : (%) (-35)
a = W as a > |
Hence, P is (%, %) where \/LE =0.7. 135°
225° 45°
Consequently we can find the coordinates - L0 a 0)‘x
corresponding to angles of 135°, 225° and | 3150 '
315 using suitable rotations and reflections. |
So, we have: (*ﬁ, *%) (%, —%)
0,—1
MULTIPLES OF 30° OR ¥ ©=0
Consider 6 = 60°: Triangle OAP is isosceles with vertical angle 60°. The

remaining angles are therefore 60° and so triangle

y . . . .
1‘ AOP is equilateral. The altitude PN bisects base OA,
P(3, k)
; _1
1 ON = 3.
K IfPis (3, k), then (3)2+k*=1
- 60° 1, - L2
L N JA(1,0) T 1
k=2 {ask>0}
B =09
A\

Consequently, we can find the coordinates of
all points on the unit circle corresponding to
multiples of 30° using rotations/reflections.

el 9)

So we have:

(0,—1)7 (
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Summary:

e If A is a multiple of 90°, the coordinates of the points on the unit circle involve 0
and £1.

e If 0 is a multiple of 45°, (but not a multiple of 90°), the coordinates involve :I:%.
o If 6 is a multiple of 30°, (but not a multiple of 90°), the coordinates involve :I:%
and j:@.

You should not try to memorise the coordinates on the above circles for multiples of 30° and
45°, but rather use the summary.

Forexample:  for 215° 215° =5 x 45° for 300° 300° =10 x 30°

i.e., a multiple of 45° i.e., a multiple of 30°
A

y y
< N -
/ z—0.9&< """" ( ig)

)
22
A Y 20 2
as in quad 3, signs are both as in quad 4, signs are (+, —) and

negative and both have % size from the diagram the x-value is %

3

Use a unit circle to find the exact values of sin and cosa for  a = =F.

y

. a=38 =3 of 180° = 135°
(7B 207 151
3% us 0 T
- \4 \ - X COS(%) = —%, Sln(%) — %

|/

Y

EXERCISE 11E.2

1 Use a unit circle diagram to find sin# and cos @ for 6 equal to:

a I b ¢ ¢ d « e ==
|_Example 12 | by
Use a unit circle diagram . %” = % x 180° = 240°
-1 3
ofdtecartvais | [ L e
A=*%, 1.20) / .y and sin(F)=—¢
? \
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2 Use a unit circle diagram to find

b

2

jus
6

sin@ and cos( for 8 equal to:

1

=

s s

T
3 ¢ % d 3 €
Example 13
Without using a calculator, find the value of 8 sin (%) cos (%’T)
sin (%) = @ and cos (22) = —@
8sin (3)cos (3F) = 8(%)(—@)
= 2(-3)
=—6
3 Without using a calculator, evaluate:
a sin?60° b  sin30° cos 60° ¢ 4sin 60° cos 30°
d 1—cos? (%) e sin®(F) -1 f  cos’*(F)—sin(ZF)
g sin(2F) — cos(2F) h 1-2sin®*() i cos?(5Z) —sin®(2F)

Check all answers using your calculator.

Use a unit circle diagram to find all angles in [0, 2] with a cosine of 3.

y

N

P _1
¥ X=3

1

As the cosine is 3,
1

5.

we draw the vertical
line z =

Because % is involved we know the
required angles are multiples of 30°.

s

3

5m

and >

They are

4 Use a unit circle diagram to find all angles between 0° and 360° with:

a asine of%

d

a cosine of —%

b a sine of @

H 1
e a cosine of
\/_

. 1
ine of ==
¢ acosine o 7

> f asine of—§

5 Use a unit circle diagram to find all angles between 0° and 720° with:

a a cosine of 3§ b a sine of —% ¢ asine of —1

6 Find @ in radians if 0 <60 <27 and:
a COS@Z% b sinezé ¢ cosf=-1 d sinf=1
e cosﬁz—% f sin?f=1 g cos’f=1 h cos20:%
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70 AREAS OF TRIANGLES

height DEMO

base base base
If we know the base and height measurements of a triangle we can calculate the area using
area = % base x height.
However, cases arise where we do not know the height but we can still calculate the area.

These cases are: e knowing two sides and the angle be- e knowing all three sides
tween them (called the included angle)

For example: g em . g em 9 em

10 cm 10 cm

LABELLING TRIANGLES

If triangle ABC has angles of size A°, B°, C°, the sides opposite
these angles are labelled a, b and c respectively.

Using trigonometry, we can develop an alternative formula that
does not depend on a perpendicular height. Any triangle that is
not right angled must be either acute or obtuse.

We will consider both cases.

@)

In both triangles a perpendicular is constructed from A to D on BC (extended if necessary).

sinC = % sin(180 — C) = %
h =bsinC o, h=bsin(180 - C)
but sin(180 — C) =sinC
h =bsinC

So, as area = %ah then area = %absin C.

Using different altitudes we could also show that the area is %bc sinA  or %ac sin B.

Summary:
Given the lengths of two sides of a triangle and the angle between them side
(called the included angle), the area of the triangle is
a half of the product of two sides and the sine of the included angle. included ~ side

angle
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Find the area of triangle ABC: Area = %ac sin B
A :%x15><11><sin28°
11 cm = 38.7 cm?
28°
B 15 cm ¢

EXERCISE 11F

1 Find the area of:

9 cm
10.2 cm
10 cm
6.4 cm

If triangle ABC has area 150 ¢cm?
find the value of z:

[

17 cm

B 68°
X cm C

(%]

A parallelogram has two adjacent sides of length 4 cm and 6 cm respectively. If the
included angle measures 52°, find the area of the parallelogram.

4 A rhombus has side lengths 12 cm and an angle of 72°. Find its area.
5 Find the area of a regular hexagon with sides of length 12 cm.

6 A rhombus has an area of 50 cm? and an internal angle
of size 63°. Find the length of its sides.

~

A regular pentagonal garden plot has centre of symmetry
O and an area of 338 m?. Find the distance OA.

Example 16

A triangle has sides of length 10 cm and 11 cm and an area of 50 cm?.
Show that the included angle may take two different possible sizes.

If the included angle measures 6°, then % x 10 x 11 x sin€ = 50

50
55

Now arcsin ( ) = 65.4
.. 6=654 or 180 —65.4 WA 1(&
i.e., 0 =654 or 114.6 65.4° 11 114.6° 11

So, the two different possible angles are 65.4° and 114.6°

sinf =

Reminder: sinf = sin(180 — ) was established in the previous chapter.
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8 Find the possible values of the included angle of a triangle with:

a sides 5 cm and 8 cm, and area 15 cm?
b sides 45 km and 53 km, and area 800 km?.

9 The Australian 50 cent coin has

the shape of a dodecagon (12
sides).
Eight of these 50 cent coins will
fit exactly on an Australian $10
note as shown below. What
fraction of the $10 note is not
covered?

10 Heron of Alexandria, in the first century A.D., showed that if a triangle has sides of

length a, b and ¢, then its area can be calculated using A = \/s(s — a)(s — b)(s — ¢)
a+b+c
—
a Find the area of the right angled triangle with sides 3 cm, 4 cm and 5 cm:
i without using Heron’s formula
il using Heron’s formula.

where s =

b Find the area of a triangle with sides of length:
i 6cm,8cmand 12 cm ii 7.2cm, 89 cmand 9.7 cm

il SECTORS AND SEGMENTS

Reminder: secto

arc (part of circle)

/' centre

chord\ : radius

“._  segment

SECTORS

/ Consider a sector of a circle of radius » and
angle 0° at the centre.

If [ is the length of the arc from A to B then:

° = (%]) X 27r
e area — (%)) X 72

Note: 3%0 is the fraction of the full circle occupied by the sector.
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If 6 is in radians the arc length and area formula become I = 76 and area = %7«29.

These are easily obtained by substituting 27 for 360.

A sector has radius 12 cm and angle 65°. Find:
a its arc length b its area
a arc length = b X 2mr b area = 0 X 2
&= 360 ~ 360
65 65
=— X2 12 == 122
360 X 2 X T X 360 X T X
= 13.6 cm = 81.7 cm?

EXERCISE 11G

1 Find i the arc length ii the area of a sector of a circle of:
a radius 9 cm and angle 41.6° b radius 4.93 cm and angle 122°

2 A sector has an angle of 107.9° and an arc length of 5.92 m. Find:
a its radius b its area.

3 A sector has an angle of 68.2° and an area of 20.8 cm?. Find:
a its radius b its perimeter.

Example 18

A sector has radius 8.2 cm and arc length 13.3 cm. Find its angle, in degrees.
0 . .
arc length = <%> X 27r or arc length =76 {6 in radians}
arc length  13.3
o — 360 x arc length = " =39
2mr 13.3 180
_ 360x 133 S 0= g X —
2xmx8.2 0 = 92.9°
= 92.93 So, its angle is 92.9°.

4 Find the angle of a sector of:
a radius 4.3 m and arc length 2.95m b  radius 10 cm and area 30 cm?.

5 Find 6 (in radians) for each of: 317 om

a 6 /4 . b m c
\ 8.4 cm
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(]

10

1

12

13

Find the shaded area of:
a b < A
5em 12 cm 0= P
0.66

OA =12cm, BP = 18 cm
Find the arc length and area of a sector of radius 5 cm and angle 2 radians.

If a sector has radius 10 cm and arc length 13 cm, find its area.

A\

cny >

This cone is made from this sector.

Y

Find correct to 3 significant figures: d

a the slant length (s cm) b the value of r
¢ the arc length of the sector ~d the sector angle (0°)

The end wall of a building has the shape illustrated,
AL \B where the centre of arc AB is at C. Find:
T i ) s a « to 4 significant figures
goao " b 0 to 4 significant figures
C ¢ the area of the wall.

o . 1 nautical mile (Nm)
A nautical mile (n mile) is the distance on the Earth’s

surface that subtends an angle of 1 minute (where 1
minute = 6—10 degree) of the Great Circle arc measured
from the centre of the Earth. A knot is a speed of 1
nautical mile per hour.
a Given that the radius of the Earth is 6370 km, show
that 1 n mile is approximately equal to 1.853 km.
b Calculate how long it would take a plane to fly
from Perth to Adelaide (a distance of 2130 km) if
the plane can fly at 480 knots.

S
3 fence A sheep is tethered to a post which is 6 m from a
1 long fence. The length of rope is 9 m. Find the area
6¢m which is available for the sheep to feed on.
poste~—__ . S

A belt fits tightly around two pulleys of
radii 4 cm and 6 cm respectively and the

distance between their centres is 20 cm. 1 e +9°
Find, correct to 4 significant figures: @ """"""""""""""""""""
a « b 6

c ¢ d the length of the belt
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REVIEW SET 11A

1

Use your calculator to find: a sin70° b cos35°

Find the coordinates of the points
M, N and P on the unit circle.

Find @ if the value of the x-coordinate
of the point A on the unit circle is —0.222.

Find the acute angles that would have the same sineas: a 120° b 165° ¢ 95°
Find the obtuse angles which have the same sine as: a 47° b &° ¢ 86°

Without using your calculator, find:

a sinl159° if sin21° =0.358 b cos92° if cos88° =0.035
¢ cos75° if cos105° = —0.259 d sin227° if sin47° =0.731
Use a unit circle diagram to find:
a c¢co0s360° and sin360° b cos(—180°) and sin(—1807)
Find the acute angles that would have the same sine as: a 101° b 127° ¢ 168°

Find the acute angles that would have the same cosineas: a 276° b 298° ¢ 357°

If sin74° =0.961, without using a calculator, find the value of:
a sin106° b sin254° ¢ sin286° d sin646°

If cos42° =0.743, without using a calculator, find the value of:
a cos138° b  cos222° ¢ cos318° d cos(—222°)

REVIEW SET 11B

Determine the 5 5, 2 Determine the area of:
area of: a a sector of angle 80° and radius 13 cm
b a triangle with sides 11 cm,
oakm 9 cm and included angle 65°.
Find the perimeter and area of a sector of radius 11 cm and angle 63°.

Find the radius and hence the area of a sector of perimeter 36 cm if the angle is (%’r)c

A triangle has sides of length 7 cm and 13 ¢m and its area is 42 cm?. Find the size of
its included angle.

Find the value of x if the area is 7 Determine the shaded area:
80 cm?. Hence, find the length of AC.

A
19.2 cm :‘
C
11.3 cm
B
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Anke and Lucas are considering buying a block B/
of land and the land agent supplies them with

the given .ac-curate sketch. F-ind the arca of the 5 m 30090 m
property giving your answer in:

a m? “Ip

b hectares. A 120 m

Three equal circles with radius r are drawn as
A shown, each with its centre on the circumference
of the other two circles. A, B and C are the cen-
' tres of the three circles. Prove that an expression
for the area of the shaded region is:
r2

Convert these to radians in terms of 7: a 120° b 225° ¢ 150° d 540°
Convert to radians (to 4 sig. figs.): a 71° b 1246° ¢ —142° d —-25.3°

Convert these radian measure to degrees: a %’T b %’T < %’T d HT”

Convert these radian measure to degrees (to 2 decimal places):
a 3 b 1.46 ¢ 0.435 d -5271

REVIEW SET 11C

1

Use your calculator to determine the coordinates of the point on the unit circle corre-
sponding to an angle of: a 320° b 163°

Illustrate the regions where sinf and cosf have the same sign.

Use a unit circle diagram to find exact values for sin @ and cos @ for 6 equal to:

2 8
a I b 5
Explain how to use the unit circle to find & when cosf = —sin#.

Use a unit circle diagram to find:
a cos () and sin (3F) b cos(—%) and sin(-3%)

If cosf = % find the possible values of sin6.

If 0089:—%, 5 <0 <7 findsind.

Without a calculator, evaluate: a sin® (2F) b cos (&) —sin (2)
Without a calculator evaluate:
o om(Peos(5) b s (H)-1 ¢ cost (5) - (5)

Use a unit circle diagram to find all angles between 0° and 360° which have:

. 3 . 1
a ine of —3 b ine of ==
a cosine o 5 a sine of —=

Find € in radians if: a cosf = —1 b sin?f = g
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-— THE COSINE RULE

The cosine rule involves the sides and angles of a triangle.

A
In any AABC:
Y a? =b% +c¢? —2bccosA ‘ b
or b®>=a?—+c?>—2accosB
2 __ 2 9
or ¢ =a“+b 2abcosC B _ c

We will develop the first formula for both an acute and an obtuse triangle.

Proof:

In both triangles drop a perpendicular from C to meet AB ( extended if necessary) at D.
Let AD =2 andlet CD = h.
Apply the theorem of Pythagoras in ABCD:

a?=h>+(c—z)? a?=h*+(c+x)?

a? = h? +c% — 2cx + 22 soat=hr+ A+ 2c+ 22

In both cases, applying Pythagoras to AADC: h? + 22 = b? and substitute for h2.

a? = b+ — 2cx Soat =0+ 4 2
In ADC: cos A = % Now cos(180 — A) = —
bcos A=z . beos(180— A) ==z
a? =b*+c? — 2bccos A But, cos(180 — A) = —cos A
—bcosA =z

a? = b% 4 ¢® — 2bccos A

The other variations of the cosine rule could be developed by rearranging the vertices of
AABC.

Note that if A =90°, cosA=0 and a?=10%+c* —2bccosA reduces to
a? = b% + ¢?, the Pythagoras’ Rule.

The cosine rule can be used to solve triangles given: e two sides and an included angle

e three sides.

There is no ambiguity possible using the cosine rule.
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Example 1

Find, correct to 2 decimal By the cosine rule:

places, the length of BC. BCZ =112 + 132 — 2 x 11 x 13 x cos42°
L& o, BC= /(1124132 —2 x 11 x 13 x cos42°)
11 em BC = 8.801.....
BC is 8.80 cm in length.
42°
A C
13 cm

EXERCISE 12A

1 Find the length of the remaining side in the given triangle:

K
@ A 15cm b Q ¢
B 4.8 km
21 cm R 6.2 m
6.3 km 72°
C P L 14.8 m M

Rearrangement of the original cosine rule formulae can be used for angle finding if we
know all three sides. The formulae for finding the angles are:

b2 2 _ 2 2 2 _ p2 2 4 p2 _ o2
e T & cosp_ & T —b cosC = LTV -
2bc 2ca 2ab

Example 2

In triangle ABC, if AB = 7 cm, BC = 8 cm and CA = 5 cm, find the measure of
angle BCA.
A By the cosine rule:
_(5*+8 -1
cosC = o 5% 8)
7 cm Scm
(5248 -7
.. C =cos —_ -
(2x5x8)
C s C =60
B
8 em So, angle BCA measures 60°.
2 Find the measure of all angles of: 3 Find the measure of obtuse angle PQR.
C P
10 cm
12 cm 11 cm
Scm

13 cm
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4 Find:
a the smallest angle of a triangle with sides 11 cm, 13 cm and 17 cm
b the largest angle of a triangle with sides 4 cm, 7 cm and 9 cm.

The smallest
angle is
opposite the
shortest side.

5 Find:
a cosf but not 6 5cm & 2 cm
b the value of z.
4 cm
1 em
X cm

Bl THE SINE RULE

The sine rule is a set of equations which connects the lengths of the sides of any triangle
with the sines of the angles of the triangle. The triangle does not have to be right angled for
the sine rule to be used.

In any triangle ABC with sides a, b and c units in length, 2
and opposite angles A, B and C respectively, . 4
sinA _sinB _ sinC or a b ¢ C
a b ¢ sinA  sinB  sinC B a
Proof: The area of any triangle ABC is given by
%bcsinA = %acsinB = %absinC’.
Dividing each expression by %abc gives
sinA  sinB  sinC
a b ¢
Note: The sine rule is used to solve problems involving triangles given either:
e two angles and one side, or
e two sides and a non-included angle.
FINDING SIDES
Find the length of AC correct By the sine rule
to two decimal places. b 12
A A " sinB8°  sin39°
bcm 12 x sin 58°
12 cm Lo == 300
12 cm 580 39° C S
39° C B S b=16.17074
58°
B . AC s 16.2 cm long.
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EXERCISE 12B.1

1 Find the value of x:

23 ¢

11 cm
115°

37°

48° X cm

482 80°—% km

2 In triangle ABC find:
a aifA=063°B=49°and b= 18 cm
b bifA=282° C =25°and ¢c= 34 cm
¢ cifB=21°,C=48%anda = 6.4 cm

FINDING ANGLES

The problem of finding angles using the sine rule is more complicated because there may be
two possible answers.

INVESTIGATION THE AMBIGUOUS CASE

e ;g@i/‘
q“ Lo
&3 Q;N

Task 1:
Task 2:

Task 3:

Task 4:

You will need a blank sheet of paper, a ruler, a protractor and a compass
for the tasks that follow. In each task you will be required to construct
triangles from given information. You could also do this using a computer
package such as Geometer Sketch Pad.

Draw AB = 10 cm. At A construct an angle of 30°. Using B as centre, draw
an arc of a circle of radius 6 cm. Let the arc intersect the ray from A at C.
How many different positions may C have and therefore how many different
triangles ABC may be constructed?

As before, draw AB = 10 cm and construct a 30° angle at A. This time draw
an arc of radius 5 cm based on B. How many different triangles are possible?

Repeat, but this time draw an arc of radius 3 cm on B. How many different
triangles are possible?

Repeat with an arc of radius 12 cm from B. How many possible triangles?

In this investigation you should have discovered that when you are given two sides and a
non-included angle there are a number of different possibilities. You could get two triangles,
one triangle or it may be impossible to draw any triangles from the given data.

Let us consider the calculations involved in each of the cases of the investigation.

Finding C:

Task 1: Given: ¢=10cm, a=6cm, A=30° <
sinC B sin A
¢ a .

. ) 6 cm
sinC — csin A

a

10 x sin 30° 6 om

sinC = ———2 20 ().8333 30

6 A 10 cm B
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Because sinf = sin(180° — @) there are two possible angles:
C =56.44° or 180° —56.44° = 123.56°
On your calculator check that the sine ratio of both of these angles is 0.8333.

Task 2: Given: ¢=10cm, a=5cm, A=30°

C
L inC in A
Finding C" ane 2
c a
. 5 cm
A
sinC = e
a
30°
. o
sinC = m =1 A 10 cm B

There is only one possible solution for C' in the range from 0° to 180° and that is C' = 90°.

So only one triangle (i.e., one set of solutions) is possible. Complete the solution of the
triangle yourself.

Task 3: Given: ¢=10cm, a=3cm, A=30°

inC in A
Finding C" smé _sm
c a
sinC — csin A
a
. 10 x sin 30° 30° .
sinC = ———— — >
3 A 10 cm B
sinC' = 1.6667

There is no angle that has a sine ratio > 1. Therefore there is no solution for this given data,
i.e., no possible triangle can be drawn.

Task 4: Given: ¢c=10cm, a=12cm, A=30°

Finding C"
sinC B sin A
c a
sinC — csin A
a
10 x sin 30°
o = 0xsn307
sin 15
sinC = 0.4167

Two angles have a sine
ratio of 0.4167

C = 24.62° or
180° — 24.62° A 10 cm B
C = 24.62° or 155.38°

However, in this case only one of these two angles is valid. If A = 30° then C' cannot
possibly equal 155.38° because 30° + 155.38° > 180°.




NON-RIGHT ANGLED TRIANGLE TRIGONOMETRY (Chapter 12) 257

Therefore, there is only one solution, C' = 24.62°. Once again, you may wish to carry on
and complete the solution.

Conclusion: Each situation using the sine rule with two sides and a non-included angle
must be examined very carefully.

Find the measure of angle C' in triangle ABC if AC is 7 cm, AB is 11 cm and
angle B measures 25°.

By the sine rule

sin C' . sin B
¢c b
7 cm
11 cm . sinC _ sin25°
c 17
. 11 x sin 25°
sinC = —

S (11 X sin 25°
7
C = 41.6° or 180° — 41.6°
{as C may be obtuse}
C = 41.6° or 138.4°
C measures 41.6° if angle C' is acute
or C' measures 138.4° if angle C' is obtuse.
In this example there is insufficient information to determine the actual shape of
the triangle.

) or its supplement

Note: Sometimes there is information in the question which enables us to reject one of the
answers.

Example 5

Find the measure of angle L in triangle KLM given that angle LKM measures 56°,
LM = 16.8 m and KM = 13.5 m.

L . ero
sinl_ sin56 {the sine rule}

L 13.5  16.8
13.5 x sin 56°
. [ _ 135 xsin56°
St 16.8
o L =sin"! 159 R0 g or its supplement
= sin —_—
16.8 PP
< /56° - M o L =418 or 180° — 41.8°
= m .. L =418 or 1382°

But reject L = 138.2° as 138.2° 4 56° > 180° which is impossible. .. £L = 41.8°.
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EXERCISE 12B.2

1 Triangle ABC has 4B = 40°, b= 8 cm and c¢ = 11 cm. Find the two possible
values for angle C.

2 In triangle ABC, find the measure of:
a angle A ifa =14.6 cm, b =174 cm and LABC = 65°
b angle Bifb=43.8 cm,c=31.4cm and £ACB = 43°
¢ angle Cif a=6.5km, ¢c=4.8km and £BAC = 71°.

3 Is it possible to have a triangle with 4 Find the magnitude of the angle ABC
measurements as shown? Explain! and hence BD in the given figure.

B

85°
9.8 cm 12° D

78°
68°

11.4 cm A ¢

5 Find z and y in the given figure.

6 Triangle ABC has A =58, AB =10 cm and AC = 5.1 cm. Find:
a C correct to the nearest tenth of a degree using the sine rule
b C correct to the nearest tenth of a degree using the cosine rule.

¢ Copy and complete: “When faced with using either the sine rule or the cosine rule
it is better to use the ........ccccceeeee as it avoids .........c.ce.c....

| USING THE SINE AND COSINE RULES

First decide which rule to use.

If the triangle is right angled then the trigonometric ratios or Pythagoras’ Theorem can be
used, and for some problems adding an extra line or two to the diagram may result in a right
triangle.

However, if you have to choose between the sine and cosine rules, the following checklist
may assist you.

Use the cosine rule when given e three sides
e two sides and an included angle.

Use the sine rule when given

e one side and two angles

e two sides and a non-included angle (but beware of the ambiguous case which
can occur when the smaller of the two given sides is opposite the given angle).
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Example 6

The angles of elevation to the top of a moun-
tain are measured from two beacons A and B,
at sea.

These angles are as shown on the diagram.

If the beacons are 1473 m apart, how high is
the mountain?

£ATB = 41.2° —29.7° {exterior angle of A}

= 1.5°
We can now find = in AABT using the sine
rule,
r 1473
sin29.7  sinll.5
1473 .
A 1473m B N S, = Snlls X sin 29.7
= 3660.62.....
h h
Now, in ABNT, sin41.2°=— = ——
o 1 > 7 3660.62....
h = sin41.2° x 3660.62....
h = 2410
So, the mountain is about 2410 m high.
EXERCISE 12C
1 Manny wishes to determine the height of a flag
pole. He takes a sighting of the top of the flagpole
from point P. He then moves further away from
the flagpole by 20 metres to point Q and takes a
second sighting. The information is shown in the Q _~28° P/ 53° o
diagram alongside. How high is the flagpole? <«—20m—>
2 Q To get from P to R, a park ranger had to walk
175 m @ 63 m along a path to Q and then to R as shown.

R What is the distance in a straight line from P to R?

A_165m
3 A golfer played his tee shot a distance of 220 220 m

m to a point A. He then played a 165 m six

iron to the green. If the distance from tee to 340 m
green is 340 m, determine the number of de- '
grees the golfer was off line with his tee shot.
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L4 A Communications Tower is constructed on

top of a building as shown. Find the height

of the tower.

goal
posts

angle
of view

tower

15.9° building

23.6°

«— 200 m——»

A soccer goal is 5 metres wide. When a player is 21
metres from one goal post and 19 metres from the
other, he shoots for goal. What is the angle of view
of the goals that the player sees?

player

6 A tower 42 metres high, stands on top of a hill. From a point some distance from the
base of the hill, the angle of elevation to the top of the tower is 13.2°. From the same
point the angle of elevation to the bottom of the tower is 8.3°. Find the height of the hill.

7 From the foot of a building I have to look upwards at an angle of 22° to sight the top
of a tree. From the top of the building, 150 metres above ground level, I have to look

down at an angle of 50° below the horizontal to
a How high is the tree?

sight the tree top.

b How far from the building is this tree?

S R
Find the measure of angle RPV.
P 3 cm
Q
gw
Lo 5Scm
U 6 cm A%
In ARVW, RV = /52 + 32 =+/34 cm. {Pythagoras}
In APUV, PV = 62+ 32 = /45 cm. {Pythagoras}

Likewise in APQR, PR = /62 + 52 = /61 cm.

(V61)® + (V45)* — (v/34)°

cosf = WG
61+ 45 — 34
b oen YoV
4 7
V45 cm V34 cm 2v/61v/45

36
f=cos ! | ——— ) =46.6
o (\/61\/45)

i.e., angle RPV measures 46.6°.
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8 8 cm Q
Find the measure of angle PQR
P 4 cm .
in the rectangular box shown.
7 cm
R

9 Two observation posts are 12 km apart at A and B. From A, a third observation post C
is located such that angle CAB is 42° while angle CBA is 67°. Find the distance of C
from both A and B.

10 Stan and Olga are considering buying a
sheep farm and the land agent supplies
them with the given accurate sketch. Find
the area of the property giving your an-
swer in:

a km b hectares. P > km S

11 Thabo and Palesa start at point A. They each walk in a straight line at an angle of 120°
to each other. Thabo walks at 6 kmph and Palesa walks at 8 kmph. How far apart are
they after 45 minutes?

12 The design of the kerbing cross-section for
a driverless-bus roadway is given. The
metal strip is inlaid into the concrete and
is used to control the direction of travel
and speed of the bus. Find the width of
the metal strip.

metal strip

13 An orienteer runs for 4% km and then turns through an angle of 32° and runs another 6
km. How far is she from her starting point?

14 Sam and Markus are standing on level ground 100 metres apart. A large tree is due
North of Markus and on a bearing of 065° from Sam. The top of the tree appears at an
angle of elevation of 25° to Sam and 15° to Markus. Find the height of the tree.

15 A helicopter A, flying at 4000 m, observes two ships B and C. B is 23.8 km from the
helicopter and C is 31.9 km from it. The angle of view from the helicopter to B and C
(angle BAC) is 83.6°. How far are the ships apart?

REVIEW SET 12

1 Determine the value of x:
a 11 em b 15 km

13 cm 17 km

19 cm
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2

10

11

Find the value of z:

a b
13 cm xem
11 em 14 cm
19 em 21 cm
Find the unknown sides and angles: 4 Find the area of quadrilateral ABCD:
C A 11 cm B
A
9.8 cm
11 cm
B

A vertical tree is growing on the side of a hill with slope of 10° to the horizontal. From
a point 50 m downhill from the tree, the angle of elevation to the top of the tree is 18°.
Find the height of the tree.

From point A, the angle of elevation to the top of a tall building is 20°. On walking 80
m towards the building the angle of elevation is now 23°. How tall is the building?

Peter, Sue and Alix are sea-kayaking. Peter is 430 m from Sue on a bearing of 113°
while Alix is on a bearing of 203° and a distance 310 m from Sue. Find the distance
and bearing of Peter from Alix.

A rally car drives at 140 kmph for 45 minutes on a bearing of 032° and then 180 kmph
for 40 minutes on a bearing 317°. Find the distance and bearing of the car from its
starting point.

You are given details of a triangle such that you could use either the cosine rule or the
sine rule to find an unknown. Which rule should you use? Explain your answer.

Kady was asked to draw accurately a triangle, a rough sketch of which is shown below:
a  Use the cosine rule to find x.
b  What should Kady’s response be? 8 cm 7em

X cm
Frank, a soil contractor was given the following dimensions over the telephone:
The triangular garden plot ABC has angle CAB measuring 44°, AC is 8 m long and BC
is 6 m long. Soil to a depth of 10 cm is required.
a Explain why Frank needed extra information from his client.

b  What is the maximum volume of soil needed if his client was not able to supply
additional information?
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INTRODUCTION

Periodic phenomena occur in the physical world in:

e seasonal variations in our climate

e variations in the average maximum and minimum monthly temperatures at a place
e the number of daylight hours at a place

e variations in the depth of water in a harbour due to tidal movement

e the phases of the moon etc.

Periodic phenomena also occur in the living world in animal populations.

These phenomena illustrate variable behaviour which is repeated over time. This repetition
may be called periodic, oscillatory or cyclic in different situations.

In this topic we will consider various data sets which display periodic behaviour.

OPENING PROBLEM

A Ferris wheel rotates at a >
E' ' constant speed. The <<=
wheel’s radius is 10 m 7
and the bottom of the = \

wheel is 2 m above ground level.
From a point in front of the wheel 5
Andrew is watching a green light - O
on the perimeter of the wheel. =z
Andrew notices that the green
light moves in a circle. He then / ;/
considers how high the light is i) ;
above ground level at two second g
intervals and draws a scatterplot of —
his results. '

e What would his scatterplot look like?
e Could a known function be used to model the data?

il

'ty

e How could this function be used to find the light’s position at any point in time?

e How could this function be used to find the time when the light is at a maximum (or
minimum) height?

e What part of the function would indicate the time interval over which one complete
cycle occurs?

Click on the icon to visit a simulation of the Ferris wheel.

You are to view the light on the Ferris wheel: DEMO

e from a position in front of the wheel

e from a side-on position

e from above the wheel.

Now observe the graph of height above (or below) the wheel’s axis over time as the wheel
rotates at a constant rate.
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VN|[" OBSERVING PERIODIC BEHAVIOUR

Consider the table below which shows the mean monthly maximum temperature (°C) for
Cape Town.

Month | Jan | Feb | Mar | Apr | May | Jun | Jul | Aug | Sep | Oct | Nov | Dec

Temp | 28 | 27 | 253 | 22 [ 184 | 16 | 15| 16 | 18 | 21 | 24 | 26

If this data is graphed using a scatterplot, 4 T, Temp (°C)
assigning January = 1, February = 2 etc., 30 |, .
for the 12 months of the year, the graph S . o °
shown is obtained. 20 L °
(Note: The points are not joined as in- 10
terpolation has no meaning here.) - ¢ (months)
b3 6 9 124
YJAN JAN

The temperature shows a variation from an average of 28°C in January through a range of
values across the months and the cycle will repeat itself for the next 12 months.

It is worthwhile noting that later we will be able to establish a function which approximately
fits this set of points.

T, Temp (°C)
30

..o .0..0 .0
20 - — - —

... ...
10
¢t (months)

ST 3 6 9 124 15 18 21 24

YJAN JAN

!g’ lines

of force

direction f/)

of rotation

Wsm 270° 360°

In 1831 Michael Faraday discovered that an electric current was generated by rotating a
coil of wire in a magnetic field. The electric current produced showed a voltage which
varied between positive and negative values as the coil rotated through 360°.
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Graphs which have this basic shape where the cycle is repeated over and over are called
sine waves.

GATHERING PERIODIC DATA

e Maximum and minimum monthly temperatures are obtained from appropriate internet sites.
(e.g. http://www.bom.gov.au/silo/)

e Tidal details can be obtained from daily newspapers or
http://www.ntf .flinders.edu.aw/TEXT/TIDES/tides.html

ACTIVITY BICYCLE DATA
On a flat surface such as a tennis court mark a chalk line VIDEO
with equal intervals of 20 cm. On a tyre of a bicycle wheel e
AR mark a white spot using correcting fluid. Start with the I 7

spot at the bottom of the tyre on the first marked
interval. Wheel the bike until the bottom of

the tyre is on the second marked inter-
val. Use a metre rule to measure

the height of the spot

above the

ground.

M|
NN
7 \\

/N

-
20 cm white spot

a Record your result and continue until you have 20 or more data values.
b Plot this data on a set of axes.

¢ Are you entitled to fit a smooth curve through these points or should they be left
as discrete points? Keep your results for future analysis.

TERMINOLOGY USED TO DESCRIBE PERIODICITY

A periodic function is one which repeats itself over and over in a horizontal direction.
The period of a periodic function is the length of one repetition or cycle.

If f(z) is a periodic function with period p then f(z +p) = f(z) for all z and
p is the smallest positive value for this to be true.

Use a graphing package to examine the following function:

f:az— z—|x] GRAPHING
PACKAGE
where [z]| is the largest integer less than or equal to x. @ ?

Is f(x) periodic? What is its period?


http://www.bom.gov.au/silo/
http://www.ntf.flinders.edu.au/TEXT/TIDES/tides.html
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A cardioid is also an example of a periodic function. It is the curve traced out by a point on

a circle as the circle moves along a flat surface. VipEo
CLIP

horizontal flat surface

Unfortunately the cardioid function cannot be written as  y = ...... or f(z)=....

In this course we are mainly concerned with periodic phenomena which show a wave pattern
when graphed.

the wave

principal axis
The wave oscillates about a horizontal line called the principal axis (or mean line).

maximum point\‘

Y K \
. . amplitude
- principal axis \ v

minimum point S period

\4

A maximum point occurs at the top of a crest and a minimum point at the bottom
of a trough.

The amplitude is the distance between a maximum (or minimum) point and the
principal axis.

EXERCISE 13A

1 For each set of data below, draw a scatterplot and decide whether or not the data exhibits
approximately periodic behaviour.

a 0ol 1] 23475 6 71 8T o910]11]12
01 |14 1o =114l =alo]1]1al1T]o0
b
o[1]2]3]4 05
41014 G@
¢ 0 [os]10]15[20]25][30]35
0 [19|35 4547433424
d
o[ 374756 7] 8 9 [10] 12
47 134172152189 109]102]84] 104
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2 The following tabled values show actual bicycle wheel data as determined by the method

described earlier.

Distance travelled (cm) 0 20 | 40 | 60 | 80 | 100 | 120 | 140 | 160
Height above ground (cm) | 0 6 23 | 42 | 57 | 64 | 59 | 43 | 23

Distance travelled (cm) 180 | 200 | 220 | 240 | 260 | 280 | 300 | 320 | 340
Height above ground (cm) | 7 1 5 27 | 40 | 55 | 63 | 60 | 44

Distance travelled (cm) 360 | 380 | 400
Height above ground (cm) | 24 9 3
a Plot the graph of height against distance.
b s the data periodic, and if so find estimates of:

i the equation of the principal axis il the maximum value
iii  the period iv  the amplitude

¢ Is it reasonable to fit a curve to this data, or should we leave it as discrete points?

3 Which of these graphs show periodic behaviour?

a 1

ANVAN.
1\/2 3\/4 5\/6

1

=Y

1 2 3 435 6
LI LI

e ry

7 8 9

/\

=Y

\ 4

Vi

PERIODIC FUNCTIONS FROM CIRCLES

1

5 20
N4

=

b 7

d 4§V
Y

f a4y
U

In previous studies of trigonometry we have only considered right angled triangles, or static situ-
ations, where the angle 6 is fixed. However, when an object moves in a circle the situation is
dynamic, with 6 (the angle between the radius OP and the horizontal axis) continually changing.

Once again consider the Ferris wheel of radius 10 m

revolving at constant speed.

The height of P, the point representing the person on the
wheel relative to the principal axis at any given time, can
be determined by using right angle triangle trigonometry.

As sinf = i, then A = 10sin6.

10

v

y =

From this it is obvious that as time goes by 6 changes and so does h.

So, h is a function of #, but more importantly A is a function of time ¢.

DEMO
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Bl B THE SINE FUNCTION

Returning to the Ferris wheel we will examine the graph obtained when plotting the height
of the light above or below the principal axis against the time in seconds. We do this for a
wheel of radius 10 m which takes 100 seconds for one full revolution.

b height (metres)

) /\
50 \_/ 100 time (secondg)
-10

We observe that the amplitude is 10 and the period is 100 seconds.

DEMO

The family of sine curves can have different amplitudes and different periods. We will
examine such families in this section.

THE BASIC SINE CURVE

by A\ Y

: i S
N o N y=sinx
J 90° \1§0° 270° 360"
orZ or N or 3¢ /0{ 2n
X pd
e P
] >
v

If we project the values of sin 6 from the unit circle to the set of axes on the right we obtain
the graph of y =sinx.

The wave of course can be continued beyond 0 < x < 27.

y
90\1\80° 270° 360/ \5400
; > X
ort orm or 3¢ o2 or 31
5 N
y=sinx

We expect the period to be 2w, as for example, the Ferris wheel repeats its positioning after
one full revolution.

1

The maximum value is 1 and the minimum is —1 as —1 <y <1 on the unit circle.

The amplitude is 1.

GRAPHING m ,
Use your graphics calculator or graphing package to e
obtain the graph of y=sinz to check these features. Q J o

When patterns of variation can be identified and quantified in terms of a formula (or equation)
predictions may be made about behaviour in the future. Examples of this include tidal move-
ment which can be predicted many months ahead, and the date of the full moon in the future.
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INVESTIGATION 1 THE FAMILY y= Asinz

L7 What to do:

j\\'//N 1 Use technology to graph on the same set of axes:
%‘ a y=sinz and y= 2sinzx b y=sinz and y=0.5sinx
¢ y=sinzx andy= —sinxz (A= —1) GRAPHING
PACKAGE
If using a graphics calculator, make sure that the mode is set ?
in radians and that your viewing window is appropriate.

2 For each of y= sinz, y=2sinz, y=0.5sinz, y=—sinz record the maximum and
minimum values and state the period and amplitude. If using a calculator use the built
in functions to find the maximum and minimum values.

3 How does A affect the function y = Asin x?
4 State the amplitude of: a y=3sinz b y= V7sinz € y=—2sinx

INVESTIGATION 2 THE FAMILY y=sinBxz, B>0

- ~
73@,{7 What to do:
>
@'\%‘ 1 Use technology to graph on the same set of axes:
RS a y=sinz and y=sin2z b y=sinz and sin(iz)
2 For each of y =sinz, y=sin2z, y =sin(iz) GRAPHING
g o o . PACKAGE
record the maximum and minimum values and state the period and
amplitude.

3 How does B affect the function y = sin Bx?

L State the period of:
a y=sin3z b y=sin(3z) ¢ y=sin(l2z) d y=sinBz

From the previous investigations you should have observed that:

e in y=Asinz, A affects the amplitude and the amplitude is |A|
. . . . .. 27
e in y=sinBx, B>0, B affects the period and the period is 5
Recall |z| is the modulus of z, The modulus sign
the size of x ignoring its sign. ensures that the final

answer is non-negative
and this needs to be so
for amplitudes.

N
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Example 1

Without using technology sketch the graphs of:

a y=2sinzx b y=-2sinz for 0<z <27

a The amplitude is 2, and the period is 2.
o4

2
| 3n
\ 5 N

w3

SN

of y=2sinz in the z-axis.

We place the 5 points as shown and fit the sine wave to them.

b The amplitude is 2, the period is 27, and it is the reflection

o4
29 e y=—2sinx
L 5 21 ~ 17
N
D D N y=2sinx
EXERCISE 13B.1
1 Without using technology draw the graphs of the following for 0 < z < 27
a y=3sinx b y=-3sinz c y:%sinx d y:—%sinm
Without using technology sketch the graph of y =sin2z, 0< 2 < 27.
As sin 2x has half the

The period is 27” = .

period of sinx, the
first maximum is at

So, for example, the maximum values are 7 units apart. T oot X
4 2
y
: \
3z
= 2 27 » X
5 T
-1 l \/ \/y= sin 2x
2 Without using technology sketch the graphs of the following for 0 < x < 37

y = sin 3z b y=sin(%) ¢ y=sin(—2x)
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3 State the period of:

a y=sindz b y=sin(—4z) ¢ y=sin(%) d y =sin(0.6x)
L Find B given that the function y =sinBz, B >0 has period:
a bw b ¢ 12 d 4 e 100
5 Use a graphics calculator or graphing package to help you graph for 0 < z < 720:
1
a y=2sinx+sin2x b y=sinz +sin2z 4+ sin 3z € Y= -
sinz
6 Use a graphing package or graphics calculator to graph:
in 3 inb
a f(z) = sing + sin 3z sn; x
b f(z) = sinz + sin 3x n sin bx n sin 7x n sin9r  sinllx
B 3 5 7 9 11
sindx  sindzr  sinTz sin 1001z
Predict th h of =sing + ——+ —— + —— + ...... _—
redict the graph of f(z) =sinz + 3 + 5 + - + + 1001

INVESTIGATION 3 S y=sinx—C) AND y=sinz+D

JEJ// What to do:
>
%% 1 Use technology to graph on the same set of axes:
< a y=sinz and y=sin(z —2) Fv o

b y=sinz and y=sin(zx+2) T‘ﬁ)}

¢ y=sinz and y=sin(z - %)

2 For each of y =sinz, y=sin(zx—2), y=sin(z+2), y=sin(z - %)
record the maximum and minimum values and state the period and amplitude.
3 What transformation moves y =sinz to y =sin(x — C)?
Use technology to graph on the same set of axes:
a y=sinz and y=sinz+3 b y=sinx and y=sinx—2

5 For each of y =sinx, y =sinx+3 and y = sinz — 2 record the
maximum and minimum values and state the period and amplitude.

What transformation moves y =sinz to y =sinz + D?

7 What transformation would move y =sinz to y =sin(z —C)+ D?

From Investigation 3 we observe that:

e y=sin(z — C) is a horizontal translation of y =sinz through C units.

e y=sinz+ D is a vertical translation of y =sinz through D units.

e y=sin(zx—C)+ D is a translation of y =sinz through vector [g}



PERIODIC PHENOMENA (Chapter 13) 273

On the same set of axes graph for 0 < x < 47

a y=sinz and y=sin(zx —1) b y=sinx and y=sinz—1

<y s
’ >, 2 .,
- .. & s,
o 03 - .
ot o, s S
5 S, 4
Y . ol s, T -
0
2 27T
», Rz
\ X
. /
. %
%

T 37, . o
/ ’\\ "/k y= sinx
-1 TSRO S (R 1)
b -

5
-
L ~ Od
.
<=1l & & ~ 4
.
be' . &£ v & JT -

2 3. -
N N e,
\'—1/ \ %y=sinx—1

THE GENERAL SINE FUNCTION
y = Asin B(x — C) 4+ D is called the general sine function.
¥

affects affects affects affects
amplitude period horizontal translation vertical translation
Note: The principal axis of y = AsinB(zx —C)+D is y=D. R
Consider y =2sin3(z — §)+ 1. Itis a translation of y = 2sin3z under {ﬂ .

So starting with y =sinz we would:
e first double the amplitude to produce y = 2sinz, then
e the period is divided by 3 to produce y = 2sin3x, then

us

4

e translate L] to produce y =2sin3 (x — %) +1.

Actually doing these multiple transformations is unimportant compared with using the facts
in modelling data which is periodic.

EXERCISE 13B.2
1 Draw sketch graphs of:

a y=sinzx—2 b y=sin(z —2) ¢ y=sin(z+2)

d y=sinz+2 e y=sin(z+7F) fy=sin(z—-%)+1
2 Check your answers to 1 using technology.
3 State the period of: i'i’ém'é'f

a y=sinbt b y=sin (i) ¢ y=sin(—2t) ?».’)
4 Find B where B >0, in y =sinBx if the period is:
a 3« b T ¢ 100w d 50
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5 State the transformation(s) which maps:

a y=sinx onto y=sinzx—1 b
¢ y=sinx onto y=2sinx d
e y=sinx onto y= % sinz f
g y=sinx onto y=—sinx h
i y=sinz onto y=2sin3x i

y =sinz
y =sinz
y =sinz
y =sinz
y =sinzx

onto
onto
onto
onto

onto

y =sin(z — F)
y = sindx

y = sin (%)

y = —3 +sin(z + 2)
y=sin(z — 3) +2

"o | MODELLING USING SINE FUNCTIONS

Sine functions can be useful for modelling certain biological and physical phenomena in

nature which are approximately periodic.

MEAN MONTHLY TEMPERATURE

The mean monthly maximum temperature (°C) for Cape Town is as shown in the given table

Month | Jan | Feb | Mar | Apr | May | Jun | Jul | Aug | Sep | Oct | Nov | Dec
Temp | 28 | 27 | 254 | 22 | 183 | 16 | 15| 16 | 18 | 213 | 24 | 26
and the graph over a two year period is as follows:
40 = 0
" temperature (°
30 o p o
° o A o ° * o °
20 1 ° ° * * ° ° *
10 ° o
0 t(monthsl
Jan Mar May Jul Sep Nov Jan Mar May Jul Sep Nov
We will attempt to model this data  to y = AsinB(z —C)+ D
ie, T =AsinB(t—C)+D.
2
Now the period is 12 months, so T 12 and B=g.
B
. . — min. | 28—15
The amplitude = max 5 i = 3 =6.5, so A=6.5.
28+1
The principal axis is midway between max. and min., D= 8 ;— > =215.

So, the model is 7' = 6.5sin & (t — C) + 21.5

Viewing A on the original graph as (10, 21.5) means that C' is 10.

So T =6.5sing(t —10)+21.5 is the model.

The model is therefore 7' = 6.5sin & (¢ —10) +21.5 and is superimposed on the original

data as follows.



PERIODIC PHENOMENA (Chapter 13) 275

40
30

T, temperature (°C)

t (months)
Jan Mar May Jul Sep Nov Jan Mar May Jul Sep  Nov

TIDAL MODELS

At Juneau, in Alaska, on one day it was noticed that:

high tide occurred at 1.18 pm
low tides occurred at 6.46 am and at 7.13 pm,

and on the next day  high tides occurred at 1.31 am and 2.09 pm
low tides occurred at 7.30 am and 7.57 pm.

Suppose high tide corresponds to 1 and low tide to —1.
Plotting these times (where ¢ is the time after midnight before the first low tide), we get:

Tide height, H <«— 12 hrs 13 min—<— 12 hrs 38 min—>

‘-._6 am 12 noon %6 'pm 12 pm "‘.‘ 6 am 12 noon 6“1‘pm P
midnight NS NS
_ 1 .o’ .\".' @ "o~
<— 12 hrs 27 min—><—12 hrs 17 min—*<—12 hrs 27 min—>
We will attempt to model this periodic data to y=AsinB(x —C)+ D

or H=AsinB(t—C)+ D.
Since the principal axis appears to be H =0, then D =0.
The amplitude is 1, so A= 1.

The graph shows that the ‘average’ period is about 12 hours 24 min = 12.4 hours.

... 27 2m 2T
But the period is 5 7 =124 andso B=— 124 = 0.507.

The model is now H = sin0.507(t — C') and so we have to find C.

Point X is midway between a maximum and a minimum value,

i.e., between t = 6.77 and t = 13.3 s C= w =10.0.

So, finally the model is H = sin 0.507(¢ — 10.04).

Below is our original graph of seven plotted points and our model which attempts to fit them.

H=sin 0.507(¢z—10.04)

‘ 1’\ ANYANYAY:
R vnnoon \/Ime WIZHOOH \/

f\
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Use your graphics calculator to check this result. m
Times must be given in hours after midnight, g
ire., (6.77, —1), (13.3,1), (19.22, —1), etc. G

EXERCISE 13C

1 Below is a table which shows the mean monthly maximum temperature (°C) for a city
in Greece.

Month | Jan | Feb | Mar | Apr | May | Jun | July | Aug | Sept | Oct | Nov | Dec
Temp | 15 14 15 18 21 25 27 26 24 20 18 16

a A sine function of the form 7T = Asin B(t —C)+ D is used to model the data.
Find good estimates of the constants A, B, C' and D without using technology. Use
Jan = 1, Feb = 2, etc.

b Use technology to check your answer to a. How well does your model fit?

2 The data in the table is of the mean monthly temperature for Christchurch.

Month | Jan | Feb | Mar | Apr | May | Jun | July | Aug | Sept | Oct | Nov | Dec

Temp | 15 | 16 [ 141 | 12 | 10 |75 | 7 | 73 | 8% |10L| 120 | 14

1
2

a Find a sine model for this data in the form 7T = Asin B(t — C) + D. Do not
use technology and assume Jan = 1, Feb = 2, etc.

b Use technology to check your answer to a.

3 At the Mawson base in Antarctica, the mean monthly temperatures for the last 30 years
are as follows:

Month | Jan | Feb | Mar | Apr | May | Jun | July [ Aug | Sept | Oct | Nov | Dec
emp | 0 | -4 | —-10| -15| —16 | =17 | =18 | =19 | =17 | =13 | =6 | —1

Find a sine model for this data using your calculator. Use Jan = 1, Feb = 2, etc. How
appropriate is the model?

4 In Canada’s Bay of Fundy, some of the largest tides are observed. The difference between
high and low tide is 14 metres and the average time difference between high tides is about
12.4 hours.

a Find a sine model for the height of the tide H, in terms of the time .
b Sketch the graph of the model over one period.

5 Revisit the Opening Problem on page 264.

The wheel takes 100 seconds to complete

one revolution. Find the sine model which 10

gives the height of the light above the

ground at any point in time. Assume at 2'm
time ¢t = 0, the light is at its lowest point.
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(]| EQUATIONS INVOLVING SINE

Linear equations such as 2x + 3 = 11 have exactly one solution and quadratic equa-
tions, i.e., equations of the form ax?+bx+c =0, a # 0 have at most two real solutions.

Trigonometric equations generally have infinitely many solutions unless a restrictive domain
suchas 0 <z <3m is given.

We will examine solving sine equations using: e preprepared graphs
e technology
e algebraic methods.

For the Ferris Wheel Opening Problem the model is  H = 10sin £5(t — 25) + 12.
We can easily check this by substituting ¢ = 0, 25, 50, 75

t=50
H(0)=10sin(-3) +12=-10+12=2 V
H(25) =10sin0+12=12 v
(

t=15 $ t=25
10m H(50) = 10sin (3) +12=22 V

= etc.
2m

10 m

However, we may be interested in the times when the light is 16 m above the ground, which
means that we need to solve the equation

10sin £5(t — 25) +12 = 16  which is of course a sine equation.

GRAPHICAL SOLUTION OF SINE EQUATIONS

Sometimes simple sine graphs on grid paper are available and estimates of solutions can be
obtained.

To solve sinz = 0.3, we observe where the horizontal line y = 0.3 meets the graph y = sinz.

EXERCISE 13D.1
1

Y

Use the graph of y =sinz to find correct to 1 decimal place the solutions of:
a sinx=0.3 for 0<z <15 b sinz=-04 for 5<x <15
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2 1
y Y =sin2x
1
—0.5 v \/ \/ \_/ A\_/
i
Y

Use the graph of y = sin2x to find correct to 1 decimal place the solutions of:

a sin2x =0.7 b sin2z =-0.3

SOLVING SINE EQUATIONS USING TECHNOLOGY

To solve
If using a graphics calculator make sure the mode is set to radians.

Graph Y; =sinX and Y; =0.3

sinx = 0.3 we could use either a graphing package or graphics calculator.

GRAPHING
PACKAGE

o

Use the built-in functions to find the first two points of
intersection. These are X = 0.3047 and X = 2.8369.

So, as sin z has period 27, the general solution is

AN AN A

VAV

+1, £2, etc.

0.3047 .
T= 369 } + k27, k any integer.
Note: We are entitled to substitute any integers for k£, i.e., k=0,
For a restricted domain like 0 < x < 15 the solutions would be
x =0.3047, 2.8369, 6.5879, 9.1201, 12.8711, 154633
T T T T
k=1 k=1 k=2 k=2

Inkerseckion
So, we have five solutions in this domain. AZ.P0MRTEEE 12
EXERCISE 13D.2
1 Use technology to solve for 0 < x < 8, giving answers to 4 sig. figs.

a sinx =0.414 b sinx = -0.673 ¢ sinx = 1.289

d sin2z =0.162 e sin (%) =—0.606 f  sin(z +2) = 0.0652

g sin(z—13)=0866 h sin(z—%)=07063 i sin(3)=-0.9367
SOLVING SINE EQUATIONS ALGEBRAICALLY (ANALYTICAL SOLUTIONS)

Using a calculator we get approximate decimal solutions to trigonometric equations.

Sometimes exact solutions are needed in terms of 7, and these arise when the solutions are

1 T T
multiples of & or 7.
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Reminder: y

0, 1)

Use the unit circle to find the exact solutions of z, 0 <z < 37 for:
| . _ 1 . _ 1
a sinz=-3 b sin2z = —3 (4 sm(m—%)——g
a sinx = —%, so from the unit circle 4y
6 .
= } + k27, k an integer ~ N x
6 —_1
AV i V2 Yooz
T = %”, HT”, 1721 ie., 2 solutions °© L
T f T v
k=0 k=0 k=1
Substituting k=1, 2, 3, ..... gives answers outside the required domain.
Likewise k= —1, —2, ..... gives answers outside the required domain.
b sin2zx = —% is solved exactly the same way only this time
s
6 .
2z = 1ir } + k27, k an integer
6
s
12 ..
z= } + kn {divide each term by 2}
12
95 = %, 111—2”, 119—2”, 213—”, 311—2”, 315—2” {obtained by letting k =0, 1, 2, 3}
¢ sin(z—F)=—4 is solved the same way, but this time Don’t forget to try
k=—1, =2, etc. as
in sometimes we get
r— T = & + k27 solutions from them.
6 L
6
8_Tr V
z= ° L+k2r  {adding T to both sides}
27
4 10 : A
r= 3, 2T, % too big, 0 LIS
I 1 &
k=0 k=0 k=1 ==l
APA
So, =0, 4?”, 27 which is three solutions.
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EXERCISE 13D.3

1 List the possible answers if k is an integer and:

a x=g+kr 0<z<6m b r=—%+kmnr, -2r<z<27
¢ z=-5+km, —dr<z<dr d x:%—l—k(%), 0<x<4dn

2 Solve algebraically giving answers in terms of 7:
a 2sinz=1 0<z<6r b V2sinz=1, 0<z<4r
¢ 2sinz—1=0, 2r<z<2n d V2sinz—1=0, —4r<z<0
e sinz=-1, 0<z<6m f sinz=1, 0<z<d4r
g sin2z=3 0<z<3rm h V2sin3z+1=0, 0<z<2r
i 2sin22—+v3=0, 0<z<3m i 2sin(m—|—§)=1, —3r <z <37

3 Solve algebraically giving answers in terms of 7, for —27 < z < 2m:
a sinz+4sinz—2=0 b 4sin’z=3
¢ 2sin’z=sinz+1 d 2sin’z+1=3sinz

4 Find the zeros of: (The zeros of y = sin2x are the solutions of sin2z = 0.)
a y=sin2x between 0 and 7 (inclusive)

yis

b y=sin(z — %) between 0 and 3 (inclusive)

USING SINE MODELS

Example 5

The height h(t) metres of the tide above mean sea level on January 24th at Cape

Tt

Town is modelled approximately by h(t) = 3sin (?) where ¢ is the number
of hours after midnight.

a Graph y=nh(t) for 0<t<24.

b  When was high tide and what was the maximum height?

¢ What was the height at 2 pm?
d

If a ship can cross the harbour provided the tide is at least 2 m above mean
sea level, when is crossing possible on January 24?

a h(t)=3sin (%) hasperiod == =27 x < =12hours and h(0)=0
VOREN

y 00
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b High tide is at 3 am and 3 pm, and maximum height is 3 m above the mean as
seen at points A and B.

¢ At2pm, t=14 and h(14) =3sin(1E) =2.60 (3 significant figures)
So the tide is 2.6 m above the mean.

d fh(t) A (14,2.60) B

> [
I 4 3 & Wz 515 L4 1\2-1/24
_3__

We need to solve  h(t) =2  ie., 3sin (%) =2

(9%}

Using a graphics calculator with Y7 = 3sin ( %) and Yo =2

we obtain ¢, = 1.39, to =4.61, 3 =13.39, t4=16.61
or you could trace across the graph to find these values.

Now 1.39 hours = 1 hour 23 minutes, etc.
can cross between 1:23 am and 4:37 am or 1:23 pm and 4:37 pm.

EXERCISE 13D.4

1 The population estimate of grass-hoppers after ¢ weeks where 0 < ¢ < 12 is given by
P(t) = 7500 + 3000 sin (Z£) .
a What was: i the initial estimate i the estimate after 5 weeks?
b What was the greatest population size over this interval and when did it occur?
¢ When is the population i 9000 it 6000?
d During what time interval(s) does the population size exceed 10 000?

2 The model for the height of a light on a Ferris Wheel is  H (t) = 20—19sin (2£), where
H is the height in metres above the ground, ¢ is in minutes.

a Where is the light at time ¢ = 0?

b At what time was the light at its lowest in the first revolution of the wheel?
¢ How long does the wheel take to complete one revolution?

d Sketch the graph of the H(¢) function over one revolution.

3 The population of water buffalo is given by

P(t) = 400 + 250sin (%) where ¢ is the number of

years since the first estimate was made.
a What was the initial estimate?
b What was the population size after:

i 6 months il two years?

¢ Find P(1). What is the significance of this value?
d Find the smallest population size and when it first occurs.
e Find the first time interval when the herd exceeds 500.
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& Over a 28 day period, the cost per litre of petrol is modelled by
C(t) =9.2sin Z(t — 4) +-107.8 cents/L.

a True or false?
i “The cost/litre oscillates about 107.8 cents with maximum price $1.17.”
il “Every 14 days, the cycle repeats itself.”

b What is the cost at day 7?

¢ On what days was the petrol priced at $1.10/L?

d What is the minimum cost per litre and when does it occur?

"3 THE COSINE FUNCTION

Y . .
pre2 We return to the Ferris wheel to see the cosine
function being generated.
Click on the icon to inspect a simulation of the
view from above the wheel.
10 The graph being generated over time is a cosine
function.
- X, . . d
This is no surprise as cosf = —
] > . 10
ie, d=10cosé.
DEMO
_./
3
= .
Now view the relationship between the NS yosmx
sine and cosine functions. "
Notice that the functions are identical &- - k4 : >
in shape, but the cosine function is '/ 2 7” 2 X
E . . . "l \‘ 'IO
2 units left of the sine function under a oo A y=cosx
horizontal translation. \ =
. . x
This suggests that cosz = sin (z + ). RAPHING
PACKAGE

Use your graphing package or graphics calculator to check this by graphing
y=-cosx and y =sin (ac + %)

Example 6

On the same set of axes graph: y =cosz and y = cos (w — %)

Yy = COS (:z: — %) comes from y = cosx under a horizontal translation through %.

Y =Ccosx

Rl
e
.

oo
~.

y= cos(x—%)

Note: You could use technology to help draw your sketch graphs as in Example 6.
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EXERCISE 13E ,
1 Given the graph of y = cosz, !
sketch the graphs of: - \ x
-1

a y=cosx+2 b y=cosz—1 ¢ y=cos(z— %)

d y=cos(x+F) e y=2cosz f y=3cosz

g y=—cosx h y=cos(z—%)+1 i y=cos(z+%)—-1
] y=cos2x lk  y=cos (%) I y=3cos2x

2 Without graphing them, state the periods of:

"

a y=cos3z b y:cos(ﬁ)

3 Yy = COS (%.’L‘)

3 The general cosine functionis y = AcosB(x —C) + D.
State the geometrical significance of A, B, C' and D.

4 For the following graphs, find the cosine function representing them:

a ‘y b ‘y C “y

We could use a graph to find approximate solutions for trigonometric equations such as
cosf = 0.4 for 0 <60 < 10 radians. We draw the graph of y = cosf for 0 <6 <10 and
find all values of 6§ where the y-coordinate of any point of the graph is 0.4.

N

6 8% o 10 ¢

®
= 57”\/y=cos€

y=0.4 meets y =cosf at A, Band C and hence 6 =1.2,5.10r 7.4.
So, the solutions of cosf = 0.4 for 0 <0 < 10 radians are 1.2, 5.1 and 7.4.

C
AR/ S ) N 2
7

e How many solutions does cosf = 1.3 have for 0 < 6 < 10?
e How many solutions does cosf = 0.4 have with no restrictions for 6?
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Once again we could solve cosine equations: e from given graphs e using technology
e algebraically.

The techniques are the same as those used for sine equations.

EXERCISE 13F
1

Use the graph of y = cosx to find to 1 decimal place, the approximate solutions of:
a cosz =04, ze€l0,10] b coszx=-03, z €[4 12]
2 Use technology to solve the following to 3 decimal places:
a cosz=0.561, ze€]l0,10] b cos2z=0.782, z € [0, 6]
¢ cos(z—1.3)=—-0.609, z €0, 12] d 4cos3z+1=0, z €0, 5]

Find exact solutions of v/2cos(z—22)+1=0 for = € [0, 67).

As  +/2cos (x— %”) +1=0 then +/2cos (m— %Tﬂ) =-1
3T\ _ 1
COS (.’L‘ — T) = —E

We recognise % as a special A

fraction (for multiples of )

37
ac—%”z * }+k27r

N/

5
4
3
2 ;
9B = o }+k27r —ﬁ#—OJ
If k=-1, z=-% or 0. If k=0, z=3 or 2m
If k=1, z=1IF or 4r. If k=2, z=24% or 6m

If k=3, the answers are greater than 6.

3

So, the solutions are: z =0, 2, 2m, IZ, 47, LT or 67.
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3 Find the exact solutions of:

a cosxz\%, x € [0, 4r] b cosz=-1, €0, 57]
¢ 2cosz++3=0, z€l0,3n] d cos(z— %) =13, xe[-2m 2n

e V2cos(z—%)+1=0, z€[0, 3] f cos2x+1=0, z€|0, 27

& A paint spot X lies on the outer rim of the

wheel of a paddle-steamer. The wheel has X 3Im
radius 3 m and as it rotates at a constant T 4
rate, X is seen entering the water every 4
seconds. H is the distance of X above the Hm water level
bottom of the boat. At time t =0, X is l Fm
at its highest point. M m
a Find the cosine model, bottom of the boat

H(t) = Acos B(t — C) + D.
b At what time does X first enter the water?

<l TRIGONOMETRIC RELATIONSHIPS

There are a vast number of trigonometric relationships. However, we will use only a few of
them. First of all we will look at how to simplify trigonometric expressions.

SIMPLIFYING TRIGONOMETRIC EXPRESSIONS

Since for a given angle , sinf and cosf are real numbers, the algebra of trigonometry is
identical to the algebra of real numbers.

Consequently, expressions like 2sinf + 3sinf compare with 2x + 3x when we wish

to do simplification. So, 2sinf + 3sind = 5siné.

Example 8
Simplify: a 3cosf+4cosb b sina—3sina
a 3cosf +4cosf b sina — 3sin
= Tcosf = —2sina
{3z + 4z = Tz} {zr — 3z = -2z}

EXERCISE 13G.1

1 Simplify:
a sinf+sinf b 2cosf -+ cosb ¢ 3sinf —siné
d 3sinf —2sinf e cosf —3cosb f 2cosf —5cosb

To simplify more complicated trigonometric expressions involving sin # and cos  we often

use 5
sin @ + cos?0 =1 (See pages 230 and 231)
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It is worth graphing y =sin?60, y =cos?f and y =sin®6 + cos?>6 using technology.

Notice that: sin?@ + cos?#  could be replaced by 1
) 2
1 could be replaced by sin” 6 + cos~ 0 GRAPHING
sin?#  could be replaced by 1 — cos? 6 PACKAGE
1—cos?6 could be replaced by sin®@
cos? 6  could be replaced by 1 — sin® 6
1 —sin?6 could be replaced by cos? 4.
Example 9
Simplify: a 2-—2cos?6 b sin?#cosf + cos® 0
a 2-—2cos?0 = 2(1 — cos? 0) = cosf (sin? § 4 cos? 0)
b sin?fcosf + cos® = 2sin% 0 =cosf x 1
{cos?@ +sin®f = 1} = cos @
2 Simplify:
a 3sin?6+ 3cos?d b —2sin?6 —2cos? 0 ¢ —cos’f —sin®@
d 3-—3sin?0 e 4—4cos’f f  sin®6 4 sinfcos? 6
g cos?h—1 h sin?6—1 i 2cos?6—2
1 —sin?@ k 1—cos?6 I cos?f —1
cos? 6 sin 6 —sinf
As with ordinary algebraic expressions we can
expand trigonometric products. %
Sometimes simplication of these expansions is
possible. — sin6 and cos 6 are
ye simply numbers and
so the algebra of
trigonometry is
Example 10 exactly the same as
) o ) ordinary algebra.
Expand and simplify if possible: (cos — sin §)?
(cos@ — sin6)?
=cos?0 — 2cosfsinf +sin®6  {using (a —b)? = a® — 2ab + b*}
= cos? 6 + sin®§ — 2 cos fsin
=1—2cosfsinf
3 Expand and simplify if possible:
a (1+sinf)? b (sina—2)? ¢ (cosa—1)2
d (sina+cosa)? e (sinf8 —cosf)? f  —(2—cosa)?

Factorisation of trigonometric expressions is also possible.
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Factorise: a cos?a—sina b sin?6 — 3sinf +2
a cos? a — sin? a b sin® @ — 3sin 6 + 2
= (cosa + sina)(cosa — sin «) = (sinf — 2)(sinf — 1)
{as a®> —b?> = (a+b)(a—10)} as {22 -3z +2=(z—2)(zx—1)}
4 Factorise:
a 1-—sin%6 b sin?a—cos?a ¢ cosla—1
d 2sin?f —sing e 2cos¢+3cos? f 3sin?6 —6sind
g sin?0+5sinf+6 h 2cos?0+ Tcosf +3 i 6cos’a—cosa—1
Simolify: 8 2 —2cos? 6 cosf — siné
s 1+ cos® cos2 § — sin” 0
2 —2cos? 6 b cosf — sin
1+ cos@ cos2 0 — sin” 0
~ 2(1—cos?0) B (cos B —sin®)
~ 1+cosf ~ (cos + sin 0)(cos f—sind)
B 2(1 +-eosB)(1 — cosh) B 1
- (1 +-cosB) ~ cosf +sinf
= 2(1 — cosb)
5 Simplify:
1—sin’a cos?f3—1 cos? ¢ — sin? ¢
1 —sina cosfB+1 cos ¢ + sin ¢
cos® ¢ — sin? ¢ sin a + cos a p 3 —3sin?6
cos ¢ — sin ¢ sin? o — cos? a 6 cosf
6 Show that:
a (cosf +sinf)? + (cosf —sinh)?  simplifies to 2
b (2sinf + 3cos0)? + (3sinf — 2cosh)?  simplifies to 13
1 sin? §
1-— 1+ — implifies t
¢ (1—cosb) < + cos«9> simplifies o ——
GRAPHING
1 . o . ) ) PACKAGE
d (1 + 5 9) (sin@ — sin® @)  simplifies to cos® 6 ?

sin 6 +1 + cos 6
1+ cos@ sin 6

simplifies to

2

sin 6

Use a graphing package
to check these.
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INVESTIGATION 4 OMPLEMENTARY ANGLE FORMULAE

~~£ X7 The purpose of this investigation is to discover relationships (if they exist)
=~ between: e cos(—0), sin(—0), cosf and sinf
”\@ e cos(5—0), sin(3—6), cosf and siné

us

Note: —6 is the negative of ¢ and (5 —0) is the complement of 6.
What to do:
1 Copy and complete, adding angles of your choice to the table:
0 sinf | cos@ | sin(—6) | cos(—0) | sin(5—46) | cos(5—0)
2.67
0.642
6
etc
2 From your table in 1 make a prediction on how to simplify sin(—6), cos(—6),

sin(§ —0) and cos(5 —6).

NEGATIVE ANGLE FORMULAE

by

P(cos®, sinf) negatives.

i Hence cos(—6

and sin(—6

Y P'(cos(—0), sin(—0)) So,

sin (—6

A\

COMPLEMENTARY ANGLE FORMULAE

Consider P’ on the unit circle, which corresponds
to the angle (5 — 0).

—sinf

) =
) =

cos (—0) = cos 0
=

Notice that P and P’ have the same z-
coordinate, whereas their y-coordinates are

cos 0

GRAPHING
PACKAGE

?j)

—sin 6.

LY =X
P(cos#, sin6)

Then P'is  (cos(Z — 6), sin(%—0)) ... 1) X "

But P’ is the image of P under a reflection in the igso;;%ed

line y==.

So, P’is(sinf, cosf) ... ) v

Comparing (1) and (2) gives cos (5—0) =sin 6 PACKAGE

cos(5—0)=sinf and sin(5— )= cosb. sin (5 —0) =cos 0 ?
Simplify: a 2sin(—0) +3sinfd b 2cos B + cos(—0)

—2sinf + 3sin 6
= sin6

a 2sin(—0)+ 3sinf
b 2cosf + cos(—0)

= 2cosf + cosf
= 3cosl
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EXERCISE 13G.2

1 Simplify:
a sinf +sin(—0) b sin(—60) —sinf ¢ 2cosf + cos(—0)
d 3sinf —sin(—0) e cos’(—a) f sin’(—a)

g cos(—a)cosa —sin(—a)sina

Simplify: 3sin(Z — 6) + 2cosf
35in(%—9)+20059 = 3cosf + 2cosb
= 5cosf

2 Simplify:
a 2sinf — cos(90°—0) b sin(—#)—cos(90°—6) ¢ sin(90°— @) — cosf
d 3cos(—0) —4sin(5 —0) e 3cosf +sin(f —0) f cos(§ —0)+4sind

3 Explain why sin(6 — ¢) = —sin(¢ — 0), cos(f — ¢) = cos(¢p — ).

;| COMPOUND ANGLE FORMULAE

INVESTIGATION 5 OMPOUND ANGLE FORMULAE
JJ@‘
-\” What to do:

ﬁ\\@4 1 Copy and complete for angles A and B in radians or degrees:

A B |cos A|cosB|cos(A— B)|cos A— cos B|cos Acos B + sin Asin B
47° | 24°
1389 | 49°
3rad | 2 rad

Make sure you use some angles of your choosing.

2 What do you suspect from the results of this table?

Make another table with columns A, B, sinA, sinB, sin(A+ B),
sin A+sin B, sin Acos B+ cos Asin B and complete it for four sets of angles of
your choosing. What is your conclusion?

If A and B are any two angles then: cos (A + B) = cos A cos B — sin A sin B
cos (A — B) = cos A cos B + sin A sin B
sin (A + B) = sin A cos B + cos A sin B
sin (A — B) =sin A cos B — cos A sin B

These are known as the compound angle formulae. There are many ways of establishing
these formulae but most of these methods are unsatisfactory as the arguments limit the angles
A and B to being acute.
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Proof: Ay
. . . ; 1

Consider P(cos A, sin A) and Q(cos B, sin B) P(cosA, Sm{\)

as any two points on the unit circle, as shown. Q(cosB, sinB)

Angle POQ is A — B. Nt o<

Using the distance formula: \ /1 *
PQ = /(cos A — cos B)? + (sin A — sin B)? !
(PQ)? = cos? A — 2cos Acos B + cos? B +sin? A — 2sin Asin B + sin”? B
= cos? A + sin? A + cos? B + sin® B — 2(cos A cos B + sin A sin B)

=1+1—2(cos Acos B + sin Asin B)
=2—2(cos Acos B+sinAsin B) ... (1)

But, by the cosine rule in APOQ,
(PQ)? = 12 + 12 — 2(1)(1) cos(4 — B)
=2—-2cos(A—B) ... ()
cos(A — B) = cos Acos B + sin Asin B {comparing (1) and (2)}
From this formula the other three formulae can be established.
cos(A+ B) = cos(A — (—B))
= cos A cos(—B) + sin Asin(—B)
= cos A cos B + sin A(—sin B) {cos(—0) = cosf and sin(—60) = —sinf}
=cosAcos B —sin Asin B

Also  sin(A — B) sin(A + B)
= cos(5 — (A — B)) =sin(A — (—B))
=cos((5— A)+ B) = sin A cos(—B) — cos Asin(—B)
= cos(5 — A) cos B —sin(5 — A)sin B = sin A cos B — cos A(—sin B)
=sin Acos B — cos Asin B = sin Acos B + cos Asin B

a sin(d — ¢) = sinfcos ¢ — cosfsin ¢

Expand: ) )
a sin@—¢) b cos(f+a) b cos(f+ o) = cosfcosa —sinfsina

EXERCISE 13H
1 Expand the following:

a sin(M + N) b cos(T—25) ¢ sin(a—f)
d sin(¢+0) e cos(a+pf) f cos(20 — )
g sin(a—20) h cos(34+ B) i cos(B-—20)

Example 16

sin(270° + o)
Expand and simplify = 5in 270° cos a + cos 270° sin o
sin(270° + o). = -1xcosa + 0xsina

= —COS
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2 Expand and simplify:
a sin(90° +0) b cos(90° +0) ¢ sin(180° — «)

d cos(m+a) e sin(2r— A) f cos(3 —0)

3 Expand, then simplify and write your answer in the form Asiné + B cos6:

a sin(6+ %) b cos(%’r—) ¢ cos(0+7%) d sin(§ —0)

cos 30 cos — sin 30 sin 6

Simplify: = cos(30 +6) {compound formula in reverse}

cos 360 cos 0 — sin 30 sin 0 = cos 460

4 Simplify using appropriate compound formulae (in reverse):

a cos26cosf + sin20sinf b sin2Acos A+ cos2Asin A
¢ cosAsin B —sin Acos B d sinasin( + cosacos
e singsinf — cos¢cosd f 2sinacosf —2cosasinf

5 Simplify using compound formulae:
a cos(a+ B)cos(a — B) — sin(a+ B) sin(a — 3)
b sin(f — 2¢) cos(§ + ¢) — cos(0 — 2¢) sin(f + ¢)

¢ cosacos(f — a) —sinasin(f — «)

Example 18
sin 75° = sin(45° 4 30°)
Without using your calculator, = sin 45° cos 30° + cos 45° sin 30°
show that sin 750 = Y0+v2, = (%)(@)4‘(%)(%)
_ (Bl V2
T\ 2v2 ) V2
— \/61—\/5

6 Without using your calculator, show that the following are true:

a cosTho = Y62 b sin105° = _\/sz/i ¢ cos(Er) = —/6-v2

4 12

7 a Show that, v/2cos (0 + %), expanded and simplified, is cosf — sin 6.

-3

Show that, 2 cos (0 - %), expanded and simplified, is cosf + V/3sinb.

Show that cos(a 4+ 3) — cos(aw — B)  simplifies to —2sin asin (.
2

Qo n

Show that cos(a + 3) cos(a — 3)  simplifies to  cos? o — sin® 3.

8 a Show that: sin(A+ B) +sin(A — B) = 2sin Acos B

-3

From a we notice that sin Acos B = $sin(A + B) + 3 sin(4 — B) and this

formula enables us to convert a product into a sum. Use the formula to write the
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following as sums:

i sin36cosf ii  sin6acosa iiil  2sin58cos g

iv 4cosfsin4f vV  6cosdasin3a vi % cosbAsin3A4

9 a Show that cos(A+ B) + cos(A — B) = 2cos Acos B
From a we notice that cos Acos B = 1 cos (A + B) + 4 cos (A — B).
Use this formula to convert the following to a sum of cosines:
i cos46cosf ii  cosTacosa iii  2cos30Bcos
iv 6cosxzcosTz v  3cosPcosdP Vi i cos4x cos 2z

10 a Show that cos(A — B) —cos(A + B) = 2sin Asin B.
From a we notice that sin Asin B = 1 cos(A — B) —  cos(A + B).
Use this formula to convert the followmg to a di ﬂerence of cosines:

i sin30sinf ii  sin6asina iii  2sinb@sing
iv 4sinfsin46 v 10sin2Asin8A vi  1sin3Msin7TM
1 sinAcos B = $sin(A+ B)+ £sin(A—B) ... (1)
cos Acos B = 2 cos(A+ B) + 2 cos(A— B) ... (2)
sinAsinB = 1 cos(A—B) -1

5cos(A+B) .. (3)

are called products to sums formulae. What formulae result if we replace B by A in
each of these formulae?

12 Suppose A+B=S and A—-B=D.

a Showthat A=2%2 and B=52
b For the substitution A+ B =S and A— B =D, show that equation (1) in

question 11 becomes  sin S + sin D = 2sin (£52) cos (552) ... 4)
¢ In (4) replace D by (—D) and simplify to obtain
sin S — sin D = 2 cos (552 sin (552).
d What results when the substitution A = SJFTD and B = S_TD is made into
(2) of question 11?

e What results when the substitution A = % and B = % is made into
(3) of question 11?

13 From question 12 we obtain the formulae:
sin S + sin D = 2sin (%) cos (%) cos S 4 cos D = 2cos (S+D) oS (%)

sinS —sin D = 2cos (SJFTD) sin (S_TD) cosS —cosD = —2sin (542'2) sin (S_TD)

and these are called the factor formulae as they convert sums and differences into
factored (factorised) forms. Use these formulae to convert the following to products:
a sinbx +sinzx b  cos8A+cos24 ¢ cos3a — cosa

d sinbf — sin 360 e cosTo— cosa f sin3a+sin7a

g cos2B —cos4B h sin(z+h) —sinz i cos(z+h)—cosz
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"1 DOUBLE ANGLE FORMULAE

INVESTIGATION 6 DOUBLE ANGLE FORMULAE
Jf"%? What to do:

\//
‘% 1 Copy and complete using angles of your choice as well:
AN

A |sin2A|2sin A|2sin Acos A|cos2A|2cos A|cos? A — sin® A
0.631

57.81°
—3.697

2 Write down any discoveries from your table of values in 1.

The double angle formulae are:

GRAPHING
PACKAGE
2 o 2
cos“ A —sin“ A
sin2A = 2sin Acos A cos 2A = 2cos?A—1 GRAPHING
1—2 Sin2 A PACKAGE
Example 19
Given that sina = % a sin 2cr b cos 2c
= 1 _ 2 s 2
and cosa=—% find: 2sinacos o = cos® a — sin” «
) =2(2)(-4 _(_4\2 _ (3y2
a sin2a b cos2a (5)(=3) = (=27 =(2)
— _24 _
25 = 35

EXERCISE 131

1 If simA=2 and cosA=2% findthe valuesof: a sin24 b cos24
2 If cosA= %

, find cos2A. 3 If sind):—%, find cos2¢.

Example 20
5

If sina= g3 where § <a<m, findthe valueof sin2a.

First we need to find cosa where o S Y A
isinquad 2 . cosa is negative. ¢ ox
Now cos?a +sina =1 T
cos? o + % =1 But sin2a = 2sinacosa
cos” & = 15 =2(H)(-B)
cosa = —12 =120

169
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L a If sina= —% where m™<a< 3?” find the value of cos o and hence the

value of sin 2a.

b If cosf = % where 37” < B < 27w, find the value of sin3 and hence the

value of sin 2.

Example 21
3

If « is acute and cos2a = & find the values of a cosa b sina.

a cos2a = 2cos?a — 1 b sina = v/1 — cos? «

3 =2cos?a—1 {as « is acute, sin« is positive}
2 _ 7 .
cos"a = g . sina = 1—%

coso = j:j% ) 1
Ssin o = 3

coso = % 1
sina = —=
2v2

{as a is acute, cosais > 0}

5 If o is acute and cos2a = —g, find without a calculator: a cosa b sina
Use an appropriate ‘double angle formula’ to simplify:
a 3sinfcosb b 4cos’2B—2
a 3sinf cosf b 4cos’ 2B — 2
= %(251110(:039) =2(2cos’2B - 1)
— 35in20 = 2cos2(2B)
= 2cos4B

6 Use an appropriate ‘double angle’ formula to simplify:

a 2sinacosa b 4cosasina ¢ sinacosa

d 2cos?p—1 e 1—2cos’¢ f 1—2sin®N

g 2sin’M-—1 h cos?a—sin?a i sin’a—cos?a

i 2sin2A cos 2A lk  2cos3asin3a I 2cos?40 —1

m 1-—2cos?38 n 1-2sin?5a o 2sin’3D -1

p cos?2A —sin®24 q cos?(%) —sin®*(%) r 2sin®3P — 2cos® 3P
7 Show that:

a (sinf +cosf)? simplifiesto 1+ sin26 PACKAGE

b cos®d —sin?6 simplifies to cos 26 1"}
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10 THE TANGENT FUNCTION

Consider the unit circle diagram given.

ﬂy
P(cos 0, sin ) is a point which is free to move around 1 Q(1, tan6)
the circle. P
In the first quadrant we extend OP to meet the tan- sh; 0 tan6
gent at A(1, 0) so that it meets this tangent at Q. AR Y
As P moves, so does Q. -1 cos0 N JA(L,0)"
Q’s position relative to A is defined as the tangent
function.
Now A’s ONP and OAQ are equiangular and therefore similar. -1 tangent
AQ NP AQ sinf ) sinf

Consequently, — = — 1ie, — = hich suggests that tan@ = .

uenty: 5A T ON 1 cosf uee cosé@

- X
A1, 0)

Q(1, tan )

N Q(1, tan 6)

> X
A(1,0)

> X
A(1, 0)

Q(1, tanB)

The question arises: “if P does not lie in the first
quadrant, how is tan @ defined”?

For 6 obtuse, since sin 6 is positive
and cos @ is negative,

inf . .

tanf = sm7 is negative and PO is extended
cosf

to meet the tangent at A at Q(1, tan #).

For 6 in quadrant 3, sin 6 and cos 8 are both neg-
ative and so tan @ is positive and this is clearly
demonstrated as Q returns above the z-axis.

For 6 in quadrant 4, sin 6 is negative and cos @ is
positive. So, tan# is negative.

e What is tan 6 when P is at (0, 1)?
e What is tan 6 when P is at (0, —1)?



296  PERIODIC PHENOMENA (Chapter 13)

EXERCISE 13).1

1 Use your calculator to find the value of:

a tan0° b tan15° ¢ tan20° d tan25°
e tan35° f tan45b° g tanb0° h tanb5°
2 Explain why tan45° = exactly.
Now click on the icon to see the graph of y = tan6 DEMO

demonstrated from its unit circle definition.

THE GRAPHOF y=tanx g
The graph of y =tanxz is

Y=

A
™N
|
N
|
(SIE]
SIE|
S|
m|‘gl’
()
Q
N|§"

e s the tangent function periodic? If so, what is its period?

e For what values of x does the graph not exist? What physical characteris-
tics are shown near these values? Explain why these values must occur
when cosz = 0.

e Discuss how to find the z-intercepts of y = tan x.
e What must tan (z— ) simplify to?
e How many solutions can the equation tan z = 2 have?

EXERCISE 13).2

1 a Use a transformation approach to sketch the graphs of these functions, x € [0, 37]:
i y=tan(z— %) i y=—tanz i y=tan2x GRAPHING
PACKAGE
b Use technology to check your answers to a.

Look in particular for: e asymptotes e r-axis intercepts.

2 Use the graphing package to graph, on the same set of axes: CRAPHING
a y=tanz and y=tan(x —1) b y=tanz and y = —tanz PACKAGE

¢ y=tanz and yztan(%) 1‘7

Describe the transformation which moves the first curve to the second in each case.
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3 The graph of y =tanz is
illustrated.

a Use the graph to find
estimates of:
i tanl i tan2.3

b Check your answers from
a calculator.

¢ Find, correct to 1 decimal
place, the solutions of:
i tanzx =2 for
0<z<8
ii tanzx=-14 for
2< <7 ¥

4 What is the period of:
a y=tanx b y=tan2zx ¢ y=tannx?

CEET TANGENT EQUATIONS

In question 3 of the previous exercise we solved tangent equations graphically. Unfortunately
the solutions by this method are not very accurate.

tanz = 2.61
Consider solving these similar looking equations tan(x — 2) = 2.61
tan2z = 2.61

ALGEBRAIC SOLUTION

Since the tangent function is periodic with period = we see that tan(x + 7) = tanx for
all values of x. This means that equal tan values are 7 units apart.

Notice all equations are of the form tan X = 2.61.

If tanX = 2.61 So, if tanxz = 2.61, then
X = tan~1(2.61) x = 1.205 + kn, (k any integer)
X =1.205 Notice that
the period of
If tan(z —2) = 2.61 If tan2z = 2.61 tan2xis L.
then z —2=1.205+kn then 2z = 1.205+ k7
z = 3.205 + kr 1205k
LomET
z = 0.602 + k:_7r 3

EXERCISE 13K.1 2

1 If tanX =2, find all solutions for X. Hence, solve the equations:

a tan2z =2 b tan (%) =2 ¢ tan(z+1.2)=2

2 If tanX = —3, find all solutions for X. Hence, solve the equations:
a tan(z-—2)=-3 b tan3z = -3 ¢ tan (g) =-3
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3 Find the exact solutions of tan X = /3 in terms of 7 only. Hence solve the equations:

V3 b tandzr =3 <
SOLUTION FROM TECHNOLOGY

Consider once again the equation tanx = 2.61.

a tan(x—ﬂ): tan?x = 3

[§

Graphing y = tanz and y = 2.61 on the same set of axes and finding the z-values
where they intersect leads us to the solutions.

GRAPHICS CALCULATOR f I

Graph Y; =tanX and Y, =2.61. -jnlf

Use built-in functions to find the first positive point of intersection. t III,/' J/
Inkerseckion (
H=i.zguEgEE Y=z.61

Itis X = 1.205. So, the solutions are x = 1.205 + km
as the period of y =tanxz is .

Note: e Tosolve tan(z—2)=2.61 use Y;=tan(X — 2).
e Tosolve tan2x =2.61 use Y; =tan2X.

GRAPHING PACKAGE

Graph y =tanx and y = 2.61 on the same set of axes and find the first positive point
of intersection, etc.
What to do:

GRAPHING
PACKAGE

Tj)

we can use the unit circle to find the exact value(s) of tan x.

Repeat question 1 from Exercise 13K.1 using your technology.

TANGENT CALCULATIONS AND SIMPLIFICATIONS

Use a unit circle diagram to find the exact value of tan ( %”) .
We see that cos (&) = —1 and sin (&) = 3§
V3
tan (%) = 2 = V3
T2
EXERCISE 13K.2
1 Use a unit circle diagram to find the exact value of:
a tanO0 b tan (%) ¢ tan (%) d tan (%) e tan (%)
f tan(3) g tan(3F) h tan(3F) i tan(—3%) | tan(=Z)

2 Use a unit circle diagram to find all angles between 0 and 27 which have:

a atangentof 1 b
d a tangent of 0

a tangent of —1

1
e a tangent of Wi

¢ a tangent of \/5
f atangent of —/3
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. .. . . . sinx
Often expressions containing tanx can be simplified by replacing tan x by .
cosT
3 Simplify:
a J3tanx —tanz b tanz —4tanz ¢ tanxcosx
sin x 2tanx
d e 3sinx+2cosxztanz f -
tanz sinx

Given the exact values of sinx or cosz we can determine tan x without a calculator.

Example 24

If sinx = —% and 7 <z < 3%, find the value of tan z, without finding z.
Consider sin X = % So 3 J 1
{X is the working angle and is acute} X

/
This side is v/8 {Pythagoras}

_ L
‘canX—\/g
tan:vz% D spbe A

{as we know that z lies in quad. 3, when tanis >0} “T v ¢

4 a If sinzx= % and § <z <, find tanz in radical (surd) form.
b If cosz= % and 37” <x <2, find tanz in radical (surd) form.
¢ If sinz= —% and T<ax< 3”, find tanx in radical (surd) form.
d If cosz= —% and 5§ <z <, find tanz in radical (surd) form.
Example 25
If ta,nx:% and Tm<xz<32* find sinz and cosz.
y x is in quadrant 3 . sinz <0 and cosz < 0.
S
JN Consider tan X =
- /I Aﬁ this side is 3 {Pythagoras}
o sinX =2 and cosX =
and so sinw:—% and cosx:—g
5 Find sinz and cosx given that:
a tanx:§ and 0<z <73 b tanx:—% and S <z<m
C tan:c:% and 7r<:1:<377T d tanx:—% and 37T<gc<27r
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" | OTHER EQUATIONS INVOLVING tanx

Example 26

Find the exact solutions of +/3sinz = cosz for 0 <z < 27.

V3sinz = cosz

i 1
Z)I;Z = 73 {dividing both sides by v/3 cosz}
_ 1
tanx = 73
_ T Vs
T = 3 or 5

EXERCISE 13L

1 a Use your graphics calculator to sketch the graphs of y =sinz and y = cosx
on the same set of axes on the domain z € [0, 27].

b Find the x values of the points of intersection of the two graphs.
¢ Confirm that these values are the solutions of sinxz =cosz on =z € [0, 27].

2 Find the exact solutions to these equations for 0 < x < 27.
a sinz = —cosz b sin(3z) = cos(3x) ¢ sin(2x) = v/3cos(2x)
3 Check your answers to question 2 using a graphics calculator.
Find the points of intersection of appropriate graphs.

L Solveon 0<z<10: a sinz=>5cosz b 4sinx+3cosx=0
Check your answers to question 4 using a graphics calculator and appropriate graphs.

.| QUADRATIC TRIGONOMETRIC EQUATIONS

2sin?z+sinz =0 and 2cos?z+cosz—1=0 are clearly quadratic equations when
the variable is sinx and cosx respectively.

These equations can be factorised and then solved.

That is: 2sin?z +sinz = 0 and 2cos’z 4+ cosz+1=0
sinz(2sinz +1) =0 oo (2cosx —1)(cosx+1) =0
sinx =0 or —% cosm:%or -1
etc. etc.

The use of the quadratic formula is often necessary.

EXERCISE 13M

1 Solve for z € [0, 27]:
a 2sin’z+sinz=0 b 2cos?z =coszx ¢ 2cos’z+cosz—1=0

d 2sin’z+3sinz+1=0 e sinz=2-—cosxz f 2cos?z=sinz
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2 Solve for z € [0, 27]:
a sin2x +sinz =0 b sin2z —2cosz =0 ¢ cos2x —cosx =0

cos2x +3cosx =1 cos2x + 5sinx =0 f sin2z+3sinz=0

m_lcouomnmc FUNCTIONS

We define cosec z, secant z and cotangent x as:

1 1 1 cosx
cscr = ——, secx = and cotx = = —
sinx cosx tanx sinx
Two important identities: 1+ tan®x =sec?x and 1+ cot’z =csc?x

Example 27 4

Use sketching techniques from y=sihx

—_

Chapter 6 to sketch the graph P

=

1
of y = —— from the graph
sinz

JU
of y =sinx for z € [-2m, 27]. ﬂ
Check using your calculator. \

=

EXERCISE 13N

1 Without using a calculator, find cscx, secz and cotx for:
a sinxz%, 0<z <3 b cosx:%, 37”<x<27r
2 Without using a calculator, find:
a csc(3) b cot () ¢ sec(2F) d cot(m)

3 Find the other five trigonometric ratios if:

a cosx:% and 3”<az<27r b sinwz—% and 7r<m<3?
c sec:c=2% and 0<z <3 d cscx=2 and S <z<T
e tanz=1 and T<z < f cotz=42 and m<f<E
4 Simplify:
a tanxzcotx b sinzcscx ¢ cscxcotx
d  sinzcota . cotx f 2sinzcotx + 3cosx

cscxT cotx
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5 Use technology to help sketch graphson [—27,27] of: a y=secx b y=cotzx

6 Solve for x when z € [0, 27]:

a secxr=2 b cscx=—2 ¢ cotx=4

d sec2w:% e csc3w:—§ f cot(2w—%)+320
7 Prove that: a 1+ tan?z =sec?z b 1+cot’?x=csc’z

Hint: In both cases start with sin®z + cos?z = 1

8 Show that:

a sin?z+cot?zsin’z=1 b tanx +cotz =cscxsecw

in 6 in 6
¢ secx —tanzsinz = cosz d s - =2cotf
1—cosf 1+ cosb
1 1 (1 —cot 6)?
e = 2sec?6 f — in260 =1
1 —smf  Itsmg o cscZg om

o)  TRIGONOMETRIC SERIES AND PRODUCTS

EXERCISE 130

1 a Simplify 1+sinz+sin®z+sin®z+sin*z + ... +sin"" " x.
b What is the sum of the infinite series 1+ sinz + sin?z +sin®>z + ..... ?

¢ If the series in b has sum 2, find z when z € [0, 2n].

2 We know that 2sinx cosx = sin 2z.
a Show that:
i 2sinz(cosx+cos3zx) =sindx il 2sinz(cosxz + cos3x + cos bxr) = sin 6z
b What do you suspect the following would simplify to?
i 2sinz(cosx + cos 3z + cos bz + cos Tx)
il cosz + cos3x + cosbx + ..... +cos192 (i.e., 10 terms)

¢ Write down the possible generalisation of b ii to n terms.

. . . sin 2x sin(2'z
3 From sin2x = 2sinxcosx we observe that sinzcosz = 5 = (21 )

a Prove that: o . a3
L sin(2°x) . sin(2°z)
i sinzcoszcos2x = oz ii sinzcoszcos2xcosdr = —5
b If the pattern observed in a continues:
i what would sinx cosz cos 2z cos4x cos8x  simplify to

il what would sinzcoszcos2z....cos32z simplify to?

¢ What is the generalisation of the results in a and b?

4 a Use the principle of mathematical induction to prove that:

sin 2n6

2sin6’

b What does cosf + cos 360 + cos 50 + ...... + cos 310 simplify to?

cosf + cos 30 + cos 56 + ...... +cos(2n —1)0 = nezt.
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5 Use the principle of mathematical induction to prove that: )
1—cos2
sinf + sin 30 + sin 50 + ..... +sin(2n — 1)0 = %
sin
for all positive integers n, and hence find the value of

137
-

sin % —l—sin377r —I—sin%7T 4—sin7r+sin977T +Sin1177r + sin
6 Use the principle of mathematical induction to prove that:
sin(2"x)

——— "7 forallne Zt.
2" X sinx

COST X €OS2T X COS4T X COS8T....... cos(2"1x) =

REVIEW SET 13A

1 Without using technology draw the graph of y =4sinax for 0 <z < 27.
2 Without using technology draw the graph of y =sin3z for 0 <z < 27.
3 State the period of:

a y:4sin(§) b y=—-2sindx
4 Without using technology draw a sketch graph of y = sin (x — %) + 2.

5 The table below gives the mean monthly maximum temperature (°C) for Perth Airport
in Western Australia.

Month | Jan | Feb | Mar | Apr | May | Jun | Jul | Aug | Sept | Oct | Nov | Dec
Temp | 31.5 | 31.8 | 29.5 | 254 | 21.5 | 188 | 17.7 | 183 | 20.1 | 224 | 25.5 | 28.8

a A sine function of the form 7T = Asin B(t — C)+ D is used to model the data.
Find good estimates of the constants A, B, C' and D without using technology. Use
Jan = 1, Feb = 2, etc.

b Check your answer to a using your technology. How well does your model fit?

6 Use technology to solve for x € [0, §]:
a sinz = 0.382 b sin (%) = —0.458

7 Use technology to solve for x € [0, §]:
a sin(z—2.4) =0.754 b sin(z+ %) = 0.6049

8 Solve algebraically in terms of :
a 2sinz=-1 for z€]0,4n] b 2sinz—-1=0 for =z¢[-2m, 27]

9 Solve algebraically in terms of :

a 2sin3z4++3=0 for 2€([0,2r] b 2sin(z+Z)=0 for =€ [0, 3n]

10 The population estimate, in thousands, of a species of water beetle where 0 < ¢ < 8
and t is the number of weeks after the initial population estimate was made, is given by
P(t) =5+ 2sin (%) .

a What was the initial population? b What were the smallest and largest populations?
¢ During what time interval(s) did the population size exceed 6000?
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REVIEW SET 13B

1

3

10

Solve algebraically, giving answers in terms of :

a sinz—sinz—2=0 b 4sin’z=1

a On the same set of axes, sketch the graphs of y =cosxz and y = cosz — 3.

b On the same set of axes, sketch the graphs of y =cosz and y = cos (w — %) .
¢ On the same set of axes, sketch the graphs of y =cosz and y = 3cos2z.

d On the same set of axes, sketch y =cosx and y = 2cos (ac — %) + 3.

In an industrial city, the amount of pollution in the air becomes greater during the
working week when factories are operating, and lessens over the weekend. The number
of milligrams of pollutants in a cubic metre of air is given by

P(t) =40 + 12sin 2 (t — 3I)
where ¢ is the number of days after midnight on Saturday night.
a What was the minimum level of pollution?

b At what time during the week does this minimum level occur?

For the following graphs, find the cosine function representing them:
a )y b 4

N VAR

Use technology to solve:
a cosx=04379 for 0 <z <10 b cos(z—2.4)=-0.6014 for 0 <z <6.

Use technology to solve:

a cosd4xr =0.3 forall z b 4cos2xr+1=0 for 0<z <5.
Find the exact solutions of:

a cosx:—%, z € [0, 4] i cos(z+%E)=3 =z¢c[-2m 2n].
Find the exact solutions of:

a V2cos(z+3)—1=0, z€(0,4n]. b 2cos2z—1=0 forallz.

cos?h —1

Simplify: a cos® 6 + sin® f cos 0 b i ¢ 3cosf —cosb
sin
-2 _
d 5-5sin?6 sin0 -1
cos 6
Expand and simplify if possible: ~a (2sina—1)2 b (cosa —sina)?

REVI Ew SET 1 3C1 .I 3 D REVIEW SET 13C  REVIEW SET 13D

Click on the icon to obtain printable review sets ? ?

and answers
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-_ INTRODUCTION

You have been using matrices for many years without realising it.

For example:

Won | Lost | Drew | Points| | Ingredients | Amount
M T W T FS S Arsenal | 24 | 2 | 4 76 sugar | 1 tspn
2 3 4 5 6 7 8 Liverpool 23 3 4 73 flour 1 cup
9 10 11 12 13 14 15 Chelsea | 21 | 4 | 5 68 milk | 200 mL
16 17 18 19 20 21 22 Leeds | 20 | 5 5 65 salt 1 pinch
23 24 25 26 27 28 29 .

30 31

In general:

A matrix is a rectangular array of numbers arranged in rows and columns.

Consider these two items of information:

Shopping list Furniture inventory
Bread 2loaves chairs | tables | beds
Juice | carton Flat 6 1 2
Eggs 6 Unit 9 2 3
Cheese | House | 10 3 4

It is usual to put square or round brackets around a matrix. We could write the shopping list
and furniture inventory as:

number C T B 2 6 1 2
B 2 and F |6 1 2 or simply 1 and 9 2 3
J 1 ul9 2 3 6 10 3 4
E 6 H|10 3 4 1
C 1
we have 3 rows and 3
2 Wei have 4drows and }11 6 1 2 columns and we have a
In 1 column and we say that In 9 2 3 3 X 3 square matrix.
6 thisis a 4 x 1 column 103 4
1 matri column vector.
1ot cotumit v “~——— This element, 3, is in
row 3, column 2.
[ 3 0 -1 2 ] has 1 row and 4 columns and is called a 1 x 4 row matrix

or row vector.

Note: ¢ An m X n matrix has m rows and n columns.

bt

rows columns

e m xn specifies the order of a matrix.
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USES OF MATRICES

Following are a few of many uses for the mathematics of matrices:

Solving of systems of equations in business, physics, engineering, etc.

Linear programming where, for example, we may wish to optimise a linear
expression subject to linear constraints. For example, optimising profits of a
business.

Business inventories involving stock control, cost, revenue and profit calculations.
Matrices form the basis of business computer software.

Markov chains, for predicting long term probabilities such as in weather.
Strategies in games where we wish to maximise our chance of winning.

Economic modelling where the input from various suppliers is needed to help a
business be successful.

Graph (network) theory which is used in truck and airline route determination to
minimise distance travelled and therefore minimise costs.

Assignment problems where we have to direct resources in industrial situations in
the most cost effective way.

Forestry and fisheries management where we need to select an appropriate
sustainable harvesting policy.

Cubic spline interpolation which is used to construct fonts used in desktop
publishing. Each font is stored in matrix form in the memory of a computer.

Computer graphics, flight simulation, Computer Aided Tomography (CAT
scanning) and Magnetic Resonance Imaging (MRI), Fractals, Chaos, Genetics,
Cryptography (coding, code breaking, computer confidentiality), etc.

A matrix can be used to represent numbers of items to be purchased, prices of items to be
purchased, numbers of people involved in the construction of a building, etc.

Example 1

Lisa goes shopping at store A to buy 2 loaves of bread at $2.65 each, 3 litres of
milk at $1.55 per litre, a 500 g tub of butter at $2.35.

Represent the quantities purchased in a row matrix and the costs in a column matrix.

Quantities matrix is [ 2 3 1 | 2.65 | <— bread
T k Costs matrix is 1.55 | =— milk

bread milk butter 2.35 | = butter

Note: If Lisa goes to a different supermarket 265 2.25 1<— bread
(store B) and finds that the prices for the 155 1.50 |<— milk
same items are $2.25 for bread, $1.50 for 235 290 |<— butter
milk, and $2.20 for butter, then the costs ? ?

matrix to show prices from both stores is:
store A store B
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EXERCISE 14A

1 Write down the order of:

a b < d 12 3
(51 0 2] [3] [f _31} 2 0 4
510

2 A grocery list consists of 2 loaves of bread, 1 kg of butter, 6 eggs and 1 carton of cream.
The cost of each grocery item is $1.95, $2.35, $0.15 and $0.95 respectively.
a Construct a row matrix showing quantities.
b Construct a column matrix showing prices.
¢ What is the significance of (2 x 1.95) + (1 x 2.35) + (6 x 0.15) + (1 x 0.95)?

3 Big Bart’s Baked Beans factory produces cans of baked beans in 3 sizes; 200 g, 300 g
and 500 g. In February they produced respectively:

1000, 1500 and 1250 cans of each in week 1; 1500, 1000 and 1000 of each in week 2
800, 2300 and 1300 cans of each in week 3; and 1200 cans of each in week 4.

Construct a matrix to show February’s production levels.

& Over a long weekend holiday period, a baker produced the
following food items. On Friday he baked 40 dozen pies, 50
dozen pasties, 55 dozen rolls and 40 dozen buns. On Saturday
25 dozen pies, 65 dozen pasties, 30 dozen buns and 44 dozen
rolls were made. On Sunday 40 dozen pasties, 40 dozen rolls,
35 dozen of each of pies and buns were made. On Monday the
totals were 40 dozen pasties, 50 dozen buns and 35 dozen of
each of pies and rolls. Represent this information as a matrix.

ION AND SUBTRACTION

Before attempting to add and subtract matrices it is necessary to define what we mean by
matrix equality.

EQUALITY

Two matrices are equal if they have exactly the same shape (order) and elements in
corresponding positions are equal.

For example, if [Z Z]:[Z j} then a=w,b=z,c=y and d=z.

ADDITION

Thao has three stores (A, B and C). Her stock levels for dresses, skirts and blouses are given
by the matrix:
Store A B C
dresses 23 41 68 Some newly ordered stock has just arrived. For
skirts 28 39 79 each store 20 dresses, 30 skirts and 50 blouses
blouses 46 17 62 must be added to stock levels.
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[ 20 20 20
Her stock order is given by the matrix 30 30 30
50 50 50

[ 23420 41+20 68420 |
Clearly the new levels are shown as: 28430 39+30 79+30
46 +50 17+50 62450 |

23 41 68 20 20 20 43 61 88 |
or 28 39 79 [+ | 30 30 30 | = B8 69 109
46 17 62 50 50 50 96 67 112 |
So, to add two matrices they must be of the same order and then we simply
add corresponding elements.
1 2 3 2 1 6 3 1
IfA—{654],B—{035] and C—[24] find:
a A+B b A+C
a A+B = fli g i}—k[g ; g] b A + C cannot be found
- as A and C are not the
[1+2 241 346 ] same sized matrices
| 6+0 5+3 445 i.e., they have different
339 orders.
L6 89
SUBTRACTION
29 51 19
If Thao’s stock levels were 31 28 32 and her sales matrix for the week is
40 17 29
15 12 6
20 16 19 what are the current stock levels?
19 8 14

It is obvious that we subtract corresponding elements.

29 51 19 15 12 6 14 39 13
That is 31 28 32 | —-120 16 19 | =| 11 12 13
40 17 29 19 8 14 21 9 15

So,  to subtract matrices they must be of the same order and then we simply
subtract corresponding elements.
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Example 3
3 4 8 (3 4 8 2 0 6
If A=|2 1 0 A-B =21 0]|- 0 4
1 4 7 |1 4 7 5 2 3
2 0 6 [3—2 4-0 8—6
and B=|3 0 4 =(2-3 1-0 0—-4
5 2 3 | 1-5 4-2 7-3
find A — B. 1 4 2
=] -1 1 -4
| -4 2 4

EXERCISE 14B

3 4 6 —3 -3 7
1 If A:[5 2], B:[_Q 1} and C:{_4 _2}, find:
a A+B b A+B+C ¢ B+C d C+B-A
3 5 —11 17 -4 3 a P+Q
2 If P=| 10 2 6 and Q=| -2 8 -8 |, findk b P—-Q
-2 -1 7 3 -4 11 ¢c Q-P

3 A restaurant served 85 men, 92 women and 52 children on Friday night. On Saturday
night they served 102 men, 137 women and 49 children.
a Express this information in fwo column matrices.

b Use the matrices to find the totals of men, women and children served over the
Friday-Saturday period.

L On Monday David bought shares in

five companies and on Friday he sold Cost price/share | Selling price/share
them. The details are: - $1.72 $1.79
a Write down David’s E $27.85 $28.75
i cost price column matrix - $0.92 $1.33
ii  selling price column matrix. - $2.53 $2.25
b What matrix operation is needed E $3.56 $3.51

to find David’s profit/loss matrix?
¢ Find David’s profit/loss matrix.

5 In November, Lou E Gee sold 23 fridges, 17 stoves and 31 microwave ovens and his
partner Rose A Lee sold 19 fridges, 29 stoves and 24 microwave ovens.

In December Lou’s sales were:
sales were:

18 fridges, 7 stoves and 36 microwaves while Rose’s
25 fridges, 13 stoves and 19 microwaves.

a Write their sales for November as a 3 x 2 matrix.

b  Write their sales for December as a 3 x 2 matrix.

¢ Write their total sales for November and December as a 3 X 2 matrix.
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6 Findzxandyif: a zr 2] [y 4 b T y|_ | -y =z
3 -1 | |3 y+1 y | | z -y

2 1 -1 2
7 a If A:[?) _1] and B:[Q 3] find A+ B and B + A.

b Explainwhy A+ B =B+ A forall 2x 2 matrices A and B.
-1 0 3 4 4 -1
8 a For A—[ 1 5], B—{_l _2] and C—[_l 3] find
(A+B)+C and A+ (B + C).
b Prove that, if A, B and C are any 2 x 2 matrices then
A+B)+C=A+ B+ Q).

.. . ab - P q . w x
(Hint: Let A_[cd}’B_[rs} and C—[ z},say.)

"o | MULTIPLES OF MATRICES

In the pantry there are 6 cans of peaches, 4 cans of apricots and 8 cans of pears.

6
This information could be represented by the column vector C = | 4
8
12
Doubling these cans in the pantry we would have 8 which is C + C.
16

Now if we let C + C be 2C we notice that to get 2C from C we simply multiply all
matrix elements by 2.

Likewise, trebling 3% 6 18 and halving % % 6
the fruitcansin  3C={3 x4 | = | 12 them is | 1 3
the pantry is 3 %8 24 3C=|3x4| = i
1x8
In general,
if a scalar ¢ is multiplied by a matrix A the result is matrix tA obtained
by multiplying every element of A by ¢.
Example 4
. 1 2 5 - 1 2 5 1, 1|1 25
was[2 28] |0 sams[2 28] 6 gany[l 2 0]
find a 3A _[3615] i1 24
b 1A 603 |10 1
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EXERCISE 14C

6 12
1 If B:{24 6] find: a 2B b iB ¢ LB d —iB
2 35 121 _
2 If A—[l 6 4] and B—[l 9 3] find:
a A+B b A-B ¢ 2A+B d 3A-B

3 Isabelle sells clothing made by four different companies which we will call A, B, C and
D. Her usual monthly order is:

A B C D Find her order, to the nearest whole number,
skirt 30 40 40 60 if:
dress 50 40 30 75 a she increases her total order by 15%
evening 40 40 50 50 b  she decreases her total order by 15%.
suit 10 20 20 15

L& During weekdays a video store finds that its average hirings are: 75 movies (VHS), 27
movies (DVD) and 102 video/computer games. On the weekends the average figures
are: 43 DVD movies, 136 VHS movies and 129 games.

a Represent the data using rwo column matrices. <— VHS
b Find the sum of the matrices in a. -— DVD

¢ What does the sum matrix of b represent? games

5 A builder builds a block of 12 identical flats. Each flat is to contain 1 table, 4 chairs, 2
beds and 1 wardrobe.

1

If F— 4 is the matrix representing the furniture in one flat,
2 what, in terms of F, is the matrix representing the
1 furniture in all flats?

ZERO MATRIX (SOMETIMES CALLED NULL MATRIX)

For real numbers, it is true that a4+ 0=0+a =a for all values of a.
The question: “Is there a matrix O in which A + O = O + A = A for any matrix A?”

2

4

. . 2 3 0 0
Simple examples like: { 4 1 } + [ 0 0 } = [

—31 ] suggest that O consists of

all zeros.

A zero matrix is a matrix in which all elements are zero.

.. 0
0 O}’ the 2 x 3 zero matrix is {O

o O
o O
[

For example, the 2 x 2 zero matrix is { 00

Zero matrices have the property that:

If A is a matrix of any order and O is the corresponding zero matrix, then
A+0=0+A=A
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NEGATIVE MATRICES

The negative matrix A, denoted —A is actually —1A.

. 3 -1 —1x3 —-1x-1 -3 1
So, if A_{Q 4}’ then _A_[—1><2 —1><4]_[—2 —4]
Thus —A is obtained from A by simply reversing the sign of each element of A.

Notice that the addition of a matrix and its negative always produces a zero matrix. For
example,

3 -1 + -3 1 | _[00

2 4 -2 -4 [0 O
Thus, in general, A+ (-A) =(—-A)+A=0.

"1 MATRIX ALGEBRA FOR ADDITION

Compare our discoveries about matrices so far with ordinary algebra. We will assume the
matrices have the same order.

e If a and b are real numbers then e If A and B are matrices then
a + b is also a real number. A + B is also a matrix.

e at+b=b+a e A+B=B+A

e (a+b)+c=a+(b+c) e A+B)+C=A+B+0

e a+0=04+a=a e A+O0=0+A=A

e a+(—a)=(—-a)+a=0 e A+(-A)=(-A)+A=0

e ahalfofais g e ahalfof Ais %A (not %)
(Dividing a matrix by a real number
has no meaning in matrix algebra.)

Note: The notation we use is capital letters for matrices and lower-case letters for scalars.
Remember: You can only add (subtract) matrices that have the same order (shape).

Explain why it is true that:
a if X+A=B then X=B—-A b if 3X=A then X=1A

a if X+A=B b if 3X=A

then X + A + (—A) =B + (-A) then 1(3X) = 1A
ie, X=B-—A

X =3zA

W= w
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Notice that the rules for addition (and subtraction) of matrices are identical to those of real
numbers but we must be careful with scalar multiplication in matrix equations.

EXERCISE 14D

1 Simplify:

a A+ 2A b 3B - 3B ¢ C-2C

d -B+B e 2(A+ B f —-(A+B

g —(2A -0 h 3A-(B-A) i A+2B-(A—-B)
2 Find X in terms of A, B and C if:

a X+B=A b B+X=C ¢ 4B+ X=2C

d 2X=A e 3X=B f A—-X=B

g %X:C h 2X+A)=B i A-4X=C
3 alf M=| L 2 find X if iX=M

13 6 ° 35
2 .
b If N:[?’ 5 ], find X if 4X =N.
1 0 1 4 )
¢ If _[_1 2], and B_[_l 1], find X if A — 2X = 3B.

Suppose you go to a shop and purchase 3 soft drink cans, 4 chocolate bars and 2 icecreams

and the prices are soft drink cans chocolate bars ice creams
$1.30 $0.90 $1.20

Each of these can be represented using matrices,

3
ie, A=|4| ad B=[130 090 120 .
2
To work out the total cost, the following product could be found:
3
BA =[130 090 120] | 4
2
=(1.30 x3) + (0.9x4) + (1.20 x 2)

=3.90 + 3.60 + 2.40
=9.90 Thus the total cost is  $9.90.
Notice that we write the row matrix first and the column matrix second

p
and that [a b c]| q|=ap+bg+ecr
T
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EXERCISE 14E.1

1 Determine: 1
a 5 b 5 < 0
[ 3 —1}{4] [132]; [6 -1 2 3]
4
1
2 Show that the sum of w, z, y and z is givenby [ w z y =z | i
Represent the average of w, x, y and z in the same way. 1

3 Lucy buys 4 shirts, 3 skirts and 2 blouses costing $27, $35 and $39 respectively.
a Write down a quantities matrix Q and a price matrix P.
b Show how to use P and Q to determine the total cost.

4 In the interschool public speaking competition a first place is awarded 10 points, second
place 6 points, third place 3 points and fourth place 1 point. One school won 3 first
places, 2 seconds, 4 thirds and 2 fourths.

a Write down this information in terms of points matrix P, and numbers matrix N.
b Show how to use P and N to find the total number of points awarded to the school.

Now consider more complicated matrix multiplication. 2,65

In Example 1, Lisa needed [ 2 31 ] and at store A, the 1.55

J f *\ costs matrix was 2.35

bread milk butter

To find the fotal cost Lisa needs to multiply the number of items by their respective cost,
e, 2x8$2.65+3x3$1.55+1x $2.35=2512.30

As the quantities do not change, her total cost in Store B is
2x$2.254+3 x$1.50+ 1 x $2.20 = §11.20

To do this using matrices notice that:

2.65 2.25
[ 2 31 } X 1.55 1.50 = [ 12.30 11.20 ]
2.35 2.20
orders: 1x3 3x2 1x2
T 4 the same A T
resultant matrix

Now suppose Lisa’s friend Olu needs 1 bread, 2 milk and 2 butter.

2 3 1 |=— Lisa
1 2 2 |=— Olu

SN

bread milk butter

Lisa’s total cost at Store A is $12.30 and at store B is $11.20

Olu’s total cost at  Store Ais 1 x $2.65 4+ 2 x $1.55 + 2 x $2.35 = $10.45
Store Bis 1 x $2.25 4+ 2 x $1.50 4+ 2 x $2.20 = $9.65

The quantities matrix for both Lisa and Olu would be {
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So, using matrices we require that row 1 X column 1
row 1 X column 2
2.65 2.25 L -
{ 2 31 } y 155 1.50 _ [ 12.30 11.20 }
1 2 2 935 9.90 10.45 9.65

Lrow 2 X column 2
row 2 X column 1

2x%x3 3 x2 2x2
A A

the same
resultant matrix

We are now ready to give a formal definition of a matrix product.

MATRIX PRODUCTS

As a consequence of observing the usefulness of multiplying matrices as in the contextual
examples we are now in a position to define multiplication more formally.

The product of an m x n matrix A with an n X p matrix B, isthe m x p
matrix (called AB) in which the element in the rth row and cth column is the
sum of the products of the elements in the rth row of A with the corresponding
elements in the cth column of B.

For example,

. _la b _lp q | ap+br aq+bs
if A[C d] and B{r s]’ then AB{cp—l—dr cq+ds |

T

. B a b ¢ B B ax + by + cz
and if C = [d . f} and D = g;/ , then CD = [dw+ey+fz]
2x3 3% 1 2x1

i.e., to get the matrix AB you multiply rows by columns. To get the element in the 5th row
and 3rd column of AB (if it exists) multiply the 5th row of A by the 3rd column of B. If any
number in a row of A does not correspond to a number in a column of B, then you cannot
multiply the matrices.

Example 6

2 10
If A=[1 3 5], B=|4]|, and C=|2 3
7 1 4
find: a AB b AC
a Ais 1x3 andBis 3x1 o ABis 1x1
S |
v
2
AB =[1 3 5]|4
7

=[1x2+3x44+5x7]
= [49]
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b Ais

AC =[1 3 5]

1x3 and Cis 3
¢ 4

V] 1 0

2 3

1 4

X 2 . ACi1s 1x2

=[1x1+3x2+5x1 1x0+3x3+5x4]
= [12 29]

EXERCISE 14E.2

1 Explain why AB cannot be found for A:[4 2 1] and B = [(1) ? (1)]

2 IfAis 2xn and Bis

a When can we find AB?
¢ Why can BA never be found?

2 1

3 a For A:{B A
b For A=[2 0 3]
4 Find: a 2
(12 1]|0
1

5 FERRIS WHi
ADULTS $12-50

CUILD $9-50

m X 3:

b If AB can be found, what is its order?

] and B:[5 6], find BA.

1
and B= | 4 find i AB ii BA.
2
3 1 b 1 0 -1 2
10 -1 1 0 3
0 2 0 -1 1 4

At the Fair, tickets for the Ferris Wheel are $12.50 per
adult and $9.50 per child. On the first day of the Fair,
2375 adults and 5156 children ride this wheel. On the
second day the figures are 2502 adults and 3612 children.

a  Write the costs matrix C as a 2 x 1 matrix and the
numbers matrix N as a 2 x 2 matrix.

b Find NC and interpret the resulting matrix.

¢ Find the total income for the two days.

6 You and your friend each go to your local hardware stores A and B to price items you
wish to purchase. You want to buy 1 hammer, 1 screwdriver and 2 cans of white paint
and your friend wants 1 hammer, 2 screwdrivers and 3 cans of white paint. The prices
of these goods are:

Hammer | Screwdriver | Can of paint BUNNY5
Store A | 7 $3 $19 HARDINARE
Store B $6 $2 $22

o n T o

Write the requirements matrix R as a 3 x 2 matrix.
Write the prices matrix P as a 2 x 3 matrix.

Find PR.
What are your costs at store A and your friend’s

costs at store B?

e Should you buy from store A or store B?
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ﬂ_ USING TECHNOLOGY

USING A GRAPHICS CALCULATOR FOR MATRIX OPERATIONS

Click on the icpn for your (.:alculator to assist you to enter and m &
perform operations on matrices. o (g

USING A SPREADSHEET FOR MATRIX OPERATIONS
ADDING MATRICES

Adding matrices by hand can be tedious, particularly for matrices of higher order. A spread-
sheet can significantly speed up the process.

3 0 3 2 2 2 3 4

. . 2 1 1 5 8 1 5 2 SPREADSHEET
Consider the addition: s co03|ltl73 30
1 4 2 8 4 4 41

What to do:

1 Enter the two matrices on the spreadsheet.

For example:

2 Highlight the cells in the range E7:H10 as
shown. The addition will appear in these
cells.

3 With the cells still highl